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Abstract

Representation of the vacuum magnetic field by a set of harmonic functions
is useful for an analysis of a magnetic configuration. To analyse a helical
configuration precisely, a harmonic function describing a pure helicity of the
configuration is desired specially in heliotrons, where the gocod quasi-symmelry
is regarded as an advantage for a helical built-in divertor. Owing to the
specific mode numbers in both the toroidal and the poloidal directions, the
toroidal harmonic function is appropriate for a study of the helical field, when
a practical method for a numerical calculation is provided. The helical
components are analysed by a mmerical calculation with high accuracy. From a
spectral analysis of the field generated by a continuous helical coil the
natural winding law was found to be peculiar by the fact that only the
components resonant with the helicity of the coil are dominant. A deviation
from the natural vinding law, such as in a traditional winding law, causes an
enhancement of off-resonant components. The unique toroidal coordinates, and
hence, the unique spectral representation 1is practically determined from the
condition that the field expression by a spectral series has the maximun area
for the convergence. The high accuracy of the representation was applied to a
numerical investigation of the intricate structure of a helical divertor. A
reticular structure of the scrape-off layer in a helical system is visualized
vith a trace of unclosed separatrix. The field line at the X-point is a nearly
pure helix in the toroidal coordinates, and it was confirmed that the devialion
is sufficiently small for divertor baffles to be rigidly installed, even whan

some additional field is expected in an experiment.
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T. Introduction

it is well known that a megnetic field in a vacuum has a scalar potential
&®(x,y,z;. It is frequently useful for a study of magnetic confinement to
analyse the potential satisfying the Laplace equation by a series of harmonic
functions characterizing the magnetic components involved. The analysis is.
unfortunately, not always convenient for axi-asymmetric torus. Since the
magnetic configuration is rather primitively determined by a coil
configuration, the coil configuration has been directly studied for a design
of an axi-asymmetric device[l-8]. Various but particular coil configurations
have been studied for a design of Large Helical Device/lHD) (3], or the next
generation heliotron in Japan, so far. Since such studies are concerned with
only an typical coil shape. systematic survey on various coil system is apt to
remain insufficient compared with its large number of ad justable parameters in
the configuration. So, it is still worth trying to describe the result from
the analyses with respect to a commen characteristic or a universal definition
of the magnetic configuration.

Even in a three-dimensional magnetic configuration, some symmetry is still
retained in a practical device. Then, it is used as a basis of the analysis.
Besides the use of the toroidal coordinates, which is a natural choice for a
toroidal configuration, the assumption that a configuration has rotational
symnelry of order M defines the unique z-axis. Thus, we start from a series
of harmonic components{7-10] by
&u,v,u)= }j ajﬁwﬁTQ%Qﬁ4/2(coshiﬁxexp'i(jMw+nu)+bw. (1

7.n=me
Here, u, v, are the toroidal coordinates: x=(c/D; sinh vcos .,
y={(c/D) sinhvsinw, z=(¢/D)sinu and D-coshu -cosu. Q's are the torus

functions. The relation @ . =a. " is assumed to keep the potential real.

And, bu corresponds to the gérgzdéinfield causing the multi-valued feature of
the potential. Then. a set of relative components aj,n/b characterizes the
magnetic configuration. However. a change in the constant ¢ yields a different
set of components. Since one of the aims is to label each configuration. it
is intrinsic to fix ¢. The conclusive method has not been found, and the
practical choice of ¢ will be shown later.

The advantage of the definition by harmonic components in a configuration
study is emphasized in the optimization of modular stellarators 11,12 .

However, use of the torus function was avoided there because of , presumably. a
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numerical calculation of the unfamiliar function. Although there might be a
great difference in the calculation time, the advantage will be common. Hence,
vhat has been desired is a practical method for the calculation. The torus
functions and their numerical calculation employed here are sumarized 1in
Appendix.

The peculiar advantage in the expression by the toroidal harmonic functions
is that each component is a global mode with intrinsic mode numbers. The
expression is, hence, a spectral analysis of the field. In a device with a
continuous helical coil such as in heliotrons there is a helical mode dominant
in the concerning area. The field is mosi conveniently expressed by elgen modes
in the toroidal coordinates where both toroidal and poloidal mode numbers are
separated. Also, the clear global mode numbers of the eigen mode are essential
in a study of a helical built-in divertor, because it requires a clear helical
field near the plasma boundary as well as in the confinement region. Thus,
the use of toroidal harmonic functions has a great advantage as a common base
for both a study of magnetic confinement and that of helical divertor. The
spectral expression will be a better choice for a systematic study of
helictrons.

