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An Accurate é¢f Method for Neoclassical Transport Calculation

W. X, Wang. N. Nakajima, S. Murakami and M. Okamoto
National Instriute for Fuston Scrence, Tokr 509-5292. Japan

Abstract

A 6f method. solving drift kinetic equation. for neoclassical transport caiculation is presented in detail. It
is demonstrated that valid resuits essentially rely on the correct evaluation of marker density g in weight
calculation. A general and accurate weighting scheme is developed without using some assumed g in weight
equation for advancing particle weights. unlike the previous schemes. This scheme employs an additional
weight function to directly solve g from its kinetic equation using the idea of 4f method. Therefore the
severe constraint that the real marker distribution must be consistent with the initially assumed g during a
simulation is relaxed. An improved like-particle collision scheme is presented. By performing compensation
for momentum. energy and particle losses arising from numerical errors. the conservations of all the three
quantities are greatly improved during collisions. Ton neoclassical transport due to self-collisions is examined
under finite hanana case as well as zero banana limit. A solution with zero particle and zero energy flux
(in case of no temperature gradient) over whole poloidal section is obtained. With the improvement in
both like-particle collision scheme and weighting scheme. the &f simulation shows a significantly upgraded

performance for neoclassical transport study.
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L INTRODUGCTION

The & f particle simulation! = has been widely used
to study the kinetic phenomena in plasmas. In this
method, the particle distribution function f is di-
vided into an equilibrium distribution f; plus a per-
turbation & f {or f; used in this paper); the f; is as-
sumed to be known analytically and only perturbed
& f is solved from the the dynamics of a finite number
of particles. Compared to conventional full- f method
the noise level is reduced by a factor of (§ £/ f5)? in the
& f method because numerical noise associated with
the represeniation of fj is completely removed!-®. In
the other words much less simulation particles are
required to achieve the same accuracy as in full-f
sirmlation. An important character of § f method is
that simulation particles are assigned weights which
evolve in time so as to effectively model the source
terms in the equation of §f. Thus in § f method the
particle dynamics includes, in addition to the motion
in 7-77 phase space, the evolution of weights.

The éf method was initially proposed for nondif-
fusive most Hamiltonian particle motion’:2. Recent
years it has been applied to study neoclassical trans-
67, The study

of neoclassical transport phenomena is newly moti-

port phenomena in fusion plasmas

vated by recent development in fusion experiments
where plasmas are operated in parameter regimes be-
yond the valid scope of the conventional neoclassi-
cal theory®. For example, in H-mode edge plasma
and reversed shear core plasma the essential assump-
tions for the neoclassical theory, namely p, < L, and
M, <1, are no longer valid, where p,, is poloidal Lar-
mor radius, L, is the radial gradient length of plasma
patameters, and M}, is poloidal Mach number. The
modifications to the neoclassical theory are required
for taking into account finite banana width dynarmics,
strong radial electric field with large radial gradient
and non-standard orbit topology near magnetic axis.

The 8 f particle simulation, solving drift kinetic equa-
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tion, can be a powerful tool for neoclassical transport
calculation®. In addition to low noise, another merit
of using 6 f method for neoclassical transport calcu-
lation is no profile relaxation effects which are trou-
blesome in full-f simulations. The thermodynamic
"forces” such as temperature gradient V7' and pres-
sure gradient Vp driving plasma transport are con-
trollable.

Accurate implementation of Coulomb collisions
s an important ingredient for neoclassical trans-
port calculation. Accuracy of different approximate
Fokker-Planck operators directly influences simula-
tion results of fluxes as well as other neoclassical
transport quantities. For example. unphysical par-
ticle flux could be created by like-particle collisions
alone if we fail to maintain the momentum conserva-
tion in the collision calculation. It has been a long ef-
fort to develop accurate and effective collision opera-
tors for plasma simulations. As discussed in previous
works®?, collisions between ions and electrons usually
can simply be modeled by employing the large mass
ratio approximation. The first purpose of this paper
is to present a linear like-particle collision scheme, ac-
curately conserving the particle number, momentum
and energy, for neoclassical transport calculation us-
ing the  f method. Our collision scheme is developed
from the collision model introduced by Catto and
Tsang'®, as well as Xu and Rosenbluth®!, and then
implemented and modified by Dimits and Cohen?.
and Lin, Tang and Lee®. By introducing the restoring
terms to compensate momentum, erergy and parti-
cle losses due to numerical errors, all three quantities
are conserved near perfectly. The benchmark calcu-
lation of neoclassical transport using the present col-
lision scheme demonstrates the increased accuracy in
results. The use of a linear collision operator is con-
sistent with the §f methods which solve linearized
kinetic equations, and the present collision scheme
seems to be most adequate for & f simulations.

