NATIONAL INSTITUTE FOR FUSION SCIENCE

Moment-equation Methods for Calculating Neoclassical Transport
Coefficients in General Toroidal Plasmas

H.Sugama and S. Nishimura

(Received - Dec. 26, 2007 )

RESEARCH REPOHT
NIFS Series

e




This report was prepared as a preprint of work performed as a collaboration research of the
National Institute for Fusion Science (NIFS) of Japan. The views presented here are solely those
of the authors. This document is intended for information only and may be published in a
journal after some rearrangement of its contents in the future.

Inquiries about copyright should be addressed to the Research Information Office,

National Institute for Fusion Science, Oroshi-cho, Toki-shi, Gifu-ken 509-5292 Japan.

E-mail: bunken@nifs.ac.jp

<Notice about photocopying>

In order to photocopy any work from this publication, you or your organization must obtain
permission from the following organizaion which has been delegated for copyright for clearance by the
copyright owner of this publication.

Except in the USA
Japan Academic Association for Copyright Clearance (JAACC)
6-41 Akasaka 9-chome, Minato-ku, Tokyo 107-0052 Japan
Phone: 81-3-3475-5618 FAX: 81-3-3475-5619 E-mail: jaacc@mtd.biglobe.ne.jp

In the USA
Copyright Clearance Center, Inc.
222 Rosewood Drive, Danvers, MA 01923 USA
Phone: 1-978-750-8400  FAX: 1-978-646-8600




Moment-equation methods for calculating neoclassical transport
coefficients in general toroidal plasmas
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A detailed comparison is made between moment-equation methods presented by Sugama and
Nishimura [Phys. Plasmas 9, 4637 (2002)] and by Taguchi [Phys. Fluids B 4, 3638 (1992)] for
calculating neoclassical transport coefficients in general toroidal plasmas including nonsymmetric
systems. It is shown that these methods can be derived from the drift kinetic equation with the
same collision model used for correctly taking account of collisional momentum conservation. In
both methods, the Laguerre polynomials of the energy variable are employed to expand the guiding-
center distribution function and to obtain the moment equations, by which the radial neoclassical
transport fluxes and the parallel flows are related to the thermodynamic forces. The methods are
given here in the forms applicable for an arbitrary truncation number of the Laguerre-polynomial
expansion so that their accuracies can be improved by increasing the truncation number. Differences
between results from the two methods appear when the Laguerre-polynomial expansion is truncated
up to a finite order because different weight functions are used in them to derive the moment
equations. At each order of the truncation, the neoclassical transport coefficients obtained from
the Sugama-Nishimura method show the Onsager symmetry and satisfy the ambipolar-diffusion
condition intrinsically for symmetric systems. Also, numerical examples are given to show how the
transport coefficients converge with the truncation number increased for the two methods.

Keywords: neoclassical transport, collisional momentum conservation, moment-equation methods,

Onsager symmetry, ambipolar diffusion
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I. INTRODUCTION

Neoclassical transport is an important factor to deter-
mine plasma confinement especially in nonaxisymmetric
toroidal systems such as heliotrons and stellarators [1].
For example, neoclassical transport fluxes due to parti-
cles trapped in helical ripples are expected to be signifi-
cantly large for high temperature and play a key role in
determining the radial electric field under the ambipolar-
diffusion condition [2]. Also, quasisymmetric toroidal
systems are attracting much attention as an advanced
concept, in which configurations are optimized to nearly
suppress the neoclassical ripple transport and the neo-
classical viscosity against flows in the direction of qua-
sisymmetry [3—7]. Furthermore, positive correlations be-
tween neoclassical and anomalous transport through gen-
eration of zonal flows in helical plasmas have been ar-
gued [8-12]. In addition, even in tokamak experiments,
effects of the neoclassical toroidal viscosity due to the
broken axisymmetry on the toroidal plasma rotation have
recently been studied in relation to stability of the resis-
tive wall mode [13]. Thus, it is demanded to do accurate
and fast calculations of neoclassical transport coefficients,
by which radial fluxes and tangential flows to flux sur-
faces are related to thermodynamic forces.

There are two methods known as moment-equation
approaches to calculate the neoclassical transport coef-
ficients in general toroidal systems with no symmetry.
One is presented by Sugama and Nishimura [14] and
the other by Taguchi [15]. Both methods show how to

accurately take account of collisional momentum con-
servation in multispecies plasmas obtaining the trans-
port coefficients from an output of commonly-used nu-
merical codes such as the Drift Kinetic Equation Solver
(DKES) [16, 17], in which the pitch-angle-scattering col-
lision model is used. These methods are useful for de-
termining profiles of the neoclassical radial fluxes, tan-
gential flows, and radial electric fields in various types
of nonaxisymmetric toroidal systems as demonstrated in
Refs. [18] and [19] while it is still important to address
the theoretical relation between the methods as well as
their accuracies from the viewpoint of practical applica-
tion [20, 21]. For this purpose, a detailed comparison
between the two methods is made in the present paper.
Also, the methods are written here for an arbitrary trun-
cation number of the Laguerre-polynomial expansion of
the guiding-center distribution function in order that one
can increase the truncation number to improve the accu-
racies. This is contrast to the original papers by Sugama
and Nishimura and by Taguchi, where the methods are
explicitly shown only for the case of retaining the first
two terms in the expansion.

We find in Sec. II how the Sugama-Nishimura and
Taguchi’s methods are derived from the drift kinetic
equation including the same collision model and where a
cause of differences between them occurs. There, the two
methods are compared with each other from the view-
points of the intrinsic ambipolar diffusion in the sym-
metric limit and of the Onsager symmetry [22-24] of the
transport coefficients. Furthermore, their different re-



sults are illustrated by numerical examples in Sec. III,
where the ion banana neoclassical transport for the ax-
isymmetric case is considered in order to judge their ap-
plicabilities to quasisymmetric systems by checking the
accuracy of the results in the symmetric limit. Finally,
conclusions are given in Sec. IV and dimensionless coef-
ficients used for calculating the ion banana transport are
shown in Appendix A.