When a continuous helical coil is used, the dominant component is
determined by the repetition number of the coil. When the number is kept
unchanged. the major possibility in an optimization study is a small
modification of the mixture of the components. Sensitivity check by an
arbitrary change in a particular component is effective to survey a preferable
modification in the coil configuration. Then, the correct analysis of the exact
field generated by the coil system and the understanding of a spectral change
due to the coil modification is essential for a subsequent optimization study.

Reside the use for a definition of a configuration and for an arbitrarily
adjustable model, the high accuracy as a model is peculiarly applicable to an
investigation of an X-point. The understanding of an X-point is very important
for a design of a divertor. However, lack of symmetry, and hence, lack of
magnetic surface, in a helical system causes a very intricate structure near
the X-point. Moreover, since the field has a strong shear near the X-point.
quite high accuracy is required for a numerical study of the structure. The
present calculation is not yet enough for the purpose. However, the structure
was investigated with sufficiently high accuracy by the field trace together
with a linearized approximation of the field mapping.

The use of the toroidal harmonic function is briefly revieved in Sec. II.
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The spectral analysis of a heliotron field is demonstrated in Sec.I1T. Spectral
change due to coil modification is investigated in Sec.IV. An X-point and the
structure of a helical divertor in the model field are investigated in Sec.V.

Summary and related discussion are given in Sec.VI.

I1. Spectral representation of toroidal magnetic configuration

The magnetic field is given by the derivative with respect to the cartesian
coordinates (x,y,z), and, more importantly, magnetic surfaces are given by

solving differential equations:

od/ax adsay od/ox :

dr _ dy d= o

with a not-well-posed boundary condition. Since the toreidal coordinates are
orthogonal, the equation can be easily translated to the expression with
<u1>:(u1b1w>

24

du . .
as that 259 are equal among j=1,2 and 3, vhere ¢’=g,, is
od/8u,

the first fundamental quantity.

Z a, o(-Sin “+in> VDR 2 cosh v) exp 1 (jMunu) (3)

jon=e

Eﬂ
@£=_2: a, R ((SHBY_(|p].L 5) coth VD QA1/2( cosh v)

ov i 2D
+{ fn] —|jh1+%) cosech ua/D Q“’,ffii/g( cosh v)} exp i {jMw+nu} (4;
gi ES 1iMa, /DRI 2( cosh v) exp i ( jMu+nu) +b 4y

jon=e
Thus, a field line is easily traced numerically also in the toroidal
coordinates. However, the coordinate v is not convenient, because the magnetic
surface contains the point v==, In stead of v, new variable p=c/sinhu, or
the minor radius of the torus, was used. The constant factor in a harmonic

function is of no interest. and another function:

: 2, 2172
" (0?2

CRERVROE S50 () ®)

(c 4{)2\ Ini/
wvas employed (See Appendix for the definition of 9, n)’ This function will
be somelimes referred in this article with some or all parameters unspzlled

for simplicity, unless any confusion cccurs. Now. using re-adjusted coefficient.
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aj n’ which is different in numerical value from that in Eq. (1), the magnetic
potential is concisely expressed by

&(p,u.w) ZZA’/z[aJ asin (jMwimu)+ @', pcos (3Mwmu)l? + bw, {0y
n‘——m
where A=1- P 517z CoS U
c*+p?)

The terms with a cosine function do not appear in this article and are omitted

in the following equations. Now, Eq.(2) becomes

c2 dpo____ cp du__ dw 8)
AP B MEpH 2 Bu a(PepP) 2 B '
where BD. B and B are each component of the magnetic field:

_Alc +,02 2 N

1P ln|+jM+1/2 ; .
+{(|n|-iM+2YE ——"—L=9,.i} sin (FMwnu 3
(Inl-ttiz)e 5y~ i} sin (Ghho-m) ©)
2 2 |p2e =
Bu:m’ﬁ‘(—cgf))—wz Y AVq, (SUU B sin (jMu-mu)+n.cos (3Murmi)1R (10)
i (P+pPy
Jv 1/2
Bu=— -A——-P—)—[ZZJMAV-aJ 2 9 cos {jMuwnu)+b) (1
c* y=or=

Thus, it is generally possible to define a toroidal configuration by the
scale factor ¢, the strength factor b and a set of the spectral components aj,n
except in a helical-axis configuration. If the helical magnetic axis is oul
of the range of convergence of the series, it is inconvenient to use the series
for a definition of the magnetic configuration. The situation is the same in
an arbitrary toroidal configuration without any symmetry, because it is a
particular case with M=1. Of course, the wvalidity is restricted by the

convergence in any case.

