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Dynamics of Zonal Flows in Helical Systems

H. Sugama and T.-H. Watanabe
National Institute for Fusion Science, Graduate University for Advanced Studies, Toki 509-5292, Japan
(Dated: January 5, 2005)

Theory for describing collisionless long-time behavior of zonal flows in helical systems is presented
and its validity is verified by gyrokinetic-Vlasov simulation. It is shown that, under the influence of
particles trapped in helical ripples, the response of zonal flows to a given source becomes weaker for
longer radial wave numbers and deeper helical ripples while a high-level zonal-flow response, which
is not affected by helical-ripple-trapped particles, can be maintained for a longer time by reducing
their bounce-averaged radial drift velocity. This implies a possibility that helical configurations
optimized for reducing neoclassical ripple transport can simultaneously enhance zonal flows which

lower anomalous transport.

Keywords: zonal flow, helical system, gyrokinetics

In order to search for conditions for efficient zonal-flow
generation [1] leading to a good plasma confinement, it is
critically important to study the relation of zonal-flow dy-
namics to toroidal magnetic configurations. Rosenbluth
and Hinton [2] showed that initial E x B rotation in toka-
maks is not fully damped by collisionless processes but it
approaches a finite value. Collisional decay of zonal flows
occurs in the long course of time [3] although the residual
zonal flows in a collisionless time scale still influence the
turbulent transport. Since zonal flows are a key issue for
improved confinement in helical systems as well [4, 5],
it is necessary to examine how helical geometries affect
zonal-flow damping. In the present work, collisionless
zonal-flow dynamics in helical systems is investigated. In
the same manner as in Rosenbluth and Hinton [2], we
here treat the ITG turbulence [6] as a known source and
analytically derive the response kernel which relates the
zonal-flow potential to the source and also represents de-
pendence on an initially given zonal flow. We also verify
the validity of the derived response kernel by a recently-
developed gyrokinetic-Vlasov-simulation code [7].

In helical configurations, the radial drift motion of par-
ticles trapped in helical ripples yields neoclassical ripple
transport in the weak collisionality regime [8, 9]. We
show that this radial drift also causes a significant dif-
ference between long-time zonal-flow behavior in helical
systems and that in tokamaks. It is observed in the Large
Helical Device (LHD) [10] that not only neoclassical but
also anomalous transport are reduced by the inward shift
of the magnetic axis which decreases the radial drift of
helical-ripple-trapped particles but increases the unfavor-
able magnetic curvature to destabilize pressure-gradient-
driven instabilities such as the ITG mode [11-13]. Our
study suggests that helical configurations optimized for
reduction of the neoclassical ripple transport may si-
multaneously lower the anomalous transport through en-
hancing the zonal-flow level.

We use the toroidal coordinates (r,0,(), where 7, 6,
and ¢ denote the flux surface label, the poloidal an-
gle, and the toroidal angle, respectively. The mag-
netic field is written as B = Vu(r) x V(0 — (/q(r)),
where 2m(r) is equal to the toroidal flux within the

flux surface labeled r and ¢(r) represents the safety fac-
tor. Following Shaing and Hokin [9], we here consider
helical systems with the magnetic field strength writ-
ten by a function of poloidal and toroidal angles (its
r-dependence is not shown here for simplicity) as B =

By[1 — €19 cos 0 — e cos(Lb) — ano,il,--- e,(ln) cos{(L +
n) — MC}) = B[l — er(0) — eg(0)cos{LO — M( +
xm(0)}], where er(0) = €19 cos8 + erg cos(LB), e (0) =

C2%(0) + D?(0), xu(0) = arctan[D(9)/C(9)], C(6) =

S 6 cos(nd), D) = 5,y " sin(nd),
and M (L) is the toroidal (main poloidal) period number
of the helical field. For the LHD, L = 2 and M = 10.
Here, we assume that [/(¢M) < 1. Multiple-helicity ef-
fects can be included in the function e (6).

The gyrokinetic equation [14] for the zonal flow com-
ponent with the perpendicular wave number vector k| =

k,.Vr is given by
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where Jo(kLp) is the zeroth-order Bessel function, p =
v, /Q is the gyroradius, and Q = eB/(mc) is the gyrofre-
quency. Here, subscripts to represent particle species
are dropped for simplicity. The equilibrium distribu-
tion function Fy is assumed to be given by the local
Maxwellian and the perturbed particle distribution func-
tion f = f — Fy is written in terms of the electro-
static potential ¢ and the solution g of Eq. (1) as §f =
—(e¢p/T)Fy + gexp(—ik, - p), where p = b x v/Q2. The
drift frequency wp is defined by wp = k| - vq = krvgr,
where vg, = vg - Vr is the radial component of the guid-
ing center drift velocity. The source term Sk, Fp on the
right-hand side of Eq. (1) represents the E x B nonlin-
earity and is written as Sk, Fo = (¢/B) Zk;-&-k[:kL b-
(k'L x K1) Jo(K' p)dw, gic; -