II. DERIVATION OF TWO METHODS FOR
CALCULATING NEOCLASSICAL TRANSPORT
COEFFICIENTS

In this section, two methods for calculating neoclas-
sical transport coefficients are derived from the drift ki-
netic equations and differences between their results are
described in detail.

A. Basic equations

We consider toroidal configurations with the magnetic
field written in terms of the flux coordinates (s, 6, () as

B = ¢/'Vsx VO0+x'V(x Vs
— B,Vs+ ByVo + BV, (1)

where 6 and ( represent the poloidal and toroidal an-
gles, respectively, s is an arbitrary label of a flux surface.
The poloidal and toroidal fluxes are given by 2mwx(s) =
(2m)~ 1t fV(s) d3x B-V0 and 27m1(s) = (2m) 7! fV(s) d*z B-
V¢, respectively, where V(s) is the volume enclosed by
the flux surface with the label s. The derivative with
respect to s is denoted by ' = d/ds so that ¢’ = dv/ds
and x’ = dx/ds. The covariant radial, poloidal, and
toroidal components of the magnetic field B are written
as By =B-0x/0s = \/gB- (VO xV(), By = B-0x/00 =
VIB-(V(xVs),and B; = B-0x/0¢ = \/gB- (Vs x V¥),
respectively, where /g = [Vs - (V6 x V()] represents
the Jacobian for the coordinates (s, 0, (). Here, we may
regard (s,6,() as either Boozer, [25] Hamada [26] coor-
dinates, or arbitrary other flux coordinates.

The equilibrium distribution function for the particle
species a with the mass m, and the charge e, is given in
the local Maxwellian form f,ar = 7~3/2n,07.3 exp(—22),
where v, = (27,/ ma)l/ 2 denotes the thermal velocity,
and z, = v/vr, represents the normalized velocity. The
equilibrium density n, and the temperature T, are flux
surface functions independent of # and (. The devia-
tion f,1 from the local Maxwellian is determined by the
linearized drift kinetic equation,

Vfal - Ca(fal)
o (ot [0 ()

B
+ @awvaE> . (2)

Here, f,1 is independent of the gyrophase and regarded
as a function of the phase-space variables (x, v, £), where
x is the position of the particle’s guiding-center and £ is
defined by £ = v /v with v = v-b and b = B/B. Then,
the operator V' in the left-hand side of Eq. (2) is defined
by

V = Vv”-i-VE,

vV = v§b~V—1v(l—§2)(b'V1nB)2

= 2 o€’
cE,

The above E x B drift operator Vg associated with
the radial electric field By = —0®/0s (®: The electro-
static potential) has the same form as employed in the
DKES [16, 17] and by Taguchi [15], in which the compres-
sional part of the E x B drift velocity is removed. The
thermodynamic forces X,1, X42, and Xg in the right-
hand side of Eq. (2) are defined by

1 Opa 0P
Xal - _Tlia Ds _eagv
oT,
Xa = — )
2 Js
Xp = (BE))/(B*)'/? (4)

respectively, where p, = n,Tj, is the pressure, £y = E-b
the parallel electric field, and (---) = § df § d¢\/g--- /V’
with V' = ¢ df § d(,/g represents the flux surface aver-
age.

Now, it is convenient to consider the expansion of an
arbitrary function F'(x, v, £) by the Legendre polynomials

Pi(&) [Po(€) =1, Py (&) =&, Po(€) = 3€2 — 1] as
F(x,v,§) = ZF(Z)(X7U7§)
=0

FO(x,0,€)

1
RO [ P Fe o). 9

Then, for the collision term C,(f,1) in the left-hand side
of Eq. (2), we use the collision operator defined by

Cafar) = Z[Oab(fcglfl)afbM)+Cab(faM> i)

b
VB L(far — £, (6)

where Cy;, is the Landau operator [27] for Coulomb col-
lisions between species a and b and the pitch-angle-
scattering collision operator is defined by

0

a _ V% a 2
vphL = ?a*g(lff )675' (7)

The energy-dependent collision frequency v, in Eq. (7)
is given by [28]

@ 3Vm o, _
vh = Z T\FTablxa SH (), (8)
b



where (3y/7/4)7,,! = dmnpe2e? InA/(m2v3,) (InA: The
Coulomb logarithm) and H(z) = [(22? — 1)®(z) +
x®'(z)]/(22%) [®(2) = 2n~ /2 [ exp(—t?)dt: The error
function]. The collision model shown in Eq. (6) is equiv-
alent to those in Refs. [14] and [15]. When using the
collision operator shown in Eq. (6), Cy(f.1) vanishes for
fa1 being independent of £ even though f,; causes a far
deviation from the local Maxwellian equilibrium. This
collision model gives a better approximation in weakly-
collisional regimes. In order to correctly reproduce the
viscosity coefficients for the Pfirsch-Schliiter regime, we
should replace v$ with v%/3 in Eq. (7) for that collisional
region [28], where v$.(K) is given by v$ = 3v§, + v§ =
BVT/4) 2y T [ (x0) — 3G(a)} /2l + 4(To/Tp)(L +
mp/ma)G(xp) /1, with G(x) = [®(x) — 2®'(1)]/(222).

The source functions o in Eq. (2) and o5 used later
in Eq. (15) are defined by

of = —va.-Vs
202 1
= 30, [1 + 2P2(§)] bx VInB - Vs,
B
‘73+ =V (Vavf)> 9)
D

where vy, = (¢/e,B)b X (mauﬁb - Vb + uVB +¢,V®)
is the guiding-center drift velocity and Q, = e,B/(mc)
is the gyrofrequency. We note that the definition of o5
in Eq. (9) follows from Rij and Hirshman [17] and differs
from that in Ref. [16].