I1I. Spectral analysis of helioctron field

Magnetic fields generated by a particular coil system is usually calculated
by a numerical integration of the Biot-Savart's formula. If the magnetic field
is given, it is easy to analyse the field, because Bw in Fq. (11} is the toroidal
field and the analysis corresponds exactly to a fourier transform. Since it
is not & present interest to investigate a particular coil system, a filament
current is considered first. The trajectory is on a torus with the major radius
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Rc and the minor radius a, and is defined by a winding law ¢=(I/M K{8). as shown
in Fig.1, where ! is the poloidal repetition number of the filament, ¢ is the
toroidal angle and 8 is the poloidal angle. To obtain high accuracy, an
especial method was used. The current was expressed as a sum of basic current
loops. Excess currents on rings were easily subtracted. The magnetic potential
due to the loop A in Fig.l is expressed as

choclO —/(Rc+ac cos 0) sinyg ~Cc sin & cos ¢
@(D,u,u)rff_t—[ (Re+aecos 8) cos ] xl: -a. sinftsino ]

s R 0 a. cos @

r cos w— {R.+a. cos 0) cos ¢
-l rsinw—-{R;+a.cos 0) sing
z—d.s8in

=fﬁF(9,@§D,u,w)d8d-@, (123

where R-:/\/(Rcmc cos 6)2+r2—2r(Rc+iac cos §) cos g—w)+{ag, sin 872,2 . and

z sin 6+r1 cos B cos {p-w) —(R. cos B+ac)
R '

Here r and z are regarded as a function of p and u, and the factor }JOI/4I 1s

FiB,oip.u,wy=a.{R.~ac cos 8)

normalized to unity for simplicity.
A 2-dimensional integration is not convenient for a numerical calculation.
Remembering that the toroidal field is useful for the analysis, the components

with 3=0 were calculated from

oP_ aF p .
Eﬁ“ff&awded*’

=L'Lde[F(e,o;p,u,w}—F(e,I—fﬂ((m o). (13,

Remaining components with j=0 (poloidal field) were calculated from an
azimuthally averaged potential. The central axis in the coordinates is defined
here by c:z\/Rgfag_ As known well, & harmonic function is uniquely determined
from the values on an appropriate surface and can be analytically extended to
the neighborhood. So, the magnetic field or the potential on only a torus with
p:O.&,tC was used for this spectral analvsis. The distribution of tha spectral
components on the surface at the coil radius normalized by toroidal field b,
or aj:nf’?_(p:ac)/b, is displayed in Fig.?2. where only the absolute value is
plotted in a logarithmic scale. The case of M=10 and !=2 is implicitly assumn=d
in this article. Figure Pa shows the spectral distribution for the simple

winding with right-handed screw: K{(8)-—8. The random base shows the error
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leve)l. Five ridges can be recognized. A pair of ridges are located along each
constant-n/j line with n>0. Two with n<0 are fault images of extension of the
above two ridges due to the fourier transform truncated al a finite mode number .
And, the other small one at n=0 is presumably the ghost of n=64 components by
the same reason. Thus, only the former two ridges correspond to the actual
spectral components. The magnetic field is composed of a wide range of spectral
components even when a simple helical winding is used. Since the coil is
symmetric {the current is anti-symmetric} with respect to the inversion againsi
r-axis, the other asymmetric parts are not significant and are not displaved
in the figure. The asymmetric components [terms with a cosine function in
Eq.{7)) are not dealt with at all in this article.

As vwill be expected, a simple spectral distribution from a filament current
is obtained when a simple winding law in the (u,w)-plane rather than in the
(0,¢)-plane is employed. Figure Zb shows the case with the natural winding:
w=-(M/1)u (¢ is defined such that the coil is on the constant-p surface at
p:ac). Now the main two ridges are combined into one, and the ridge becomes
sharp. The ridge is exactly on the n/j=2 line. This means that only the field
resonant with the coil helicity is dominant. Thus, it vas found that a good
quasi-symmetry 1s expected by the natural winding. The other component is
smaller than the resonant component by an order of magnitude.