The calculation of particle weight is crucial in a

6f simulation. The second purpose of this paper is



to present a general and accurate weighting scheme
for solving the drift kinetic equation with the drift
term retained. In the previous 8f simulations®’
of neoclassical transport, the drift kinetic equation
was solved using the so called nonlinear weighting
scheme* in which the distribution function f is used
to replace the marker {i.e, simulation particle) den-
sity ¢ in weight equation. This nonlinear weighting
scheme was nitially derived for nonlinear gyrokinetic
equation with nondiffusive motion, and in fact it can-
not be directly extended to the drift kinetic equa-
tion with diffusive motion due to Coulomb collision
processes. Recently, Chen and White!? have given
a rigorous derivation of collisional 6f algorithm by
treating the weight as a new dimension of particle
motion. Their derivation is able to elucidate the fea-
ture and unconventional role of the marker density g.
However. the question how to evaluate g for weight
calculation still remains to be solved. We show the
importance of estimating g in é f method for neoclas-
sical transport calculation. In a éf particle simula-
tion. markers may diffuse through and loss from the
simulation domain because of radial drift and colli-
sional processes. Then it is necessary to add new
markers during the simulation so as to maintain suf-
ficient particles {well populated phase space). A nat-
ural problem therefore arises. that is how to add new
markers and what determines the way for new mark-
ers to be added. This problem is closely related to the
weight calculation. We demonstrate that the nonlin-
ear weighting scheme is ineffective or inaccurate for
solving the drift kinetic equation because of a severe
constraint that the relation ¢ = f must be hold ac-
curately in a stmulation. Otherwise, correct results
can not be guaranteed. Generally. it is difficult even
impossible to get rid of this restriction. Here, we di-
rectly evaluate g from its kinetic equation using the
idea. of f method. The resultant weighting scheme

consists of two weight equations. and is more effective

and accurate to solve the drift kinetic equation.

The paper is organized as follows. In Sec. II we

formulate the &f algorithm for solving drift kinetic
equation using the approach adopted by Chen and
White. In Sec.

lision scheme for &f simulation.

Il we present a like-particle col-
The essentials in
weight calculation and the difficulty in applying the
nonlinear weighting scheme to solve the drift kinetic
equation are demonstrated and discussed in Sec. IV,
These results motivate us to develop a more effective
and more accurate weighting scheme which is pre-
sented in Sec. V. The main results of the paper are

summarized in Sec. VL

II. 6f FORMALISM OF DRIFT KINETIC
EQUATION

Let us start from the well-known dnft kinetic
equation® for a guiding center distribution function
F(#. %) in phase space {#, F},

d

é{+(y~|,+?,-g).v;=c(f..f).

(1)
where t7y is the guiding center velocity and C is the
Coulomb collision operator. Separating f into two

parts f = fg+f1, we rewrite the drift kinetic equation

as
aai:+t:|'I.Vf0—C(fo-fﬂ):0 (2)
and
T s (i @) Vi~ Ol fo) =

—vg- Vo + C{fo. fi} + C{f1. f1)- (3)

Note that Eqs. (2) and (3) are completely equiva-
lent to Eq.(1). A steady state solution to Eq.(2) is a
Maxwellian distribution, fo = far. If fi < fs holds,
based on expansion in a small parameter (which de-
pends on situation under consideration)}. the nonlin-
ear part of collision operator in Eq.{3) may be ne-

glected to obtain

0% (w4 eV i~ Cfr- fo) = ~ T fo+Cfos F1).

ot
(4)



Since the drift term is retained, this equation can take
into account the finite banana width effect which may
become substantial in present tokamak operation. If
the banana width A, is negligible compared with the
radial gradient length of plasma parameters, Eq.(3)
can be further simplified to the form very familiar to

us

£+bll VAH-C(f1. fo) = =¥V fo+C(fo. f1)- (53)

This equation provides the starting point for conven-
tional neoclassical transport analysis®. Now we con-
sider to solve linearized equations (4} and (5) utiliz-
ing particle simnulation techniques. ¥From the techni-
cal view point of particle simulation, the § f method
differs from the full-f method only by an evolving
stmulation particle weight which is introduced to ef-
fectively treat the "source™ terms at the right hand
sides of Egs. (4) and (3). The conventionally used
definition for the particle weight is

w:fl/gv (6)

where ¢ is the numerically evolved simuiation particle
distribution**. This definition works well for nondif-
fusive most Hamiltonian pa.rticle motion, but causes
dlfﬁcultv in derlvmg the We1ght equation when parti-
cle motion is diffusive due to for example, Coulomb