We now define the inner product («,3) for arbitrary
functions «(6,¢, &) and 5(6,¢,€) by using the &-integral
and the flux surface average as

1
(@m=3 [ dclon) (10)

Then, we find that, with respect to this inner product,
the operators V' and L are found to be antisymmetric
and symmetric, respectively:

(Va76) = —(017Vﬂ), (‘Cavﬁ) = (a,Eﬁ) (11)

We should note that energy integral (or integral in v) is
not included in the inner product defined by Eq. (10) in
contrast to that in Refs. [16] and [17] and that the energy
integral is not necessary for the symmetry properties in
Eq. (11) to hold. Also, it is useful to define the oper-
ators P¢p and Py which act on an arbitrary function

f(0,¢,& Es) by

(PEEf)(97 ¢ &, Es) = f(gv ¢ =<, _Es)a
(’Pﬁﬁf)(gvgvngs) = f(_gv _CvaEs)' (12)

where Pgp represents the time-reversal operation [17].
Then, we obtain the following relations,

PepV = —VPer,

+_ _+
Pepoi =0y,

Pepl = LPeE,,
PgEa;' = 03‘. (13)

Similarly, for toroidal systems in which the stellarator
symmetry [17] is satisfied, we can derive the following
relations,

PocV = —VPyc, 7)945 = Epgc, )
Pocol = —of,  Pocod = —oy,
(PocF, G) = (F, PocG). (14)

For simplicity, we hereafter assume the stellarator sym-
metry to hold although the results in the present work
can be straightforwardly generalized to systems without
the stellarator symmetry. Then, we see from Egs. (13)
and (14) that the two operations P¢gr and —Py¢ have the
same properties with respect to V', £, and 0;' (j=1,3).

In Ref. [17], the response functions Fj+ and F; (j =

1,3) associated with the source terms U;-r (j =1,3) are
defined by

VF, 7V%£Fj+ = o,
VFf —vhLF7 =0 (j=1,3). (15)

and the monoenergetic transport coefficients D,y (K)
(j, k = 1,3) are defined by

Dju(K) = (o , F7) + (0] \Fy) (5, k=1.3), (16)

where K = 22 = m,v?/2T, represents the normalized

kinetic energy. We find from Egs. (13)—(16) that

+ _ +_ ot
'PgEFj = —'PQCFJ —Fj,

PgEFji = —P@CF{ = —F{,

(o), Fy) = 0, (17)

and that Djj (j,k = 1,3) are even functions of E;.

In Ref. [15], other response functions g((zj) (j =1,2) are
defined by Taguchi as

(V+vHL)g = faurBUE,
(V+vpL)g? = —fawor  (G=1,3). (18)

Comparing Eq. (15) with Eq. (18) and using Egs. (9),
(13), and (14), we find that g((z]) (j = 1,2) can be ex-
pressed in terms of F; and F; (j=1,3) as

9" = fam[=Pe(Fs + Fy) — Bug /v
= fam[Poc(Fs + Fy) — BuE/vp],
9 = famuPep(F + FY)
= —famPoc(Fi" + F7), (19)

which can be combined with Eq. (16) to derive

(Bog, o) = fant | Day(r0) - )

v,
(UY7gél)) = (ngvgff)) = _faMD13(K)7
(0';'_79,(12)) = faMDll(K)- (20)



Now, let us expand the [ = 1 Legendre compo-
nent f(l D' of the distribution function fa1 in terms
of the Laguerre polynomials L§3/2)(x3) (L2 (22) =

L) = § - o

Y 5 _Jja,...] as
(=1 _ 2 24a 5
fa = ;ffﬂafaM {U|a+5pa <xa—2> +}
= LD (), (21)
7=0

where

s
=L / dgvfalvHL?/z) (xi),

Wlag =
32741
= T 22
KA CY IR (22)

The coefficients of the first and second Laguerre polyno-
mial components in Eq. (21) are given by u|j,0 = v, and
U1 = —(2/5)(q)a/Pa), Where uj, = n,! fdsv farv) and
Qo = Tu [ d®v farv(z2 — 3) represent the parallel fluid
velocity and the parallel heat flow, respectively. Also,
the [ = 1 Legendre component of the collision term in
Eq. (6) is written as

Cab(f 7fbM) +C“b(faM’fbi 1) )
= 7§UfaJV[ [F||a1 + gFHag (xz - Z) + .. ]

L9 (22, (23)

Q
I

= %/d?’v v‘|L(3/2)(x2)
x [Cab(f Y. forr) + Cap(fants F479)

T m ZZZJ-H k41 %ok (24)

b k=0

Here, the first two-order parallel friction forces are writ-
ten as Fla1 = namaClao = [d*vCq(fa1)mav) and
Flaz = =3namaClar = [d*vCa(far)mavy (27 = 3)-
The friction coefficients l?—?—L r41 are defined by [28]

81 k41 = /dgvma“ﬂLg'g/z)(xi)
mav
l abZC ( AL (a i)faMJb/M)

+Cup (faM7 %:HL;ESM) (ffi)fbMﬂ , (25)

where 64, denotes the Kronecker delta (4,5 = 1 for a =
b and d,, = 0 for a # b). The self-adjointness of the

collision operator C,; and the momentum-conservation
property >, Fjja1 = 0 are written in terms of the friction
coeflicients as

Z 1 = (26)

lab _ lba
Gkl = bht1,541

Averaging Eq. (18) with respect to £ yields

v [t ) bdg o)
B'V<B/19a €)+VE</12ga)_O7
€ (2 g
B V<B/lz DRIV

202

s, (X VInB) - Vs. (27)

- fa]\/[

Following Refs. [14] and [15] to neglect terms operated
with Vg in Eq. (27), we obtain

v / Eowe = L (40 Boe),

(B%)
Y
/ 59,(12)5 = <BB>(95(LQ)aBU§)+fa]%%€ljy(28)

where U is defined as a solution of
U 1 N
B.-V 5 =B xVs-V 52 ) (BU)Y =0. (29)