There is a difficulty in a calculation of the magnetic field from these
components, even if the higher-n components are correctly processed. The peak
values on the ridge in Fig.2b approach to a finite constant as j lncreases, This
means that the series does not conwverge on the surface p=a,. It is due to a
singularity at the current filament. Thus, the convergence radius of the series
is a, and the series converges at any radius less than a.. The field near the
convergence radius must be calculated carefully, because the convergence of
the series is very slow. Such a calculation was not tried here.

The magnetic configuration of a plasma is characterized by dominant
components in the confinement region. Since the higher-mode component increases
rapidly vith the radius, and becomes, al most in the case of filament current.
comparable in strength at the coil surface, the contribution to the plasma
configuration is usually small. The practical application is made by truncaiting
the series at an appropriate value in j and n. The difference between the
magnetic field calculated by a finite series, with <16 and n<32 in partiicular,
and the other by Biot-Savart's formula is shown in Fig.3. The difference inside

the coil surface is roughly proportional to (p/ac)sg. The coefficliert depends
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on the coil configuration, and becomes small when a realistic coil with a finite
size is taken into account. Thus, the inclusion or exclusion of a particular
component in a calculation must be carefully decided depending on the problem

under consideration.

IV. Modulation in helical winding

Magnetic configuration of a helical device is mainly controlled by a choice
of a winding law of the helical coil{4]. The spectral components in two
particular configurations have bheen already shown. To discuss a possible
modification of the spectral components, modulation of the winding law.
particularly infinitesimal modulation, was investigated. The winding law is

assumed to have a pitch modulation of (6) with a small parameter « as
p=TK(0) f (01, (15)

where the constraint £(0j=f(z)-0 is assumed. Of course, if the modulation iIs
included into K{(8)., nothing new occurs. The pattern of a spectral change is
of interest now. The change A®? due to the unit current loop is given in the

first order of a as
M’:afF(G,%K{G) souwn F{8)do, (16)

where the function F has been already used in Eq.{12}. Figure 4a shows the
spectral components for the natural winding again but in the linear scale.
The j=0 components are excluded from the discussion, because they are
independently controlable by poloidal-field coils. As already noted, the
components with n-2j are dominant. The sign of the coefficient is the same
among all dominant terms. Since too-steep modulation is not accessible in an
actual device, slowly varying modulation is important for a design. Two cases
of a basic modulation with f(8)=sinu and f/8)=sinPu are displayed in Figs.4b

and 4c, respectively. where u is regarded as a function of § by the relation

o+

of the natural winding. Owing to the purity of the spectral structure. i 18
clearly seen that the modulation of sinu affects the components with odd n mode
number , while the other affects those with even n. More precisely. the
components with n=2j*1 are affected by the former modulation and those with
n=2j+2 are affected by the latter. A steep profile like a derivative of a

o-function as a function of n implies that the linear response from
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infinitesimal modulation must not be applied to finite modulation. If the
origin of the &-function moves with an increase of the modulation, subsequent
modulation up to a finite amplitude might cause a positional shift of the
distribution rather than a proportional change in amplitude. This can be
speculated from Fig.2Za.

Another basic modulation is the radial modulation of the winding. The
radius a was defined as a function of 0 by ‘
a=ac(1+ag(0)], a7
where the similar constraint g(0)=g(z)=0 was employed. The change due to

infinitesimal modulation is given by

in {o-u 1 ) — _ :
A@:afmc sin (¢-w)+rcsin 0 cos (p-w)-z cos B-R.c sin eg{e)de. (18)

R
Here, the natural winding is already assumed. Two cases with g(B):sinzu and
g(@)=sinusinZu were investigated. Obtained pattern wvas much more complicated
than that in Fig.4. No understanding was obtained other than that the former
modulation affects the odd n components whereas the latter affects the even n
components. Since components in a wide range of the mode number are affected
simultaneously, it is rather difficult to use this modulation for an intended
control of the spectral composition.