The trapping parameter x is defined by k2 =
[1—ABo{l—er(0) —en(0)}]/[2ABoer(0)] with A =
p/w where w = mv? and p = mo? /(2B) represent
the kinetic energy and the magnetic moment, respec-
tively. Then, particles trapped in helical ripples are
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characterized by x* < 1. Using I/(¢M) < 1, we
approximate the field line element dl by Rod(, where
Ry denotes the major radius of the toroid. Then,
the orbital average within a helical ripple is defined
by A = [(Rod{/|vj|)A/mh, where 7, = [(Rod(/lvy|);
for k? < 1, the integral [d( goes over a closed orbit
while, for k2 > 1, it goes a whole helical ripple. Using
the longitudinal adiabatic invariant J [9] given by J =
16(Ro/M)(uBoer /m)/?[E(k) — (1 —k2)K (k)] for k% < 1
and J = 8(Ro/M)(uBoer/m)*/?kE(k~") for 2 > 1
with the complete elliptic integrals K (k) and F(k), the
orbital average of the radial drift velocity within a heli-
cal ripple is given by T4 = (mc/ey',)(0J/00), where
Y = dy/dr and 7, = m(8J/0w). The drift frequency
wp is expressed as wp = k. (Tar + v b - Vé,), where 6, =

J l(dl /v))(var —Var) represents the radial displacement of
the guiding center from the helical-ripple-averaged radial
position. Then, Eq. (1) is rewritten as
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We here consider long-time behavior of zonal flows.
Then, in Eq. (2), the time-derivative terms, the radial
guiding-center drift term, and the source term are smaller
than the parallel streaming term such that they are re-
garded as of the higher-order. The parallel derivative is
rewritten as b - V =~ Ry (0/9¢ + ¢~'0/06). Here, we
treat the poloidal field as a higher-order quantity than
the toroidal field. Based on these orderings, we expand
Ik, etkrdr ag gk, e*rdr = ho 4+ hy + --- and obtain the
lowest-order equation (v)|/Ro)(0ho/9¢) = 0 from Eq. (2).
Thus, we can write hg = ho(t, r, 0, w, u, o), where the de-
pendence on o = v)/|vj| disappears for x? < 1. The
first-order equation is written as
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For particles trapped in a helical ripple (k2 < 1), the
orbital average of Eq. (3) and its time integral yield

t
ho(t) = ho(0)e ™7t / At e—ikrTan(t—t))
0
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When k? > 1, using the periodic condition hq(¢ +
27 /M) = hi(¢) and taking the orbital average of Eq.
(3) within a helical ripple give
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where wy = 2wo/(¢MT,) is the helical-ripple-
averaged poloidal angular velocity and A, =
o(gM/2m)(me/ed’)(J — Jp) with Jp defined later
represents the radial displacement of the helical-ripple-
averaged guiding-center position. For x2 > 1, particles
are classified into two types, particles trapped by the
toroidicity and passing particles. For these particles,
we regard wgd (e“““AThO) /00 as a dominant term in
Eq. (5) based on the long-time ordering and expand
e*rArhy as e*rBrhg = mg 4+ m + --- where 79 is
independent of 6 because it satisfies the lowest-order
equation wydno/00 = 0. The solubility condition for 7,
is derived from Eq. (5) and integrated in time to give

no(t) = 10(0) — %Fo <€ik"'A"'(€ikT5TJ0¢kL (0))>p0
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where Ry (t) = fgdt’ Sk, () and  the
poloidal-orbit  average  (A)po is  defined by

Do = 3T gss J75,(d0/ 1ol A/ [%, (6] |wo])
for toroidally trapped particles and (A),, =
2T(d6)|wa|)A/ [TT(d6/|wg|) for passing  particles
with 0; given by the condition x(# = 6;) = 1 which is
equivalent to wyp(d = 6;) = 0. Now, J; is defined by
Jy = J(0 = 6;) for toroidally trapped particles and by
Ji = J(6 = 7) for passing particles.