Similarly, averaging Eq. (2) with respect to £ and taking

its Laguerre component of the order j(=0,1,2,---) lead
to
Ulao = Ujja = <§2><B2U|a> + CZ(T“U,
U1 = 5%@% = %%@qu + C‘%’QU,
Ullaj = <§2> (B'ujag) (G2 2). (30)

Now, we take inner products between g(J) (=12
and Eq. (2) and use Egs. (11) and (18) to derive

<gf£>, VHLfar = Calfar)) = fart(BUE, far)
= e [ o) (Xar — XL ()

eaXE :|

+(g((11)7vi)< >1/2

(31)

and

<gff>, VL far — Ca(far)) + fart (07, far)
= - fart [0 01) (Xar = X2 ()

eaXE :l

+ (922)7B g) <BQ>1/2

(32)



Using Egs. (20) and (24), we can rewrite Eq. (31) as

~mavh(K)Dss(K) S LY (K)(Buya) /(B

=0
2T, K(B?) | L) (k¢
— g | Dss(K
" [ (i) - Sl }ZO
Zab i
X ZZ ];:mzl (Bujjor)/(B?)
b k=0

= Dis(K) [Xa1 = Xe2L? (K))

2T, K(B?) ] e.XEp
(B2)1/2

+ [Dg,s(K) - (33)

3m, v (K)

When we truncate the Laguerre-polynomial expansion up
to the finite order of j = jyax, we can derive the expres-
sions which relate the averaged parallel flows, (Bujq0),
(Bujja1), =+, (BUjgjpa.) (@ =e€,i,---) to the thermody-
namic forces X,1, Xa2 (@ = €,4,---), and Xpg from the
moment equations given by multiplying Eq. (33) with ap-
propriate weight functions of K and taking the integral
in K. As shown in the next subsections, the difference
between the Sugama-Nishimura method and Taguchi’s
method results from using different weight functions to
derive these moment equations.

Using Eqgs. (20) and (24), we can rewrite Eq. (32) as a
useful expression to derive the radial transport fluxes,
= fam[Fo > (K)

(Vda'vsafal) +‘7_-15)11(K)]7

where FPS(K) represents the monoenergetic contribu-

tion to the Pfirsch-Schliiter particle flux defined by

(34)

C a/
Tb(l t1,1Xp1 — 1311,2Xb2)7 (35)

and the other part FP*(K) of the monoenergetic particle
flux is defined by

Fon(K) =

2¢2m, T, Kve (K)

@]
D3 e, Xp
Ta (B2)1/2°
(36)

x [Xal ~ XL 2)(K)} n

The radial particle, heat, and other higher-order-moment
fluxes can be obtained by multiplying Eq. (34) with

LK) (j = 0,1,2,---) and taking the K-integrals.
Defining the average operator {- - - } for an arbitrary func-
tion A(K) by

{A(K) % /O T AK K32 K A(K)  (37)

we obtain the orthogonality relation,

3/2 3/2 1 .
(LD EOLPPE)Y = —6n
J

k=0,1,2,---).

(38)
Then, the Pfirsch-Schliiter particle and heat fluxes are
immediately calculated from Eq. (35) as

[qPFS%STJ - na% /O b dK@e—Kffs(K)[

no{ 3K~ FPS(K) LG (K)}
—na{ 3K (LY (K0}

2 . jab  _jab X
- _ 72 11 12 b1
;eaeb< >{—l§§’ 13 } {sz ’

while no other higher-order (j > 2) Pfirsch-Schliiter
fluxes don’t appear. Similarly, using Eq. (36), we obtain
the radial neoclassical fluxes,

n 2 o — n 3/2
re = naﬁ/o dKVEe K (i) L2 (K)

3
a 7K_
{3

where the 7 = 0 and j = 1 cases give the radial par-
ticle and heat fluxes, respectively, as I'P™ = '’ and
q>* /T, = —I'°}. Here, FE;‘ can be written as the sum of
the banana-plateau and the nonsymmetric parts [23, 31],
in which the banana-plateau part of the radial particle
fluxes are intrinsically ambipolar and proportional to the
neoclassical viscosity in the direction of the magnetic field
while the neoclassical ripple diffusion is given by the non-
symmetric part that is proportional to the viscosity in the
nonsymmetric direction.

We find from Eqs. (36) and (40) that the radial neo-
classical fluxes FE? (a = e,i,--+;5 = 0,1,2,--+) are
written as linear combinations of the averaged flows
(Bujjq;) and the thermodynamic forces (Xa1, Xa2, XE)
(a = e,i,---). As mentioned after Eq. (33), when
the Laguerre-polynomial expansion is truncated up to
the order of j = jnax, We can solve some appro-
priate energy-moment equations to express (Buj,;) in
terms of (X41, X2, Xg). Then, substituting these ex-
pressions for (Buj,;) into Fa;l, we can finally obtain
the neoclassical transport equations which represent FE;‘
by (Xa1,Xa2,Xg). Here, it should be emphasized
again that the expressions, which relate (Buj,;) to
(Xa1,Xa2, XE), and accordingly the transport equations

1f§“<K>L§-3/2)<K>} G=0,1,2,-)

(40)

o
—Ly"7(K)

(39)



depend on what weight functions of K are used in the
energy integrals to derive the moment equations. This
point will be further discussed in the following subsec-
tions.

