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Abstrset

Anomalous ion, eleetron viscosities and off-diagonal
elements of transport matrix in the presence of low freq-
uency microturbulence are calculated. Quasilinear theory is
used in the eleetrostatic limit. Symmetriec matrix is
obtained including the off-diagonal terms. The electron and
ion components in transport matrix apparently decouple in
the drift wave approximation.

Partiele, momentum and energy fluxes are presented in
terms of three thermodynamical forces, where the gradient of
parallel flow is included. Particle and energy fluxes are
driven by density gradient, temperature gradient, radial
electric field and convection due to the fluctuations,
Anomalous electron viscosity is found te be very smalil. 1Ion
anomalous viseosity, heat conductivity and off-diagonal
elements are comparable to the coefficients for electrons.

The transport equations of ions show that off-diagonal
element reduces the heat conductivity and even causes the
anomalous heat pinech effect. Anomalcus viscosity gives rise
to additional heating on ions due to viscous damping.
Keywords;anomalous viscosity, transport matrix, off-diagonal

drift wave, rotation



i. Introduetion

Throughout the 1970s and early 1980s, the neoclassical
theory of ion heat transport had been considered to be in
reasonable agreement with some experimentsl) . The same was

not true for momentum transport; the neoclassical theory

gives viscosities2:3) which are smaller than experimentally
observed values by one or two orders of magnitude4). In
order to overcome the discrepaney, the neoclassical theory
of ion transport in rotating plasmz has been formulated, in
which the flow is allowed to be of the order of the ion

thermal speeda). However, the obtained viscosities, either

in banana regime or in Pfirsch-Shiuter regime, are not zble

to explain the presently observed momentum transport in

tokamaks. An attempt to explain the enhanced transport

based on classical gyroviscosityS) has been done but has

been refuted5’, Quite recent theoretical progress in neo-

classical theory of toroidal momentum transport has been

made to explain the experimentally observed values of

viseositiesT).

In the presence of moderate concentration of
low energy ions, the predicted value of viscosity is found
to be increased.

The measurements of ion temperature profile as well as
the rotation profile have been rececently done in several

toroidal devicess_lz).

Not only ion momentum transport but
also ion energy transport have been found to be anomalous.

Experiments have revealed the high T; mode, in which the



peaked ion temperature profile is observed associated with
the reduction of the effective ion thermal conductivity.
Such discharges are often reportedS"IZ} that the strong
shear of the toroidal rotation velocity is established in
the core. The study on the anomalous viscosity and on the
relation with the ion energy confinement is required.
Various anomalous transport theories have been develop-
ed13-22)  Most of them are concerned with estimates of
partiele diffusivity and the heat conductivity due to the
nonlinear consequences of low frequency instabilities. The
rest of tramsport elements have not been usually discussed.
Some attempts to calculate the off-diagonal elements of the
transport matrix, such as terms of anomalous Ware pineh23)
and anomalous bootstrap eurrent24), have been done for drift
wave fluctuations. However, the formulation has not been
eclear about the consistency concerning on the Onsager's
symmetry. The complete transport matrix has been formulated
by quasilinear theory and elements are calculated in toroid-

25)

al geometry The calculation of the anomalous viscosity

has been done for a special 03599,26), however, the complete
formulation of the anomalous viscosity and transport matrix
are left undone.

In this paper, we calculate anomalous viscosities in
the presence of low frequenecy drift wave type fluctuations.
Quasilinear theory is used and elements of the transport

matrix are obtained in the electrostatic limit. We include

the radial gradients of paraliel flows as a thermodynamical



diagonal terms. The matrix is symmetry by a proper choice
of thermodynamieal forces. It is found that the electron
component and ion component in transport mairix deccuple in
a usual low frequeney limit, that the electron part corres-
ponds to the results by Shainng), and that the ion anoma-
lous viscosity as well as ion heat conductivity are large,
which are also comparable to electron anomalous transport
coefficients. Thus the momentum transport is considered to
be anomalous whose confinement time is comparable to ion
energy confinement time28), 1t should be noted that the off-
diagonal elements of the ion transport matrix are large, and
the shear of the rotation velocity and the ion temperature
gradient influence each other.

