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Abstract

Formulae of magnetic field calculation of finite size helical coils
with rectangular cross section [ Kakuyugo Kenkyu 57 (1688) 318 ] are
extended to the case that the size of the coil, or the relative positiocn
to the guiding curve, varies along the arc length of the guiding curve.
The error caused by the inappropriate formulae or inappropriate current

model is discussed.
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§1 Introduction

Finite size of helical coils should be taken intc account when the
magnetic field is calculated for the actual helical coils. The magnetic
field of such finite size coils can be calculated by using the multiple
filaments. If the electric current in the helical coils is approximated
to be uniform through the cross section, simple formulae for the magnetic
field can be used to calculate the magnetic field of the helical coils
with rectangular cross section. The formulae used in that calculation are
given in the previous paper.”

In that paper, the helical coils are described by determining the
cross section perpendicular to the guiding curve passing through the
center of the coils. It is convenient in some cases to use the other
curve as the guiding curve, vhich does not pass through the center of the
coil cross section. There is also the case that the coil consists of
several elements, each with rectangular cross section, and the relative
position to the guiding curve is a function of the arc length. It is also
of theoretical interest to consider the helical coils such that the cross
section and/or current density varies along the arc length.? In this
paper, the formulae given in Ref.1 are extended to these cases that the
size or the relative position from the guiding curve may vary along the
guiding curve.

Even when the guiding curve describing the helical coil does not pass
through the center of the ccil. the formulae in Ref.1 are applicable with
slightest change as long as the relative position is fixed. However, if
the relative position to that curve is not constant, as is the case of

heliotron-E, the new formulae given in this paper must be used.
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In the next section the formulae for the magnetic field valid to the
more general case than in Ref.l are derived. 1In §3, the possible error
caused by the inappropriate formulae, or improper model for the helical

current, 1s briefly discussed.

82 Formulae for the Magnetic Field

The helical coils are specified by determining a spatial curve called
the guiding curve, r¢(l), | being the arc length along the curve, and the
cross section in the plane perpendicular to the curve. The tangent vector
t{l) of the guiding curve, and the other two unit vectors u{l) and w{l),
in the plane perpendicular to t consists unit triad to construct local
orthogonal coordinate axes. Then, the point on the ccil can be expressed
as

re(€,m. 1) = re(D)+X{E, Dull)+¥(n, Dv(l). (1)
We define

XE D = X (O+Xw (e, Xu(l) = Xo()+Xy(l),

Y(n.l)y = Ye()+Ys(Lyn.  Ya(l) = Yi(l)+Yw(lD, (25
in order to be able to consider the varying cross section. The coil is
assumed to occupy the volume

XLity = X = Xp(l), YLl) =Y = Ya(l),
or

0=¢

I

1, O

IA

n=1.
We assume that the coil current flows along the lines (&, n) = const.

with uniform current density. We introduce the quantities
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K., and K, being the curvature, and t being the torsion. so that

% = i (Dull) i, (Lu(l) .
3—1; =k (D E D+ (v D),
WD D) @

Since the Jacobian of the coordinates {(g.n.1) is

VI = Xa¥y{l-kuX-Kk, Y}, 5)

the current density j is expressed as

JGi = 1.2 - zc{uKux-m)n(ﬂf+%ZK>u+(a\*+—)u}, &)

I. being the total current flowing the coil.

The guiding curve r¢ can be described by the rotating surface
(rg(0),zc(0)) and the relation between 0 and o, ¢ being the toroidal
angle. As the rotating surface, for instance, we may pui

rg(8) = Rptdecos 9, z{0) = acrsinG. oF
The relation between 8 and ¢. called winding law. can be most generally
expressed as

8 = 8, ¢ =¢p.
in terms of a parameter p.

In order to specify the coil cross section. the direction of u must
be determined: then the vector v is determined as v—txu. For the sake of
simplicity. we often choose its direction normal to the surface If .

The magnetic field at the point rp, 1s given by BRio-Savart’'s law

i | .
P f NG IXR
Biry) 4:del Odé_fv[}dr; R R

Il

ro—Tc. 8

where i, is the magnetic permiability in the vacuum. The point r, 1s




represented in the local coordinate system around the guiding curve at 1,

ro{x.y.z) = re(ly+xu()+yu()+2t D).
Then the integral across the cross section can be carried out

analytically. and we obtain

- fona,

n

EBu (1) +8Bu(1Y+8B.1 (1),

where
2 .
RIS S WL SR Gy
T 31 k=1
and
Fz(2o,uk,z) = (ebyz) In (Ruerxi) + (72-x,00) 1n (Ructui)
i X2 Yk
R+ (ay+Tx+K,Z) arctan (Z;Rl;:)
Fylx,,yk.z) = —(c+bez) In (Rivrui) +(Tz+uk) 1n (Ri=x,)