12 Here. we adopt the approach proposed

collisions
by Chen and White!? to derive the weight equa-
tion. The weight is treated as a mew dimension of
the particle motion, in addition to the usuval dimen-
sions of {Z,7) phase space. The simulation parti-
cles are described by a marker distribution function,
Fy(Z.¥,w,t), in the extended phase space (Z.7, w).
The marker distribution function Fs, according to
the equivalence between Langevian equations and the

Fokker-Planck equation, obeys the following kinetic

equation:
D a . -
EFAM + a—w(wFM) = SM(r?v,u', i‘), (7)

where the notation D/ D#{ f) denotes, for an arbitrary
f.

__f -i-(t,"-}-'bd) Vi-C(f.fo) (8)

or

—~f— f+z” Vi-Clffo),  (9)

corresponding to Eq.(4} or (5}, respectively. Since
markers may diffuse through and loss from the simu-
lation domain, a source Sar for markers is introduced
to provide, in addition to the initial loading, further
control of the marker population. Each marker is
pushed in the extended phase space along the char-
acteristics

di¥ . d§ -

w .
¥, — =17, and — =

a7 dt dt (10)

The numerical representation of Fyy is

Ea(F,8,0,8) = ) 8(F—3;()8(5—;(8)6(w—u; ().

(11)
Set that f; and Fi; have the following relation
flE. 6.8 = ]wFde. (12)
Then fy is numerically represented as
Hi(E7,8) (13)

= 3 w8(F - () — #(t)-

The weight equation is determined by requiring that
Egs. (4) or (3), (7) and (12) are consistent with
each other. Comparing the resultant equation of
wxEq.(7)dw to Eq. (4) or (3), the weight equation

1s determined as
W=

‘-z— [—ju‘SMdtL' — bTEg - vfﬂ + C(fﬂ: fl)] H (14)

where
9T, E.t) = /FM (Z, 7, w, t)dw {13)
is the integrated marker distribution function in the

original phase space and satisfies the following equa-

—g—/Sudw {16)

Equation (14). along with the equations of motion in

tion

original phase space, represenis the basic formalism
for the 6f method, and Eq.
equation for the § f method.

{14} is the governing



ITl. LIKE-PARTICLE COLLISION SCHEME

The linearized like-particle collision operator is

written as

CHA) = ClA. fo) + Clho fr) (17)

The first term on the right-hand side. referred ta
Crp{f1) hereafter. is drag and diffusion part which
deseribes the test particle (represented by fi) colli-
sions with Maxwellian field particles (represented by

fo)-

operator can be implemented by utilizing standard
91113

In a drift kinetic simulation the test particle
AMonte Carlo technique The second term on
the right-hand side of Eq.(17) accounts for the per-
turbation of the field particle. This term is compli-
cated in form and is not sensitive o the details of f;.
Therefore instead of using such a complicated form.
it is convenient to replace it with a simpler equation

as follows!? 11

Clfo-Fiy=P{Z.7)fa (18)

where P is determined from the constraint of mo-
mentum and energy conservation. The momentum
and energy removed by the first term in Eq.(17) is

repienished in a Maxwellian distribution. A possible

expression for P is determined as!0 11
I R
‘th =
where
F 2 vCr pdt 2 4 20
A= el /”b TpIY = EE(QTP- (20)
2 . 2 d, .
E(f)= — 2Crpdf = 5 —(rp. (21
() Sm:fh/?“ TRl =30 e (21

Here » and vy, denote the particle density and ther-
mal velocity. respectively. To make the physical

] d
meaning clear at a glance. we use notations E{(‘)y P

d, -
and E(I‘Z>Tp to denote the averaged change of par-
ticle velocity and energy due to the test particle col-
lisions (in later descriptions. similar notations will be

used without further explanation).

The momentum and energy conservation term
P iy appears as a source term in the linearized equa-
tions. Dimits and Cohen® implemented this term
using weight method in &f particle simulation. For
like-particle collisions. the collision operator should
annihilate a shifted Maxwellian. Lin, Tang and Lee®
found that like-particle collisions implemented using
Eq.(19) fail to maintain a shifted Maxwellian since
the velocity dependence of the momentum and energy
loss rates due to test-particle collisions is not taken
into account. By calculating the momentum and en-
ergy loss rates with correct velocity dependence, they

modified the conservation term to

—3\/;*(3/)

. d d .
A —(F B—{(tHrp. (22
7 T)rp + dt(l yre. (22)

Cth 3+ =
PP

P(i.7) =

where &{y) is the Maxwellian integral defined by
9 ¥
oly) = —1—] e Vitdt
7= Iy

with y = ¢2/¢%,. and the notations  and B are used
for the convenience of description.