The electrostatic potential ¢y, is determined by the
quasineutrality condition, —ngedy, /T; + f d3v Jogix L=
noedx, /T. + [ dv gex,, where the small electron gy-
roradius limit k3 p. — 0 is considered. In the low-
est order of the long-time ordering, we substitute Eq.
(4) into g, = e~ *r9phy for k2 < 1 and Eq. (6) into
gk, = e Frore=itkrArpg for k2 > 1 in order to evaluate
the nonadiabatic parts of the density perturbations. We
find from Eq. (4) that effects of T4 on the density of
helical-ripple-trapped particles strongly depend on time
t. Let us define a characteristic transition time 7. by
Te ~ 1/|k.Tgr| where Ty, is evaluated by considering
helical-ripple-trapped thermal particles with pBy ~ T,
k~1 and 0 ~ /2.

When t < 7, effects of U4, are weak and the quasineu-
trality condition is written as

(6)

po

1 1 e )
—t t) — — d3v FigJoe™ #ror
noe (TzﬁrTe)@ﬁkL() EA2<1 v FyoJoe

ik S T L ) € —ik, . —1 )
KT ot 0) — = [ dbu By e hede iy
1 JRr2>1

X (AT IoC @)~ [, @ Fo 6@
o e Jr2<
_c 3 D) =

T ), o Fe (0. (t)>po o, (7)

where o is given by the initial values ¢y, (0), ho(0)
and 19(0) as well as the time integral of the E x B



nonlinear source terms Ry ( fo dt'Sy, (t'). Here,
the radial displacement of the electron guiding center
is neglected because of the small electron mass. Rep-
resenting Eq. (7) by Lok, = o< and defining the Her-
mitian inner product by (u,v) = (u*v), where (-) de-
notes the flux-surface average, we find that the operator
L is self-adjoint, (u, Lv) = (Lu,v), and that (u, Lu) > 0.
Then, the variational principle for Lok, = o< is given
by 6V =0, where V = (¢x, , Lo, )/|(dx, o< Px, )|*
Now, we assume k) p and kA, to be small and use
them as expansion parameters. We neglect k.6, because
generally ¢, is much smaller than p. The source o is
considered to be of order k% p?. Then, from the lowest-
order equation (¢k, , Lodx, ) = 0, we can show that ¢y
is a flux-surface function, O¢yx, /O = O¢i, /00 = 0.

The next-order equation (¢, ,Li¢x,) = (P, ,0<)
gives et /T, = (0-)/De, where D. —
(@0 Fio [30202 + 12 {880 — (A2,} H(x? = 1))
and H(z) = 1 (for z > 0), 0 (for x < 0). Here, the

second group of terms in the integrand represent the
neoclassical polarization effect due to toroidally trapped
particles with x2 > 1.

To the lowest order in k% p?, electron contributions to
o< are neglected. The initial values h;o(0) and n; in
Eq. (7) are given by hio(0) = e g (0) and 1,0(0) =
(ethrir (eihrdrga (0)))po. We assume the initial per-
turbed ion gyrocenter distribution function to take the
Maxwellian form, (5f(gyr0)( 0) = —Jo(egk, (0)/T;)Fio +

gie, (0) = (608 (0)/no) Fio.
(ger)(O) _

The quasineutrality
condition gives &n no(k? a?)(edx, (0)/T;)
with a? = T; /(mZQZQ) Then, we obtain (o.) =
no(k? ai)edx, (0)/T; + ([ d®v FoRx, (t)) and the long-
time behavior of the zonal-flow potential for ¢t < 7,

eqﬁkL (O) n fg dt/ <f d31} FiosikL (t/)>
T no(k? a7) ’
(8)

where the response kernel for ¢t < 7, is represented by

e(bkj_ (t)

T, <

Ke=1/(1+G) 9)

and

§4 deK VE(k1)
y %r@woem ™ TR (s )

/B,
+/ dX
1/BM H/Q

/ ﬁ(zABoeH)l/%K(W)
(6)>1

en(6, 1/2Y 2
X {E(mﬂ—i( if)) } : (10)

x kE(k™1) —

Here B); denotes the maximum field strength over the
flux surface and B], represents the minimum value of
local maximum field strengths within each helical ripple.

Next, when t > 7., the density of nonadiabatic helical-
ripple-trapped particles is strongly damped because of
phase mixing caused by the bounce-averaged radial drift
motion [see Eq. (4)]. Then, the quasineutrality condi-
tion is given by Eq. (7) with the velocity-space integrals
over the k2 < 1 region dropped. Employing the same
procedures used in deriving Eqgs. (8)—(10), ¢k, is shown
to be again a flux-surface function to the lowest order
in k% p? and e%z, and we obtain e¢y, /T; = {(0s)/D>,
where D~ = Do + (2/7)(1 — (k% a2) + T;/T.){(2e5)'/?)
and (05) = (0<)—(2/m){(2en)"/?) (k1 a) [noedx  (0)/T).
Finally, the long-time behavior of the zonal-flow potential
for t > 7. is given by

edi, (1) edk, (0)
T ’C{ T
fo dt/<f 2oq @*0 FioSac, (1)) ](11)
no(k%a?) {1 — (2/7){(2ex)"/?)}
and