B. Sugama-Nishimura Method

In Sugama and Nishimura [14], the coefficients

[Mo(K), No(K), Lo(K)] are defined by

and they are integrated in K to yield

Jmax

Z +1 k+1 Bul|ak>/<32>

+N+1 1Xa1 = Njpq 9 Xa2

Jmax

= DD Uk {Buger) + djonaea(B?) 2 X
b k=0
(] =0,1,--- 7jmaX)7 (44)

and

Jmax

2 3mar% (K)Dss(K)] ™ bn _ a
M,(K) = %[V%(K)FD%(K) {1— m ZZ(KgBQB;( )] : Lo = ;Nj+1,k+1<Bu|\ak>/<B2>
Mg 3mqvy (K)D33(K -t + L1 1Xa1 — L1 20Xa2
No(K) = 2vh(K)Dis(K) [1_ “ K<>B2> )] A
a a )Ly yJmax )/,
1 B2y?p (45)
LK) = 7 (D) - Z3)
e a where
3mavh (K)[D13(K))? . ) )
2T,K(B?) (M43 kv Nitpr ks L wga
a -1 2 [~ _K+(3/2 3/2
x {1_ 3%;;@5;;(}0} ) ay = e /0 AKVEe KL ()L ()
' % [Mo(K), No(K), La(K)). (46)

Then, by multiplication with (mg/T,)vh(K)[1 —
3mavy (K)Ds3(K)/(2T, K (B?))]71, Eq. (33) is rewritten
as

K) Z L§3/2) (K){(Bujq;)/{B?)
=0
+ No(K)[Xa1 — Xao L2 (K))
= gnﬁ Z 3/2 ZZ $11, k1 (Bujor)
@ =0 b k=0
—|—naea<32>l/2XE:| . (42)

Next, using Eq. (42) to remove X g from Eq. (36), another
expression for FP*(K) is obtained with the aid of Eq. (41)
as

FoM(K) = N, )(Buja;)/{B?)

1)y L0
j=0

+ Lo(K) [Xal — XL (K] .

(43)

Now, let us truncate the Laguerre-polynomial expan-
sion up to the order of j = juax. Then, in the Sugama-
Nishimura method, Eqs. (42) and (43) are multiplied

with 7,(2/vm)VEe KLY2(K) (5 = 0,1, jumax)

As seen from Ref. [14], the left-hand side of Eq. (44)
equals the neoclassical parallel viscosities so that we can

write
My, = </d3v falaUang/Q)(K)>
dex

Z +1 k41 Bu\laj>/<B2>

+ N G, 1Xa1 Nj{l+1’2Xa2> (47)

with oy, = =V (m,vEB).

We find that IIj,;, Tb" = I't§, and ¢2*/T, = —T5%
are regarded as fluxes conjugate to driving forces repre-
sented by (BuHaj)/(B2>, Xa1, and X0, respectively [14],
and that these fluxes and forces are connected by the
Omnsager-symmetric coefficients as seen from Egs. (45)
and (47).

Equations (44) and (45) are the basic equations in the
Sugama-Nishimura method to determine the neoclassi-
cal transport coefficients. Solving Eq. (44), the averaged
flows (Bujq;) (7 = 0,1, -+, jmax) are expressed by linear
combinations of the thermodynamic forces X1, X42, and
Xpg. Then, substituting these expressions into Eq. (45)
and

Jg = Znaea<BuHa)/(32>1/2, (48)

we finally obtain the neoclassical transport equations
which relate the radial transport fluxes 1"2;? and the par-
allel electric current Jg to the thermodynamic forces



X1, Xa2, and Xpg. Especially, the transport equations
derived from the Sugama-Nishimura method show that
rbn = rbogbn/T, = TP and Jg are connected by
their conjugate forces X1, X42, and Xg by the Onsager-
symmetric transport coefficients.

It should be noted that the right-hand side of Eq. (44)
represents the sum of the averaged parallel electric force
(appearing only for the j = 0 case) and the averaged
parallel friction forces written by

<B / dPv Cy fal)mav|L§3/2)(K)>. (49)

Thus, for the j = 0 case, Eq. (44) represents the momen-
tum balance equation,

a0 = (B~ (V- ma)) =

where 7, = [ dgvma(vﬁ — l

<B-F\|al> + ngeq <BEH>7 (50)

2 )fal(bb — lI) and FHal =

JdPv Colfar)mav) = Zb S gmas jab Yer1ubr denote the
viscosity tensor and the parallel frlctlon force, respec-
tively. Then, using the momentum-conservation prop-
erty given by Eq. (26), the charge neutrality condition
Y aNata = 0, and taking the species summation of

Eq. (50) yield
2. (B

a

(V-mq)) = 0. (51)

As shown in Appendix D of Ref. [14], for symmetric cases,
where ¢10B/00 + c20B/0¢ = 0 holds (¢ = 0, ¢ = 0,
and ¢; - co # 0 represent the axisymmetric, poloidally-
symmetric, and helically—symmetric cases, respectively),
we have Ni k+1/ ik = Liy k+1/ JH1k+1

No(K)/Muo(K) = Lo(K)/Na(K) and therefore obtain
Fg? oc )45 from Egs. (45) and (47). Finally, combin-
ing this fact for the j = 0 case, I™™ oc (B (V- m,)),
with Eq. (51), we see that, when applied to the symmet-
ric cases, the Sugama-Nishimura method guarantees the
intrinsic ambipolarity condition,

dTh=0

a

(for symmetric systems). (52)

C. Taguchi’s method

In Taguchi’s method [15], we multiply Eq. (33) with

na(2/yIVEe KLYP(K) (j = 0,1, jmax) and
take the K-integrals to obtain

jmax
Z A?+1,k:+1 <BU\|ak>/<BQ>
k=0

+ B@+1 1Xa1 - B?+1,2Xa2

Jmax Jmax

- Z . chmZ Z 1901 o1 (Buysr) /(B?)

b k=0

+ 28 1eaXp/(BHYE (5=0,1," ", jmax),

(53)

where the Laguerre-polynomial expansion is truncated
up to the order of j = jmax- Here, the coefficients

A k1 Biyq pgrs and Z9, 4 4 are defined by
A?—&-Lk-’-l 2 0 K (3/2) (3/2)
B | = na—/ dKVEKe KLY (KLY (K)
Zo v Jo
J+1,k+1
maV%(K)Dgg(K)
X D13(K)

—D33(K) + 2T, K(B?)/3m,v% (K)

(54)