Theoretically the operator represented by Eqs.(17),
(18) and (22} exactly satisfies all of conservation laws.
i.e. particle number. momentnm and energy conser-

vation as follows,

](Crp + Pfag)di =0,

[L‘Q(C'Tp + Pfu)df: = 0.

Numerically, in implementation of Eqs.(17). (18) and

(25)

(22} in a &f simulation the accuracy in particle. mo-
mentum and energy conservation is not sufficient.
As will be demonstrated by simulation examples in
this section. there are still considerable non-vanishing

. . d .
numerical errors in E(ﬁ}'j’"p.{.p. E('L")Tp.,..p and
{

d d
"(}?(l‘u}p {note that a(t'o)rp = {} since the imple-

mentation of Crp does not change particle weight).



and the numerical errors may get so enlarged as to
influence the results of a neoclassical ¢transport cal-
culation. The idea called to our mind first is to in-
troduce additional term to restore momentum and

energy conservation directly as follows,

- d ., d
Pifu=A-—({@rpep + B—{vDrpip | far-
dt dt
(26)
Then we have, theoretically,

0 and

f FCrp + Pfu + Pufu)d7

f%‘z(CTP-i-PfM-I-PlfM)dﬁ = 0,

d
even though there are non-vanishing E(i“}qnm. p and
d, .
E(UZ)TP_I_,P. The term P fa; works to compen-

d
sate the momentum and energy loss, c—i—t—(v TPLP

d
and E(L'2>Tp+p, just as Pfa works to compen-

sate the momentum and energy loss, H)rp and

d E(
E(t,'?)'rp- Of course. the property of particle con-
servation should not be changed by the introducing

P; far. Theoretically this point is assured by

f Py f24d7 = 0.

Working along this line, we can repeat this procedure

if necessary. For example, we can introduce the term

-~ d
Pifar = (A-E(YT)TP+P+P1

d, .
+BEE{UZ}TP+P+P1) fa (27)
to compensate the momentum and energy losses due
to Crp + Pfar + Pr far- and so on.

To test and compare the accuracy of like-particle
collision schemes, we solve, only in velocity space,

following equation

of
EE—C(JC)

with initial distribution function being a shifted

(28)

Maxwellian. 4000 particles are used in our test. The
changes of total energy, total momentum and total

weight (particle number) are shown in Fig. 1. The

curve with open circles represents the result using
the previous scheme of Lin et.al.%. Figure 1{a) shows
that the deviation of the energy from the initial value
is largely reduced as P fas [Eq.(26)] is implemented
(represented by the curve with squares). The fur-
ther reduction in the energy deviation is obtained
when P, far [Eq.(27)] is added (represented by the
curve with triangles). This can be seen more clearly
from Fig. 1(b) being enlarged from Fig. 1(a). Fig-
ure 1{c) shows that the restoring terms P fy; and
Py far do not work for the improvement of momen-
tum conservation as effectively as they do for energy.
As P far is implemented. the deviation of momen-
tum from the initial value still remains at a signif-
icant level (represented by the curve with squares)
even though it is considerably reduced from the re-
sult without Pj far. Moreover, the further reduction
is not obtained when P fis is added (represented by
the curve with triangles). Now let us see the particle
number conservation behavior presented in Fig. 1(d).
For the previous collision scheme. the particle num-
ber conservation preperty is the best among its three
conservation laws, The particle number is conserved
within the accuracy of 10% for this example. [see
the curve with open circles in Fig. 1(d)]. The intro-
duction of the momentum and energy restoring terms
Py far and P, fyr makes particle conservation worse.
From Figs. 1(c) and 1(d), it is observed that the
evolving histories of momentum deviation and par-
ticle number deviation are very similar when P fyr
and P, far are introduced. This observation indicates
that the momentum conservation property is closely
related to the particle conservation property. The
above fact reminds us that the momentum conser-
vation could be improved if we can find the way to
improve the particle conservation. Based on this con-
sideration. we introduce additional terms as follows
to restore particle conservation just as we have doae
for momentum and energy conservation

Ql.fM’ = D(f‘ f")_f_,w%(ya)l,’ (29)



Ypipsg (30)

Q2 frr = D{7. T'f'}fwd%

The (1 far and Qo fyy work to compensate the nu-
. . d d
merical particle losses E(UO)P and E(E'U)}’>+pl+Q].

respectively. The function D{F, 7) satisfies

1
—/D(.f. 7)frdé = —1.
i

/ap(f. #) frrdd = 0. (31)

]v?D(f, ) fardt = 0.