Ko = (kad) [1 - 2/m)(2en)?)]
x { (a1 = (2/m)(2en)"?) + G
FE/mMOET/T ) (12)

Here, terms proportional to ((2ez)/?) are derived from
suppressing the density perturbations of the nonadiabatic
helical-ripple-trapped particles. A term with T;/T,. ap-
pears in the response kernel K< for ¢ > 7. because not
only ions but also electrons influence the quasineutrality
condition through their helical-ripple-bounce-averaged
radial drift motion. The dependence on electrons and
on the radial wave number shown in Eq. (12) is not seen
in the tokamak case. In the axisymmetric limit ez — +0
with e = €, cos 6, we obtain G — 1.6 q2/ez/2, which re-
duces both Egs. (9) and (12) to the Rosenbluth-Hinton
formula Kp_g =1/(1+1.6 q2/el/2) [2].

In order to examine the analytical results shown above,
a linearized ion gyrokinetic equation combined with
the quasineutrality condition is numerically solved by a
toroidal flux-tube gyrokinetic-Vlasov code [7]. Since the
perturbed electron density is simply calculated by using
Nex, = (noe/Te)(dx, — {Px,)) in our simulations, the
term proportional to T; /T, in Eq. (12) should be dropped
when comparing that formula with the simulation results.
Here, we consider the L = 2/M = 10 single-helicity case,
in which EE«L n#0) = 0 and therefore eg = 620) = ¢, is in-
dependent of 8. We also put ¢, = €19 and e = 0 so
that er = €, cosf. The initial perturbed ion gyrocenter
distribution function is given by the Maxwellian form.
We define the radial coordinate r by 1 = Byr?/2 and
use Vg = —(cu/eRg)sing, (k? a?) ~ kZ2a?, and 7. ~

Tl’
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FIG. 1: Time evolution of the zonal flow potential obtained
by the gyrokinetic-Vlasov simulation for a helical system with
L=2, M=10,q=1.5, ¢ =€, = 0.1, and kra; = 0.131. A
dashed horizontal line corresponds to Ks given by Eq. (12)
for t > 7.

(k,cT;/eBoRy) ™ = (Ro/vei)/ (kra;), where a; ~ vg;/Q0,
Q0 = eBy/(m;c), and vy = (Ti/mi)l/z.

Time evolution of the zonal-flow potential obtained by
the simulation is plotted by a solid curve in Fig. 1, where
e = 0.1, ¢, = 0.1, ¢ = 1.5, and k,a; = 0.131 are used.
Here, a dashed horizontal line represents the response
kernel K- given by Eq. (12) for t > 7.(= 7.6Rpvy;). It
is seen that, after oscillations of the geodesic acoustic
mode (GAM) [15] are damped, the zonal-flow amplitude

approaches the predicted value s = 0.038, which is
smaller than K. = 0.39 and Kr_yg = 0.081 for the used
parameters. Under the conditions used in our simulation,
the GAM oscillations dominate the zonal-flow evolution
for t < 7. so that we cannot identify K. given by Eq.
(8) which describes the long-time behavior for ¢ < 7.
with rapid phenomena such as the GAM neglected. It
is confirmed from other simulations for k,.a; = 0.0654,
0.131, 0.196 and ¢, = 0.05, 0.1, 0.2 that Eq. (12) agrees
with the long-time limit of (¢x, (¢))/(¢k, (0)) obtained
by the simulations within an error of about 15 percent
at most. A better agreement between the simulation and
theoretical results is verified for lower k,.a; and smaller
€, because these parameters are assumed to be small in
deriving the analytical results.

In conclusion, we have shown how collisionless long-
time behavior of zonal flows in helical systems is in-
fluenced by the bounce-averaged radial drift motion of
helical-ripple-trapped particles. It is predicted that, un-
der the influence of helical-ripple-trapped particles, for
the lower radial wave numbers, the long-time limit of
the zonal-flow potential amplitude becomes smaller al-
though simultaneously the characteristic transition time
Te(~ 1/k.|Ugr|) becomes longer. In some optimized he-
lical configurations such as quasi-poloidally-symmetric
systems [16, 17] which significantly reduce neoclassical
transport by suppressing both [v4.| and G, we expect
the response kernels K+, - and 7. to increase such that
large zonal flows can be maintained for a long-time pe-
riod, which contribute to reduction of anomalous trans-
port as well.
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