It should be noted that, in the Sugama-Nishimura
method, the additional factor (mg/T,)vy(K)[1 —
3ma vy (K)Ds3(K)/(2T, K (B?))]~! is multiplied for tak-
ing the energy integral to derive Eq. (44) so that it co-
incides with the same parallel momentum equations as
used in the conventional moment approach for calculation
of the neoclassical transport coefficients [28-31]. Next,
we multiply Eq. (36) with na(2/y7)vVEe KL% (K)
(j =0,1, -+, jmax) and take the energy integrals to get
the radial neoclassical fluxes [see Eq. (40)],

Jmax Jmax

F];;l Z +1 k1 (Bujar) /(B

J+1m+1
Jmax
X em Y it (Bujen)/(B%)
b k=0
+ £?+1,1Xa1 - £?+1,2Xa2
(-] = 07 1a e 7jmax)7
(55)

where the coefficients N, | , , and £, ; ., are defined
by

[/\/fﬂ,kﬂ }
a

L5k
2 o0
= na= /0 dKVEe KL ()L (K)

« [ (ma/Ta)vpy(K)Di3(K)
(1/Ta)[D11 (K) = (B*0?v, /307)(U?)]
(56)

Recall that the Eq. (45) is used in the Sugama-Nishimura

method instead of Eq. (55) in order to retain the Onsager-

symmetric relations of [II,;, To» = by, ¢ /T, = —T'21]

to [(Bu”aj>/<32>, Xa1, Xa2] as shown in Egs. (45) and
7).

Equations (53) and (55) form the basic equations in
Taguchi’s method, from which the neoclassical transport
coefficients are determined. Note that Egs. (53) and
(55) are equivalent to Egs. (22)—(23) and Egs. (40)—(46)
in Ref. [15], respectively, although our notations used
here are different from those by Taguchi [15]. Solving
Eq. (53) gives expressions of the averaged flows (Buj,;)



(j=0,1, -+, jmax) in terms of linear combinations of the
thermodynamic forces X1, X,2, and Xg. Substituting
them into Eqgs. (55) and (48) yields the neoclassical trans-
port coefficients, which relate the radial transport fluxes
F‘;;-‘ and the parallel electric current Jg to the thermo-
dynamic forces X,1, X42, and Xg.

In principle, the Sugama-Nishimura method and
Taguchi’s should lead to the same results in the limit
of jmax — 00. However, different results are given from
these methods for the finite value of j,.x. We see that
Taguchi’s method does not assure the Onsager symme-
try of the neoclassical transport coefficients. Further-
more, Taguchi’s method described in Secs. III and IV of
Ref. [15] for nonaxisymmetric systems, which are equiv-
alent to Eqgs. (53) and (55) here, does not exactly repro-
duce the intrinsic ambipolar condition, Eq. (52), in the
axisymmetric limit. It is noted that, in Sec. V of Ref. [15],
Taguchi gives separately the method for the axisymmet-
ric limit, which satisfies the ambipolar condition. In the
next section, numerical examples are presented to illus-
trate these differences between results from the Sugama-
Nishimura and Taguchi’s methods.

III. NUMERICAL EXAMPLES

In this section, in order to elucidate the differences be-
tween results from the Sugama-Nishimura and Taguchi’s
methods, we consider the axisymmetric case, in which
the magnetic field is given by

B =1(s)V(+ x'(s)V( x Vs. (57)

Also, for simplicity, numerical examples only for the neo-
classical transport of a single species of ions with charge
e in the banana regime are shown and small (m,/m;)"/?-
order effects associated with the electron transport are
neglected. Then, we neglect effects of the parallel elec-
tric field and of ion-electron collisions on the drift kinetic
equation for ions.

In the present case, the basic equations of the Sugama-
Nishimura method in Eqs. (44) and (45) reduce to

Jmax

DMy gern/(B?) = Uy ] (Buy)

k=0
= —Njyi1 X1+ Njp12Xo (1=0,1,--, jmax),
(58)
and
]Iuax
Z i1k 1(Bugg) /(B
+Lj+1,1X1 —Ljt12Xo (7=0,1,-, jmax),
(59)
respectively, ~where the parallel flows w);, the
neoclassical banana fluxes 1"?, the thermody-

namic forces (X1,X2), and the matrix coefficients

(Mj+1,k+17Nj+1,k+1aLj+1,k+1) are all for ions although
the ion-species subscript ¢ is omitted. Values of the
ion-ion collisional friction coefficients l;i_i_l’ ki1l are
shown in Appendix A. The momentum conservation in
ion-ion collisions is represented by 17, | = I}, = 0
(k=0,1,2,---).

On the other hand, the basic equations of Taguchi’s
method in Egs. (53) and (55) are written here as

Jmax

Jmax <Bu k}>
Z _7+1 k41 — Z j+1, m+1cm m+1 k+1 <B!>
k=0
= —Bjna1Xs +Bj+1,2X2 (G =0,1,-,jmax), (60)
and
Jmax Jmax
F;’ = Z N}J’,l k+1 T —— Z B]+1 m+lcmlm+1 k+1]
k=0 nil.
<BU||k>
B L = Ly Xe
(.] :Oa]-v"' 7jmax)' (61)

When all ions are assumed to lie in the banana regime
for the axisymmetric case, we can analytically express
the coefficients D (K) (j, k =1, 3) in Eq. (16) as [14]

2¢2m; T, I?
Di(K) = ——K 2
11( ) 362 ( ) ft( ) < > <U >
2CTI
D13(K) = _ft
2T» K
Ds3(K) = fi(B*)—— : 62
Here, the fraction f; of trapped particles is defined by
ft = 1_fc
3 1/ Brmax AdX
. = ~(B? — 63
A G R oo T

where Bpax is the maximum value of the field strength
over the flux surface. Also, U and (U?) are explicitly
written for the axisymmetric case as

U= i(;‘<§>>
-G () -p)

Now, substituting Eq. (62) into Eq. (41) yields

2 .
M) = 3 Fmi B v (),
N(EK) LK) -
M(K) — N(K)  ex(B?
Using Egs. (46) and (65), we obtain
nim; A
M1 k41 = Je —(B®)fij41,k41,
fc T’L’L
Nivig+1  Ljrie+r cl
- - I R2)’ (66)
M1 k41 Njt1,k+1 ex’(B?)