Equation (31) states that {4 far and @3 fas work only
to restore particle conservation but do not change the
momentum and energy conservation property. The D

determined from Eq. (31}is not unique. Here we take

w

3 [é(y)

2

3

D(%.7) = (32)

Note that since Q1 fas is newly added. Eq. (27)

should be modified to

- d
Py fu (A' T DYTP+P+P+Oy

d
+B-

df <?»‘2)TP+P+P1+Q1) fare (33)

where %('E‘.)Tp+p+Pl+Ql and %(172>TP+ P+ P +Q, are
momentum and energy losses due to Crp + Pfar +
Py far + Q1 far. respectively. The resulis with parti-
cle restoring term @ far and Qs far implemented are
indicated by the curves with solid circles in Fig. 1.
It is found that the particle conservation is greatly
improved. Correspondingly. the momentum conser-
vation is greatly improved; while the excellent accu-
racy in energy conservation still remains. Equations
(26). (33). (29) and (30) along with Eqs. (17). (18)
and (22) represent an improved collision scheme.

In order to verify that the improved collision
scheme works well for neoclassical transport calcu-

lation. we next solve Eq. (3) for ions including only

-1

ion-ion collisions. usiug the &f method. We employ
a simple toroidal equilibrium described by magnetic
field model

By

) p——. —
1+ ¢cosé

- €~
[o + mﬂ] . (34)
where r. # and o are the toroidal coordinates. By is
B on axis. ¢ and ¢ are the inverse aspect ratio and
safety factor. respectively. In special case of zero ion
temperature gradient VT, = 0, Eq. (5) has an exact
steady-state solution of shifted Maxwellian®,

21)”1!.”]"
.2
‘thi

fl] = fz() (35)

with the parallel velocity given by

( )

where €, is lon gyrofrequency. e is ion charge and

_ 4 ¢ 4%
€ 20 T dr

EAE 2y

dlnn,
dr

] r = (36)

® 1s the radial electric potential. Since the drift ve-
locity vg is even in wy, this solution gives no particle
flux and energy flux. The results of simulations car-
rted out with Vn, £ 0. VT; = 0 and V& = 0 are
2

presented in Fig. When the improved collision
scheme is used. the particie flux [Fig. 2(a)] and en-
ergy fiux [Fig. 2(b)] indeed drop to zero at steady
state and the parallel velocity [Fig. 2(c)] is in good
agreement with the theory; while the simulation us-
ing the previous scheme still gives definite positive
particle and energy fluxes and a smaller parallel ve-
locity 1 steady state. The feature behind this differ-
ence hetween applying the two collision schemes be-
comes clearly evident if we see the distribution func-
tion f; in steady-state {Fig. 2(d)]. The simulation
using the improved collision scheme can well repro-
duce the shifted Maxwellian which is anti-symmetric
about v = 0. The solution using the previous scheme
fails to do so. Thus the non-vanishing particle and
energy fluxes and smaller u arise from the fact that
the anti-symmetry is distorted.

It should he pointed out that the compensation
terms. I far. Q1 Far. Pofar and Q2 f. introduce no
additional effective collisions. This can be under-

stood from the following discussions. It should be



observed that these newly introduced compensation
terms would be zero (or would not work) if P fas could
accurately restore momentum and energy conserva-
tions. We know that a simpler P fis is used for the
replacement of C(fas, fi), and that oanly from the re-
quirement of the three conservation laws. the function
P can not be uniquely determined. Both Pfar and
(P+ P+ Q1+ P2+ @Q2)far can be viewed as an ap-
proximation to C(far, f1). Theoretically. it is difficuilt
to verify which one is more reasonable. However. the
results of tests show that the present collision scheme

does a much better performance.

IV. CALCULATION OF PARTICLE

WEIGHT

The calculation of particle weight takes a central
position in a §f simmulation. The weight is calcu-
lated by Eq. (14). The critical point of implementing
Eg. {14) is how to evaluate the distribution function
g(Z.7,¢).

In principle one may numerically evaluate g from
Far using Eq. (15). However, it should be noted
that the evaluated g could be very noisy. Moreover,
since g appears in the denominator of weight equa-
tion (14). numerical difficulties may arise for particles
at the tail of the distribution where g is small and
most noisy. Therefore, as pointed out by Chen and
White!?, numerical evaluation of ¢ should be avoided
whenever possible. Indeed, so far in the application
of the & f method the numerical evaluation of g has
been avoided by loading the markers according to a
known explicit solution of the kinetic equations™!?,
or by using the fact that in nondiffusive motion g can
be advanced along the particle trajectory®. Usually
it is difficult to use these methods for 8 f simulation
of neoclassical transport where particle motion is dif-
fusive. Chen and White also give a general discussion

for evaluating g. Further discussion will be given next

with respect to solving Eq. {4) and Eq. (5) by &f
method.