The constitution of this paper is as follows., In
Seec.2, the general formula of anomalous fluxes, which are
derived from Klimontoviech formula, are presented and the
fluxes are calculated in the presence of inhomogeneities of
density, parallel flow, tempersture and the electrostatic
potential. Applying the flux-friction relationship, we
obtain the matrix elements., In See.3, the set of ion trans-
port equations which includes the ion momentuin balance is
presented. Summary and discussions are given in the final

section.



2. General formula and Representation of fluxes

In this section , we present our theoretical model and
formulations and calculate the anomalous particle, momentum
and energy fluxes due to drift wave type turbulence. We
consider a eylindrical plasma immersed in a strong magnetic
field in the z-direction. The poloidal magnetic field is
assumed to be small. The plasma has inhomogeneities of the
density, the parallel flow and the temperature in the radial
direction.

We start our analysis with the coarse-grained momentum
and energy balance equations which are derived from
Klimontovieh equation. When the gyroradius p is small as

compared with inhomogeneity scaie lengths, we havezs),
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for each partficle species, where ro = ndvd represents the

) . _ _ _ 2
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dv ) is the pressure, Vﬁ is the mean veloeity, Q6 K - 3T6
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ok * on,kii is the heat flux, Qg,ijk ( = fmg(vi'vi)(vj'
Vj)(vk'vk)fgdv )y is the heat conduetion, q is the charge, E
is the static electrie field,‘ﬁ is the stress tensor and‘?
is the unit tensor. Here i,j,k stand for the three coordin-
ates r, 9, z, tilde shows the fluetuation quantity, the
bracket < > indicates the eoa;se—grained space-time average
and q4,<r-E> is the energy exchange rate between particles
and fluctuations. The kinetic energy of the mean flow is
also inecluded. The suffix of the particle species, g, is
suppressed in the following unless we especially note it.
The representations of the radial transport fluxes of the
particle, momentum and heat in terms of cross correlation of

fluectuation quantities are25),
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In order to relate the fluctuations ef the plasma
quantities to the electromagnetic fluctuations, we assume
that the nonlinearlity is weak and that we can expand the
fluxes with respect to the fluctuation spectrum and take
only the lowest order terms. Hereafter we shall consider
this situation and caleulate the fluxes in the approximation
linear with respect to the fluctuation spectrum. For simpl-
icity, we restrict ourselves to the fluetuations with frequ-
encies mueh lower than the ton cyelotron frequeney, Qi,that
is, so called drift wave type {luctuations.

The plasma is assumed to be in a steady state and the
unperturbed velocity distribution fd is ehosen to be a
function of the energy, mdv2/2 + qd@, where & is the statie
potential and canonical moments in the g and parallel-direc-—

tions, Pe :m6r(ve+rno/2} and Pu= M Vs as
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where r is expanded around ryp with respect to gyroradius
and a new coordinate X as X = r*r0+ve/nﬁ is used.

The expressions of the fluxes in terms of spectral
function is obtained by taking the linear response to the
fluetuation and by performing the path integral along the
unperturbed orbit. Substituting Eq.(6) into Egs.(3),¢(4) and

{5), we obtain,
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where, & = w-wgs wg= kaErc/B.zg) The radial derivative in
DD operates on density, parallel veloecity, temperature as
well as the static potential, whieh is included in terms of
WE. 5ois given by replaeing ( o,k } in the expression for
Dby (~o,-k); A(D) =lg(b)e™®, A'(b) = 3A(D)/ab, b=(T/m){k,
2/92} and I, is the zeroth order modified Bessel function of
the first kind; Z(g) is the plasma dispersion function. The
explicit forms of fluxes in the presence of parallel flows

are {( for T, =Ty )
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For electron components, Ue" can be replaced by d, = he(Uin—

Ue")' There appear terms which are proportional to V.,
corresponding to so-called hyper-viseosity. In the approxi-
mation for usual drift wave fluctuations, this viscosity is
found to be small.