There is another interest in the case that g(z) is not zero. If ¢ is
re-adjusted. the case is included in the previous case. 350, the problen is what
is the spectral component in a frame vwith a different value of ¢. Figure 5 shows
the result from a slightly larger c:(ng«/EE:E?)/z for the case of the natural
vinding. Since the analysis is not valid beyond the location of the current,
the convergence radius is now less than a,- Hence, the spectral compcnents
evaluated at the equivalent radius diverge as the mode number increases. If a
slightly too-small value of ¢ is used, the change is similar. At any rate,
the magnetic configuration defined by each of those spectral distributions is
identical. The apparent difference among them is not intrinsic. Hence, 1t is
necessary to fix ¢ uniquely. Here, it was determined by the condition that
the torus inscribed to the current carrying area coincides with a constant p
surface. Besides a theoretical interest where the components are arbitrarily
selected, the configuration from a real coil system is thus uniquely determined.
Since the series in this frame have the largest convergence radius than in any
other one, it can be said that high-mode componenis have the minimum strength
in the frame.

Starting from the simple winding. two parameters, or the pitch angle
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VC:(M/i)(aC/RC) and the pitch modulaticn a*, have been carefully selected in
the design study of LHD[3,13]. Now, the effect of a change in those parameters
can be quantitatively discussed with the change in the spectral components.
Since the broadening of the spectrum makes the difference unclear, the natural
winding model was employed as a standard for the comparison. The first four
components with n/j=2 and the n=1/j=1 component are plotted as a function of
e in Fig.6. The increase in e decreases helical components relative to the
toroidal field. Hence, the controlable Yo in the IHD operation is the
alternative to an additional toroidal coil system[14]. However, it should be
noted that the simultaneous change in other components must be taken into
account. Larger Yo gives a simple configuration with smaller higher-mode
components, but also a helical excursion of the magnetic axis due to the n=1
component. becomes relatively significant in comparison under the limited
condition of no poloidal fields.

The ILHD winding is defined by the other parameter a* as

0-o+a’ sin (). (14
It is responsible for a control of wide range of higher-mode components. Some
typical vinding laws are plotted on the wu plane in Fig.7. Of course, the
natural winding is the simplest one in this frame. It was confirmed that a split
into the two main ridges in Fig.2a with n/j=1.56 and 2.52 corresponds exactly
to the broadening of the gradient; Mdw/du=lc/(R.=a.).

Magnetic configuration of LHD has been decided within the parameter space
Y, and a*. It has not yet, however, been certain whether the survey on the
configuration vas sufficient or not. The simple vinding is almost a modulation
from the natural winding of the type simv. It includes the odd-n components
comparable with the others. A nearly natural winding is attained by a selection
of a"=0.2 or more in this case with YC:1.25. However, the compromise among
the confinement of a high energy particle and the beta limit due to stability
resulted in the choice of an intermediate value a*=0.1 for LHD{13]. The choice
of moderate o means that the compensation of the odd-n components is not
sufficient.

When a finite-sized coil is used. the configuration becomes far rich in
variation. For example, if the coil shape is a ribbon on the torus and the width
of the ribbon is defined by constant Ap at the intersection with every
horizontal plane, any spectral component of Aj,n is easily deduced from that

for a filament model as
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o . |ilMap
sin . 20
ilMhp 2 @)

Thus, spectral components with a high j-number becomes less important, when

Ajyn:ajlnl

the coil with a finite size is considered. The value of the sine function is
interesting for its randomness. For large j, the sign and value depends on
the small change in Ap. Since a drastic change in plasma behaviour is not
expected from such a minor change in the coil shape, a high-j component or, at
least, the individual component will not be responsible for a plasma behaviour.
if they could be significant, it is a result from a collective effect by the
near-mode components, the relative phase among which is not randomized.

A control of the current density on the ribbon can be used for a wider range
of modification. It is significant to change the ribbon width along with 6.
On the contrary, in a usual design with a constant current density on the coil,
the width Ay in the toroidal coordinates is modulated. It is known that the good
quasi-symmetry is obtained by a control of the effective width using a split
coil [6]; this is due to a partial return to the natural vinding.