Equation (5) can be solved on a single magnetic
surface since the drift motion is neglected. Mark-
ers (simulations particles) move along the zeroth-
order orbit subject to test particle collisions and are
bound on the magnetic surface where they are ini-
tially loaded. Since no marker is lost from the sur-
face, it is not necessary to add new markers. i.e, we
can take the source Say = 0. In this case the solu-
tion of Eq. (16) for g corresponding to Eq. {3) is
g = far. Thus, there is no special difficulty in solving
the drift kinetic equation without the drift term. The
situation is quite different in solving Eq. (4} where
the drift term is retained in order to include the im-
portant finite banana width dynamics of ion neoclas-
gical transport. In this case. the motion of markers
is no longer bound on a single magnetic surface due
to radial drift, and a simulation domain extending in
radial direction is required to solve the equation. Be-
cause of collision processes (with no momentum and
energy conservations) markers will diffuse through
and loss from the simulation domain. To control
that the phase space is well populated;, we need to
add new markers via a source Sp;. Noting that now
the kinetic equation of g, Eq. (16), is similar to the
kinetic equation of f, one may load particles with
the equilibrium distribution Far(t = 0) = foé(w)
(ie, g{t = 0) = fy) and then use g = f = f; + f1.
leading to g; = fo;/(1 — w;) for a particle j, in Eq.
{(14) for advancing particle weight. This is so called
the nonlinear weighting scheme which was initially
proposed by Parker and Lee* to solve nonlinear gy-
rokinetic equation with nondiffusive motion. and has
been used in the gvrokinetic particle simulation of

t6-7. It should be pointed out

neoclassical transpor
that much caution must be paid when this nonlinear
weighting scheme is applied to selve the drift kinetic
equation {4). It must be made sure that the approx-
mnation g = f is correctly represented by marker

distribution. If we fail to do so, the correct result



cannot be expected. It should be noted that the re-
lation g = f is not autematically or simply satisfied
during a simulation hecause the equations governing
¢ {Eq.16) and f (Eq.1) are different. In some simple
case. the requirement g = f. in principle. could be
achieved hy choosing an appropriate marker source
Sy

In order to demonstrate the essence of estimat-
ing g for &f method. we now solve Eq. (4) for ions
including oaly ion-ion collisions using the nonlinear
weighting scheme. Again. we employ the simple an-
alytic equilibrinm. Eq. (34). and zeroth-order dis-
tribution with linear density profile but no tempera-
ture gradient (VT = (}. Simulation domain is taken
as the whole poloidal section extending from r = 0
to boundary r = « with o the minor radius of the
teurs. Unlike the case of Eq. (3). to solve Eq. (4)
we need boundary conditions. Boundaries should
be treated in a manner conststent with the physical
boundaries. Here particles are considered to be lost
from the houndary r = a: markers hitting this bound-
ary are removed from simulations. Two simulations
are performed with different marker sources referred
to A and B. As is shown in Fig. 3. the use of dif-
ferent sources results in different marker distribution
function g. and the sunulation results of particle and
energy fluxes sensitively depend on whether the ap-
proximation g == f is correctly represented by marker
distribution. We can examine how far g approximates
f by comparing g with fy recognizing that fi < fo.
The density profiles of markers at several time points
of steady state are shown in Fig. 3{a}. The density
profile resulting from the use of 515 4 deviates far
from that of fy (i.e. initial density profile). This re-
sult indicates that g does not approxmate f. When
an appropriate Sy p is used to add new markers. the
density profile is maintained to be close to that of f,
which indicates that g = f is implemented it this sim-
ulation. As ¢ = f is implemented in the simulation.
the both particle flux and energy flux evolve fo van-

ish in steady state. as shown in Figs. 3(b) and 3(c).

owing to the momentum and energy conservation of
like particle collisions and YT = 0. The particle and
energy flux at different radial positions are plotted in
Figs. 3(d) and 3{e). The simulation with ¢ = f well
implemented leads to the fluxes to vamsh at whole
region of poloidal section except the boundary where
particle losses result in large particle and energy flux.
When we fail to implement ¢ = f. using the source
Sas 4. the simulation leads to particle and energy flux
which are obviously unphysical. The particle and en-
ergy flux. resulting from using the non-conservation
operator Crp are also plotted. The time evolution of
parallel velocity at r/a = 0.5 is shown in Fig. 3(f).
It is interesting to see that parallel velocity is slightly
reduced as the finite banana width dynamics are in-
cluded. The radial profile of parallel velocity is shown
in Fig. 3{g).

