
It is quite common that there exists a mean temper-
ature gradient in the fusion reactor where the gradi-
ent goes from the reactor center to the edge, in the
atmosphere where the temperature decreases from
the ground to the sky in the day time atmospheric
boundary layer, and in the ocean where the mean
gradients of the temperature and salinity exist but
in the opposite directions. One of the fundamental
issues of the scalar transfer in this situation is to ob-
tain reliable estimate of the scalar transfer flux un-
der the existence of the mean uniform scalar gradient
Γ = �∇Θ� in the homogeneous isotropic steady tur-
bulence. The scalar flux in the direction parallel to
the mean gradient (say x3) is defined by q = −u3θ,
where θ is the scalar fluctuation, and the total scalar
field is Θ = Γx3 + θ. We have studied the depen-
dence of the Nusselt number Nu = −�u3θ�/(Γκ) on
the Péclet number Pe = UL/κ, the statistical distri-
bution of the fluctuations of the scalar flux around
the mean, and the spatial structure of the scalar
field by using very high resolution direct numerical
simulation (DNS).1)

In the steady state, we can put Γ = 1 without lose of
generality, and put the Schmidt number Sc = ν/κ
to be unity. Figure 1 shows the variation of Nu
against Pe. The DNS data shows that Nu increases
as Nu ∝ Pe, while the experimental data tends to be
Nu ∝ Pe0.55. 2,3) The reason for the discrepancy is
not known. An analysis using the statistical theory
of turbulence has shown that the correlation �u3θ� is
given by the time integral of the Lagrangian velocity
auto-correlation as

�u3(x, t)θ(x, t)� =
� t

−∞
�v3(x, t|t)v3(x, t|s)�ds,

where v(x, t|s) is the velocity of the fluid particle
measured at time s whose trajectory passes (x, t).1)

From this expression we have Nu ∝ Pe.

Figure 2 shows the velocity u3, the scalar fluctuation
θ, and the scalar flux u3θ which are plotted along the
direction of the mean gradient. Three lines indicate

the integral scales of the velocity and scalar, and the
half the velocity integral scale from the top, respec-
tively. It is clearly seen that the total scalar field is
of the form of stairs whose size is about the velocity
integral scale and the amplitude of the scalar jump
is about a few times urms, and the sign of u3 is op-
posite to that of θ. The probability density function
(PDF) of the scalar flux is negatively skewed and has
a longer negative tail irrespective of Pe. The theory
has predicted the PDF as P (q) ∝ exp(−c±|q|/σq)

where c± = 1
1±r

�
σq

σwσθ

�
.4) Since r = �u3θ� < 0,

we have c− < c+, meaning that P (q) has the longer
negative tail, which is consistent with the DNS data.
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FIG. 1: Variation of the Nusselt number against Péclet
number. • (red) : present DNS, � (green): DNS

by Overholt and Pope,2) � (blue): experiment by

Mydlarski,3) Straight lines show Nu ∝ Pe for the theo-
retical prediction, and Nu ∝ Pe0.55 for the experiment,
respectively.
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FIG. 2: Variation of Γx3 + θ (green), q = u3θ (blue)
and u3 (red) with respect to x3 at (x1 = 0, x2 = −π).
Stepwise increase in the scalar fluctuation is observed.
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