—KuRik— (r—TU L) arctan( gj#:)
Ltk

Folxisuksz) = {ay=t(x+x)] 1o (Ruvu) +{—a+7 (w+ue) | 1n (Ruerx,)

+be—byRi—2tz arctan (J%’lft)

Here we have introduced the following notations:

¢ = 1k Ky, R = (2F+yp+22)V2,
xry = I*XH, Iz = I“.XL, = y—}’H‘ Yo = y_YL‘
aQy = dXL bIXL bzxa ay = Cg;‘ bYL buy,
_ c¢lnX _ dlnYy
T by = T4
If we put

(8

(10)

(1)

(12)

(13

(14}

(15)
(18’



or Q;=a,=b;=b,=0, the results are reduced to the formulae given in
Ref . 1.

The integral with respect to ! is carried ocut numerically,

§3 Error of Calculations

In calculating the magnetic field of the helical coils inappropriate
models for the coil are often used. An example is the use of straight
elements to approximate the helical coils. The essential difference of
the helical coil and the other coils such as toroidal coils in tokamak or
Ying-Yang coils is the presence of the torsion. If the straight elements
without torsion are used in calculation some kind of systematic error
arises. The other example is the application of the formulae in Ref.1 to
the case of the varying cross section, or the varying position relative to
the guiding curve.

We shall consider the error caused by the use of inappropriate
formulae, assuming that the integration is carried out precisely. As the

magnetic field is calculated by the Bio-Savart’'s law

. [ixRy,
B ‘[ 2 dv, {18)

the calculated magnetic field satisfies the divergence-free condition
div B=0. On the other hand , taking the curl of the magnetic field, we

have

curl B = curlfgrad (%)xjd&’

div i ., ; e
= gradf lgjd‘f =— gradf&RV. {19;
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This means that the necessary condition for the curl-free field is
div 7=0. The quantity 0 =-div j means the charge density accumulating in
unit time. Then the expression (18) corresponds to the electrostatic
field produced by the accumulating charge density.

We shall now consider the case that the formulae given in Ref.1 are
employed to the case of varying cross section. In that case the current

in the coil is taken erroneously as
vaixr = Ic {(Lﬂ@XvKﬁUtwaU+TXU}, (20)

instead of eq.(8). In order to take the divergence of this current we

write the current in the form
NN T Ic{(i*KwX K t—7Yu+<t Xﬂ}[H £)}-H{(¢-1) }{H(m-Hin- 1)] 2h
vhere

1 (=0,
H{x) =

0 (x<0},
is the Heaviside's step function. Since the contravariant component of

the electric current in the directions of ¢ and » are

Vit = I e X-rY)[H(E) (e 1) )[Ha Hin 1),

NCRE

XS X Y [HGE) ~Hee-1) ) HO 1),

we obtain

6 = Ic{é g)aXL 66— l)aYH}[H(m-H(nl)]

o {o(ma”t S0n- 1\@”‘*}[&1 £ Hie1))



fcaQXH{vQK Yo oy
T - B e i ) s Hoo-D) )| )

Here &(x) is the Dirac’'s delta function.
In the similar way, if the helical coil is approximated in terms of
straight elements, ¢ proportional to the torsion appears

Ity

0 = [H(n-H-1)[5(2)-8(¢-1))

+[H<§>_H<€7l)][5(77)-5(?7*1)]1’;;;)(

Itk Y- X
+[H(§)*H(€—1)][ (n)*H(ﬁ*l)]_Té%ERtiéirz. 23)

Since these charges are multipoles, eq.(19) is expected to decrease
rapidly as the point leaves from the coils. In the vicinity of the ccils,
or in the case of the coils of large size, however, these effects may be
impertant. Making the spatial map of curl B seems to be useful to check
the validity of the model and the calculation.

If the integration with respect to 1 in eq.(10) is approximated in
the numerical calculation as the finite sum of the contribution from
discrete points, the current is replaced by the sum of delta functions. ¢
appears as the results of such replacement. This gives a physical
interpretation to the error cased by the numerical integration. However.
such error can be decreased as small as possible by increasing the number
of integration points. On the contrary, the divergence given 1n eqgs. (22}
or Z3: can be resolved only by changing the model or the formulae

employed.




§4 Summary

For the calculation of the magnetic field of the helical coils the
the torsion of the helical coils must be taken into account to the model
of the helical current and the formulae used in the calculation. If the
cross section or the position of the coil relative te the guiding curve
are varying in the direction of the coil current. the formulae given in
this paper are useful.

For the case of the inappropriate formulae or the inappropriate model
for the current is used in the calculation of the helical magnetic field.
the check of the curl-free condition is necessary for the reliability of

the caleulation.
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