We have demonstrated that distribution function
¢ assumed in Eq. (14) for weight calculation must be
consistent with the marker distribution of Eq. (13).
If we ignore or fail to fulfill this condition in a simula-
tion. correct results cannot he gnaranteed. For some
simple case like the above example with only linear
density profile but no temperature gradient, we may
realize this situation via the choice of an appropri-
ate source Sy. However for complicated practical
simulation including. for example. both density and
temperature gradient. it is difficalt even impossible
to find an appropriate Syr: Moreover, for the nonlin-
ear weighting scheme where g is assumed to be f in
Eq. {14). exactly saying. we cannot confirm whether
g = f is carrectly implemented since f is unknown.
Therefore for practical application an effective and
more accurate weighting scheme is required. We now

present such a weighting scheme in the next section.

V. GENERAL AND ACCURATE WEIGHT-
ING SCHEME



Instead of using g = f in Eq. (14) for advancing
particle weights, we now consider to solve g from Eq.
(16) with g(t = 0) = fp (corresponding to a loading
Fu(t = 0) = fd(w)). Setting ¢ = go + g1, we sepa-

rate exactly Eq. (16) into following two equations,

J - -

§+Uu - Vgo —C(ge: fo) =0, (37)
dn . . .
§+(v||+vd)-V91—C'(g1, fo} = =4 Vgot [ Sudw,

(38)
with the solution of Eq. (37) being g0 = fo = fur
and initial condition of Eq. (38) being g1(t =0) = 0.
We now solve Eq. {38) using the idea of éf method.
To this end, we introduce a weight w and a marker
distribution function Gps (#, 7, w. t) in extended phase

space (¥, ¥,w). Let G obey the kinetic equation

D a . S .
EEGM + 5‘_'(#(;'“) = Qu(F. 7. 2, t)

o

(39)

with initial condition Gar(t = ) = fpé(w), and relate
to g1 through the following relation

gl(f, t_f, t) = [wGdew. (40)

Here a source term Qay, like Sas in Eq. (7), is intro-
duced to control the marker population. From the
requirement that Eqs. (38), (39) and (40) are con-
sistent with each other, the equation for weight » is

determined as

= % [— wade— gV fo +fSde] . (41)

g

where the distribution function h{£.7, t) is defined by

h E/GM(:E, Fw, t)dw, {42}
and satisfies
Dy [ Qud (43)
—h = | Quduw.
Dt / M
Taking
/Qj\{dk): /S_de, (44)

then Eq. (43} and Eq. (16) become the same, and
we have

R{Z.¥.t) = g(&£.79,t). {(45)

For a simulation particle of index j. we have

g; = goj +wih; (46)

which gives
1
- 1- Lu'j fl)j-

Substituting Eq. (46) into Eqgs.(14) and (41), we ob-

tain the accurate weight equations for a marker as

i (47}

follows
. 1—w -
W= fo [—/wSMd’w—l’d'Vfg'f‘C(fO:fl):I 3
(48)
. 1w
&= 7 [H/wQde—ﬁ&'Vfoﬂ'/Sde -
0

(49)
Now each simulation particle is assigned two weights
rather than one, and the second weight w is intro-
duced to evaluate g (exactly saying. g1) effectively.
The motion of markers in original phase space is in-
dependent of weights and this suggests us to solve Eq.
{4) and Eq. (38) simultaneously using only one set
of markers. Equations (48) and (49) represent a gen-
eral and accurate weighting scheme. The new scheme
elucidates the close relationship between the weight
calculation and the way of adding new markers. All
answers to the question presented in the Introduction
concerning the addition of new markers can be found
from these two equations.

Let us see the relation of this accurate weight-
ing scheme to the previous nonlinear weighting
scheme. If we choose Sir and Qi such that Sy =
S(r.v.t)é(w), Qu = S{F, 7,t)6(~) and

[ Suedw = C(fo, 1),

then Eqs.{48) and (49) are identical and reduce to
the nonlinear weighting scheme

1—

fo

{In this case. the equations for g and f become iden-

L Vh+Clh f)). (30)

w =

tical.) However this choice is practically infeasible.
It makes the problem returning back to its original
point. The marker source so chosen is not imple-

mentable in the Z-# phase space. Indeed, this is the

10



reason why &f methods so far treat the momentum
and energy coanservation term C(fp. fi) as a source
term and implement it via the introduction of an ad-
ditional dimension. particle weight «.