Equations (7'),(8') and (9") are approximated by the
following ordering. The averaged phase veloecity in the

parallel direction is greater than the ion thermal speed and

10



smaller than the electron thermal speed, that is v-l2 <<
(w/k..)2 < veg. Perpendicular wave length is larger than
ion gyroradius, kpi(l and the magnitudes of parallel mean
flows, Ui“' Ugn, are at most ion thermal speed. In this
ordering, the electron component decouples from the ion
component for the proper choice of the thermodynamical
force. By using the flux-friection relationships of the
electron parallel momentum and heat flux, -<neE.B>

- <neEn"B> + (BF{w> = 0 and -<ne(3T, -~ <Tg>)EnB>

+ (T ><BFgu> = 0, where E«* is is the parallel electric
field as a thermodynamic force, anomalous bootstrap current
and the modification of the plasma conductivity ( as well as
the anomalous Ware pineh ) have been consistently obtained

by Shaing in toroidatl geometryQS}.

The explicit expressions
for Fln and FQH are Fl" = Rll(Uiu-Uen} + 2R12(Q9"/pe)/5 y
F2n = ‘ﬂ,zi(Uin—Ueu) - 2&,22(Qen/pe)//5 y where Q”:nmeuei,
112=Q21=1.5Q11, ﬁ22=4.68£11 and Vei is the electron-ion
collision frequeney. The electron components of our result

correspond to the eylindrical version of ref{(25), therefore

we do not repeat them here.
The ion transport matrix is strongly modified by the

presence of VUi"’ even in the drift-wave approximation. The

transport matrix is given in the symmetrie form as,

11
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where d&/dr in the foree X; can be replaced by (Uth—Uth)/e—

Vpi/qni in the presence of U, and/or Ut25’28). If the mean

p
flows Up and Uy as well as the mean fiuetuation frequency,
{w>», are simultaneously zero, then the thermodynamiecal
forces X; and X3 reduce to X3. It should be noted that the
determinant ef the transport matrix is positive definite.

We further consider the values o¢f matrix elements. The
relative values of mgi to Dgy is <<(w/knvi)2>>, where <({ >>
is the average over the fluctuation spectrum. The relative
value of Xgjy to pp; is also (((m/k"vi}2>>. This value ean
become appreciably large for a eertain spectrum profile. If
the spectrum width of the parallel wave number Kk, is order
of w/vi, then the matrix elements, Dﬂi’ Hoi and x1pj are the
same order. The off-diagonal elements, AV, and AV, are odd
functions of k., whose contributions are generally expected
to be small in the absence of a strong radial inhomogeneity
of the speetrum profile. However, if it exists, momentum
fiux and the heat [lux much more strongly couple to each
other due to these off-diagonal elements, AVl, in addition
to the viscosity term pgy;. This case is discussed in ref.-
{24] in the study of anomalous bootstrap current. In the
following arguments, we approximate, for the simplicity,
that these off~diagonal contributions of odd functions are

negligiblly small.

3. lon Transport Equations

The results obtained in Sec.2. are used to construet

13



the transport equations. Electron transport equations can
be derived from Ref.[25). We here show the ion transport

equations as,

3 1 3 _
—ny +—--"'I']"I.,i = S1 {11)
at rar
3 1 3
—n;m; Uy *'_'“fpzr,i = M; + M, (12}
t rar
3 3 1 a aly
— =Ty o —rQp = Py toQye (13)
2 8t rgr ar

where Si is the particle source, M,

i and Me are the momentum

input rates from the source to the ions and electrons,
respectively, and Qei is the collisional energy exchange
rate between electrons and ions. Collisions between ions
and eleetrons have been included, however, they canceled in
the total momentum equation. Fluxes are obtained from the
matrix (10). For the case where we neglect AVO and Avl’ we

obtain,

14
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For aetual applications, we need some spproximations
with respeet to the fluctuation spectrum. Further consider-
ation and the comparison study with experiments are left for
future. The decay time of the toroidal rotation has been
measured in experiment and the observed value is comparable
to the energy confinement time2), The fact indicates us
that the anomalcous viscosity, Bpio is order of the Dﬂi and
10i°

The transport equations, (11)-(16), show that the
existence of the anomalous viscosity affects not only the
momentum transport but also the particle and the heat trans-
ports. Particie and energy {luxes are driven by the density
gradient, the ion temperature gradient, the radial electrie
field and the convection eof the fluetunations. This faet is

25)

also true for the electron particle flux , pbrovided that

the force X1 of electrons has the different sigh of charge.