where the dimensionless viscosity coefficients fij41 k41
are defined by

N i 3/2 3/2
pisiein = {ravb (K)LP? (LK)} (67)
Substituting Eq. (62) into Egs. (54) and (56) gives

5.
Ajvipp1 = ftniﬂ<32>%,
j

cl nym; .
Nitikr1 = —fi— ik,

EX' Tii

Wi LiTii | o, Tk

Ziyik+1 = fe——(B")——,

m; CiCL
Bjt1,k+1 Livvern (68)
Aji1 k41 Nji1k11 ex'(B?)’

where the dimensionless coefficients 7);1 141 are defined
by

L§3/2’<K>L,23/2><K>} )

Njt1,k+1 = CjCk ,
TiiVp (K)
Here, we also define the dimensionless ion-ion friction
coefficients l; 41 k41 by
~ Tii i
l; 1.k 15—71” . 70
J+1,k+ nim; j+1,k+1 ( )

Numerical values of the dimensionless coefficients
D1, k415 Nj+1,k+1, and lj41 p41 are presented in Ap-
pendix A.

For axisymmetric systems, we can write the parallel
flows (Buy;) (j =0,1,2,---) in the forms of

cl
<Bu‘|> = <Bu|\0> = <B2>U0 + efx,Xla

(Bq) = —gpi<BU||1> = (B*)qp + gpie%Xz,
(Buy;) = (B)uje (j >2), (71)

where ug is expressed in terms of the poloidal component
of the flow vector u as up = (V'/4n%y')(u - VO) and
similar expressions are given for gp and ujg (j > 2).
Now, based on the Sugama-Nishimura method, we use
Egs. (58) and (59), into which Eq. (66) and (71) are sub-
stituted, to express the poloidal flows (instead of the par-
allel flows) and the radial transport fluxes in terms of the
thermodynamic forces. First, it should be noted that, for
any value of j.x, the radial ion particle flux vanishes:

" =1p =0, (72)

which corresponds to the intrinsic ambipolar condition
in Eq. (52) for the case of the small-(m,/m;)*/? limit.
Also, the radial heat flux ¢®* = —T;T'Y determined from
Egs. (58) and (59) is independent of X7, which implies
the Onsager symmetry. Recall that the radial fluxes T}

and T? are conjugate to the forces X; and X, respec-
tively, so that, from the Onsager symmetry, the coef-
ficient connecting I'Y with X; should vanish when the
coefficient connecting I'} with X5 vanishes. The results
are written as

Ug _ cl Xo Coo
5120iQ(9  eX(B?) | Cu |’
b _ b ft nemiTiPT?
¢ =-TI'Y = Cqﬁez(x’)2<B2)mX2’ (73)

where numerical values of the dimensionless coefficients
Cop, Ci¢, and C;; obtained from the Sugama-Nishimura
method are shown by solid curves in Fig. 1 for the cases
of jmax = 1,2 and 3 (referred to as the 13M, 21M and
29M approximations, respectively, in Ref. [29]). Here, we
repeat that these results are equivalent to those from the
conventional moment approach [28-30]. Especially, for
the case of jyax = 1, we obtain

Cop Iy
Ci | = ~— o fi119)?
Cq loofi11 + (ft/fc)[ﬂllu?? - (I’HQ) ]
fi12
X A1
faifior — (fu2)?
1 1.17295
~ 1 . (74
1+ 0.461474(f1/f2) | ¢ 652622 ™

Here, we should repeat that the Sugama-Nishimura
method and the results shown in Egs. (73) and (74)
for the ion banana transport in the axisymmetric sys-
tem are equivalent to those of the conventional moment
approach [28-30].

On the other hand, Taguchi’s method lead us to sub-
stitute Eq. (68) into Eqgs. (60) and (61), from which the
ion poloidal flows and radial fluxes are derived as

Ug - CIXQ CéG
5%(19  ex(B?) |’

b _ rd
¢ | = | -Try

_ fi_nimiTic*T? Cr
= LewEEn ol

where numerical values of the dimensionless coefficients
Ciy, C1y, Cp and C| are shown by dotted curves in Figs. 1
and 2 for the cases of jnax = 1,2 and 3. For the case of



Jmax = 1, we have

ig _ [22
Cr | laofias + (fi/ fe)
Cq
—ﬁm
% 7)22

—fe(fn1m2 + fi27i22)
fe(fathe + foafiee) + fi

10

0.580094
1 1
1+ 2.62916(f:/ f.) —0.315896 f,
1.02315 — 0.754204 f,

(76)

Here, the nonzero value of the coefficient C}. for the ficti-
tious radial particle flux I'P indicates that the ambipolar
condition is violated and that the Onsager symmetry is
broken because the reciprocal coefficient for Cf., which
connects ¢ with X, still vanishes as seen in Eq. (75).
It should be recalled here that the above results are de-
rived from the axisymmetric limit of Taguchi’s formulas
for general toroidal systems (but not from his formulas
given separately for the axisymmetric case) [15].

It is claimed in Sec. IT that results from the Sugama-
Nishimura and Taguchi’s methods should be equivalent
to each other in the limit of j,ax — oo. This fact is
directly proven for the present case by noting that

oo
Z ,[/Jj'rn'f]mk = 5jk (.]7 k= 0, 1; 27 e ) (77)

m=0

However, as seen from Fig. 1, the coefficients Cyg, C1y,
and C,; obtained from the Sugama-Nishimura method (or
the conventional moment approach) give better conver-
gence with increasing jnax than the corresponding coef-
ficients C, C1y, and Cy from Taguchi’s. Especially, the
moment approach shows the convergent results even for
Jmax = 1 in the limit of small f; (or the large aspect ra-
tio), in which Eq. (73) gives the radial neoclassical ion
heat flux as

nipg;q° T,
327, Or

Here, pr; = ¢/2m;T;/(eBy) represents the ion thermal
gyroradius, ¢ is the safety factor, and e = r/Ro(< 1) is
the inverse aspect ratio for the toroid with the concen-
tric circular cross section of the minor radius r, where the
fraction f; of trapped particles is given by Eq. (A4) in
Appendix A. We also note that the ion-ion collision time
7;; used here is related to the ion collision time 7; of Bra-
ginskii [32] by 7; = v/27;;. The result in Eq. (78) agrees
with the one derived by Rosenbluth et al. [33] using the
variational principle, in which the numerical coefficient
is given as 0.48. On the other hand, Eq. (75) shows that
the value of the coefficient is given as 0.748 from taguchi’s
method for jya.x = 1.