A convenient choice for the marker sources 1s
Sy = v(t)s(F)fob(w) and Dy = v(t)s(F}fob(~).
This choice means that new Maxwellian markers with
w = .« = 0 are added in terms of rate v(¢) and spa-
tial distribution s(#). Then the weight equations are
simplified to

1—w
fo
o l=w

fo

To test this accurate weighting scheme. we now

n [=7%- Vi +Clfo- H)]-

(51)

o [—va- Vfo+wvsfo]. (52)

apply it to solving Eq.{4) for ions including only ion-
ion collisions. The problem considered here is the
same as that in Sec. IV except an exponential den-
sity profile n(r) ~ e~/ used instead of the linear
density profile. In our opinion for this density profile
the nonlinear weighting scheme could be ineffective
since it is not easy to find an appropriate marker
source Sas to implement g = f. The results of simu-
lations using the previous nonlinear schieme and the
present new scheme, but with the same source Siy,
are compared in Fig. 4. Figure 4{a) shows that the
density profile in steady state deviates far from the
equilibrium. Correspondingly, the nonhinear weight-
ing scheme fails to give the correct particle flux and
energy flux. as shown in Figs. 4(b) and (c). because
g = f is not recognized in the sinulation. While the
accurate weighting scheme works for the problem ef-
fectively; it leads to the correct results with vanishing
particle and energy fluxes at the whole poloidal sec-

tion.

VI. SUMMARY

We presented a like-particle collision scheme for 6 f

simulation. with excellence accuracy in conservation

11

of particle. momentum and energy.

We demonstrated the essence of estimating the
marker density g for 6f method. The correct re-
sult is assured onlv whea the assumed g for calcu-
lating weights is correctly represented by marker dis-
tribution. In the case collisions along with drift mo-
tion lead to marker diffusion through and loss from
the simulation domain. this requirement. in principle.
might be achieved by redistributing the markers via
an appropriate source Sy. But practical implemen-

tation is difficult, even not possible.

We developed a general and accurate weighting
scheme where additional weight eguation is intro-
duced to solve g directly from its kinetic eguation.
The new weighting scheme is more effective and can
avoid implementing difficulty of previous weighting
scheme in estimating the distribution function g.

This accurate 6f method has been applied to
the study of ion neoclassical transport due to self-

collisions.
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Plasmas 1,

FIGURE CAPTIONS

Fig. 1 Test results of like particle collision schemes
from solving Eq. (28). The plots are the time history
of {a) relative energy, (c) relative momentum and (d)
relative weight (or particle number). (b) is the en-
larged one from (a). The lines with open circles are
obtained from using the previous operator due to Lin,
Tang and Lee: the lines with squares are obtained by
adding P fas and that with triangles are obtained
by adding (P far + P2 far) ; the lines with solid cir-
cles represent the results of improved operator with
{(Pifar+ Pofa +Qufar +Q2far) implemented. Time

is normalized by like-particle collision time 7,q.

Fig. 2 Simulation results of the solution of Eq.(5)
(zero banana width limit) for ions. using the im-
proved operator as well as the operator by Lin. Tang
and Lee. The plots are time evolution of (a) particle
flux (time averaging). (b) energy flux (time averag-
ing) and (b} parallel velocity. as well as (d) distri-
bution function in steady state (solid line represents
the exact solution of Eq. (5)—shifted Maxwellian).
Particle flux Iy and energy flux ¢y used for normal-
ization are conmputed from using non-conservation op-
erator C'rp, and parallel velocity is normalized by its
theoretical value u ). Time is normalized by ion cojlw

lision time 75;.

Fig. 3 Simulation results from solving Eq.{4) (with
finite banana width) by the nonlinear weighting
scheme. Two simulations are performed with dif-
ferent marker sources Sy 4 and Say . The plots
are (a) marker density profiles. the time evolution of
(b) particle flux (time averaging) and (c) energy flux
(time averaging) at r/a = 0.5 for source B. (d) parti-
cle flux and {e) energy flux vs r/a (solid circles and
open circles represent the results for source A and B
respectively, and squares represent the results from
using non-conservation operator Crp and source B).
(f) time evolution of parallel velocity at r/e = 0.5

and (g) parallel velocity vs r/a for source B.



Fig. 4 Simulation results from solving Eq.{4) with
an equilibrium density profile n(r) ~ e using
the nonlinear weighting scheme and new weighting
scheme but with the same marker source. The plots
are {a) marker density profile. {b) particle flux and

{c) energy Bux vs r/a.
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