15



As is shown by Eq.{(14), the particle inward pineh due to ion
temperature gradient becomes small if the value of ng; is
the order of Dgij. This is different from the electron flux
dependence on the electron temperature gradient, where the
anpomalous eleetron viscosity is very small. With respect to
the energy fiux, the finite value of Hpj reduces the heat
conductivity and even causes an anomalous heat pinch effeect.
Let us consider the case, as an example, where particle
source is located near the plasma periphery. In this case,
we have the condition of Fy « 0 in the core region. This

gives the relation

[ + +{—>—1 ={pg; - Dg;/2)

nidr Tidr k8 eTi Tidr

i

from Eq.{(14). Substituting this relation into Eg.(16), we

have

Qr,i = (xg; = mwoi /Dgi)VTy. (7

The off-diagonal term has large contribution, if the vaiue
of ”Gi/DOi becomes of the order unity. The effective

thermal conductivity, the ratio of Qr to VTi becomes

i
smaller than Xpj- The ratio in Eq.(17) becomes minimum when
XDmp2 holds., It is noted that the value of gy - “0i2/DGi)

is positive definite for any spectral profile due to the

Schwaitz's inequality, whieh is consistent with the thermo-

16



dynamie law.

Anomalous viscosify explicitly affeets the iocn energy
balance equation (13), that is, the viscous damping of the
toroidal flow causes the energy input to ions in addition to
the exchange rate of electrons, Q;,, and/or the other heat-
ing source. If the value of Hpi is the order of xg;, then
this extra input would become the same order of the ion

conductive loss.

17



4, Summary and Diseussions

In summary, we present the formula of anomalous ior and
electron viscosities due to low frequency microturbulence.
In the framework of quasilinear theory, the expressions in
electrostatic limit are obtained for the given distribution
funetion, f,, which is assumed to be close to the maxwellian
distribution. Applying the drift wave approximation and
estimating the parallel flows observed in present day exper-
iment, the ion anomalous viscosity is found to be large,
even if the rotation speed is less than the ion thermal
speed. The ion partiele flux, the momentum flux, as well as
the energy flux are calculated in terms of the spectirum, and
are shown as the function of thermodynamieal foreces, X;, X,
and X3. Particle and energy fluxes are driven by the ien
density gradient, the ion temperature gradient, the radial
electrie field and the convection due to the fluctuations.
The electric field in X; can be replaced by using the rela-
tion, d&/dr= (Uth—Uth)/e-Vpi/qni in the presence of UP
and/or U,.

VWe also obtain the result that the anomalous eleetron
viscosity is very small, therefore, our result for electron

25) even in

transport reduces to the one obtained by Shaing
the presence of the toroidal rotation.

The transport equation of ions are presented, including
the momentum balance equation in toroidal direetion. With

respect to the energy flux, the finite value of pgj reduces

the heat conductivity and even causes the anomalous heat

18




pinch effect. Anomalous viscosity explicitly affeets the
ion energy balance equation (13}, that is, the viscous
damping of the toroidal flow causes an additional energy
input to jons. If the value of ug; is the order of xgi>
this extra input would become the same order of the ion
conductive loss. It is shown that the ion energy flux can
be reduced to (xp; - p012/D0i)VTi in the plasma core. The
effective eonductivity reduces to x4 - FOiQ/DOi due to the
finite value of p4;, and the reduction becomes noticiable
when x4, o “Oiz/DOi ( i.e., ppi/Dgj ~ O(1) ). It has been
suggested that the density peaking is explained by the large

23},  The model theory may

value of Prandtle number, 20i/Doi
also explain the peaked ion temperature profile associated
with the peaked profile modes like IOC, if we use the result
obtained in this paper.

The transport study by using the assumed values of
coefficients, in which the speetrum profile is assumed, and
the actual application to the experimental results are left
for future. The analysis may reveal the roles of viseosity
and the electrostatic potential on the inward particle
pinehzg) and the heat pineh.

Present paper deals with the case where the velocity
distribution funetion is not far from the Maxwellian. In
the cases of high frequency wave heating as well as of the
current drive, the distribution function distorts from the

maxwellian. In such a case, the ordering in this paper is

no more valid, and the other terms appear. The electron

19



anomalous viscosity may also appear. This kind of analysis
should be started from the Fokker-Planck equation. The
Fokker-Planck equation in the presence of anomalous trans-
port due to miero fluetuations has been formulated for radio

30)

frequenecy heating cases The combined study is left for

future.
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