(qi - Vr) ~ 0.477 (78)
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FIG. 1: Dimensionless neoclassical coefficients calculated as
functions of fi/fe for jmax = 1 (13M), 2 (21M), and 3 (29M).
The coefficients Cog, C1g9, and Cy in Eq. (73) obtained from
the Sugama-Nishimura method are plotted by solid curves in
(a), (b), and (c), respectively. For comparison, also plotted
by dotted curves are Cgy, C1g, and Cy in Eq. (75) obtained
from Taguchi’s method.



0 ‘ ] | |
g e iphonee
...... e - |
-0.1¢ ><')<' .e’-e_ ..... . o
> e
.a,e . )
.e' e
-0.2 = -"B"._"Er |
',,»U"'
,,,;:r"
ﬂ ceeeee C'r (1 3M)
-0.3 Lef - —o-C'r (21M) |

0 02 04 06 08 1
fr/f
t c

FIG. 2: The dimensionless coefficient Cf. for the fictitious
radial particle flux in Eq. (75) as a function of f:/f. obtained
from Taguchi’s method for jmax = 1 (13M), 2 (21M), and 3
(29M).

IV. CONCLUSIONS

In this work, a detailed comparison is made between
two moment-equation methods for calculating neoclassi-
cal transport coefficients, which are proposed by Sugama
and Nishimura and by Taguchi. Both methods are de-
rived from the drift kinetic equation with the same col-
lision model in order to correctly include the effects of
collisional momentum transfer and they both use the
Laguerre-polynomial expansion to represent the guiding-
center distribution function associated with the parallel
flows of particles, heat, and other higher-order energy
moments. Also, these methods are given here in the
forms applicable for an arbitrary truncation number of
the Laguerre-polynomial expansion, which are useful for
improving the accuracies. The two methods are equiv-
alent with each other in the limit that the truncation
number goes to infinity. However, a difference appears
between their results when the expansion is truncated
up to a finite order because different weight functions
are used in them to derive the moment equations which
relate the finite number of the parallel flows to the ther-
modynamic forces.

In the Sugama-Nishimura method, the relations be-
tween the parallel flows and the thermodynamic forces
are determined by the same momentum balance equa-
tions as used in the conventional moment approach so
that the intrinsic ambipolarity of particle fluxes are ex-
actly derived in the symmetric systems at each order of
the truncation. Furthermore, the resultant neoclassical
transport coefficients from their method satisfy the On-
sager symmetry. On the other hand, the above prop-
erties are not retained exactly in results from Taguchi’s
method. The differences between results from the two
methods are demonstrated by numerical examples for the
ion banana neoclassical transport in the axisymmetric
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case, where a better convergence of the transport coef-
ficients is also confirmed for a smaller truncation num-
ber of the Laguerre-polynomial expansion in the Sugama-
Nishimura method. Thus, their method is considered to
be appropriate especially for investigating the neoclassi-
cal transport in quasisymmetric systems and in tokamaks
with the axisymmetry partially broken, where it is im-
portant to accurately evaluate how the transport differs
from the exactly-symmetric limit.
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APPENDIX A: DIMENSIONLESS
COEFFICIENTS IN SEC. III

Numerical values of the dimensionless coefficients

fij1kets Mjrimet, and L = =10 407/ (nims)
used in Sec. III for calculation of the ion neoclassical
transport are given for j,k =0,1,2,3 by

finn = V2 — In(1 + v/2) =~ 0.53284,
1
fi12 = 5[4\/5 —5In(1 + v/2)] ~ 0.624993,

fi1z = %[51[ — 70In(1 + V2)] =~ 0.651796,

fita = %[25\/5 —361In(1 + V2)] ~ 0.66097,

fiaz = é[39\/§ —501n(1 4 v/2)] ~ 1.38571,

flo3 = 6%[50%/ —7001n(1 + v2)] ~ 1.5632,

fiza = %[174%/ —25201n(1 + v/2)] ~ 1.6248,

fizz = %[143%5 —2001n(1 + v/2)] ~ 2.48424,

fiss = ﬁ[mszm/i — 176400 In(1 + V/2)] =~ 2.73913,
fiaa = ﬁ[m%?\@ — 1058400 In(1 + v/2)] =~ 3.78904,

(A1)

iy ~ 4.04886, o ~ —2.15691,
Mg =~ 0.0217107, oy ~ 3.7182,
floa ~ 0.275357, i35 ~ 3.60993,
flaa ~ 3.55606,

Mg ~ 0.266521,

flaz ~ —2.11288,

fza ~ —2.09256,
(A2)



and
R A 3 - 15
loo = V2, lp= 1\/5, Iy = —V?2,

32
- 45 - 421
Is3 = —V2, l34=——V2,

16 128
- 45131
lyg = Wﬁ’ (A3)

respectively. Here, we should recall that ZAL k+1 = 0 is de-
rived from collisional momentum conservation and that
ﬂj+1,k+1a ﬁj+1,k+1a and lj+1,k+1 are all symmetric with
respect to exchange of j and k.
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Also, when deriving Eq. (78) in Sec. III, we use the
formula for the trapped particles’ fraction f; in axisym-
metric toroids [33] with the small inverse aspect ratio

ek 1,
] (o )
1.46242 /e, (A4)

fe

R

where E(k) denotes the complete elliptic integral of the
second kind.
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