V. X-point and Helical divertor

A study of divertor action in a built-in divertor is one of the main
experimental issues of the LHD project[3]. The magnetic configuration of LHD
has been investigated to realize a divertor action as well as a stable high-beta
plasma with good confinement and efficient heating[13]. The divertor in a
helical device has been studied in relation to a scrape-off layer composed of
the specific magnetic field with a long connection length to the wall. A
Poincaré map of such field lines forms a peculiar area, such as a fish tail in
Heliotron E, and it has been experimentally clarified that the plasma particles
diffusing out of the main plasma flow along the areail5]. The analysis of the
area with a long connection length is a very practical method for a design of
a divertor([3,13].

The problem in this method would be that the comnection length is not
necessarily proportional to the flov along the field line. It will be true that
there is an intense plasma-flow along a field line approaching the outer-most
magnetic surface asymptotically. Further, the connection length in the
neighborhood of the field is long and there will be a dense plasma similar to

the edge plasma. However, the connection length of another field line
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approaching to another structure such as a magnetic island asymptotically might
be comparable. On the other hand, the flov along a field line with an
extremely-long connection length is not absurdly intense. Most of the particles
diffusing into such an area will diffuse out of it after all rather than flow
along the long field line. Hence, a field line which is sufficiently mixed up
with that area and has only a short connection length is most important as a
channel of the flow, if such a line exists.

The spectral definition of a magnetic field is not convenient for a general
study of a divertor, because the divertor trace is conducted to an outer room
where the spectral analysis is invalid. Also, the X-point itself, or the fixed
point of order two in a Poincaré map, is sometimes located out of the
convergence radius. Then, strictly speaking, it is impossible to describe
X-point by the spectral components. However, if the high-j or high-n components
are small enough, the description by truncated series is very useful, because
magnetic field described by them is still a good model. On the other hand, since
the X-point is located at a region with strong shear, an extremely accurate
calculation enough to express the shear flow under a flux conserving condition
is indispensable for a significant description of the X-point. The spectral
model with a truncated series provides the accuracy.

A configuration model was introduced. It is artificially determined but
is still similar to IHD. The major radius RC is normalized to unity, and e
=1.25 with M=10/1=2 is used. The helical coil is assumed to be wound with
the natural winding law and to have a finite width defined by Ap=r/2M and a
finite thickness determined by 0.20<p<0.30. Then, only the spectral components
with n/j=2 are still dominant. The poloidal field was assumed to be completely
cancelled by external coils. Although the exact integration by Eq. (20} with
respect to the coil vidth is possible, a numerical integration with respect to
the coil thickness is necessary. The numerical integration was nhot treated
seriously, because this is no more than a particular model. Also. only the
spectral components with ]nlé 6 and j= 3 vere taken into account in the model.
because all components with j=4 diminish in this model and the higher components
which are variable according to a minor modification of the coil shape are not
critical.

The magnetic surface of this model is shown in Fig.8. Owing to the
symmetry. it is obvious that the theoretical X-point on the w=x/M plane is on
the z=0 line. It vas found that the rotation of a field line in (p,u}-plane

is very sensitive to the radius of the starting point. The exact X-point is
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determined by the rotation of Au=-n during a trace of one pitch {Aw=2Lr /M)
starting from w=w/M. From a numerical trace of field lines near the X-point
it was found that a cumulative error during the integration in one period is
of the order of 10f9 or more and that the distance between too neighbouring
points in a peculiar direction is expanded by 106 times. A direct investigation
of an X-point, or the fixed point of order two, is impossible even in the present
model, because the random error in the first mapping will be expanded up to 10
after the second mapping; the result is almost meaningless. Figure 9 shows
the trace of an X-point on the (p,u)-plane, where X=pcosu and Y=psinu are used.
The trace cannot be extended to the subsequent pitch, though the error could
not be seen in the figure when that being drawn. An artificial elimination of
the random error after the mapping was necessary to obtain a complete figure
of the X-point.

First. an original figure (0) neighborhood of the outer X-point is mapped
onto an extremely elongated ellipse (I) after one period. The two main axes
AC and BD are indicated in the original figure. The axes are not symmetric with
each other with respect to the inversion of the Y axis. This means that the axis
does not coincide with the separatrix line; it is quite different from a
conventional separatrix in a symmetric system. A mapping of the neighborhood
of the X point is well described by a linear mapping using a matrix expression.
Similarly the mapping from the inner X-point to the outside is represented by
a matrix.

Next, the product of the matrices gives the mapping around the fixed point
of order two. The two main axes in the combined mapping are now symmetric and
are the separatrix lines. A field line on the separalrix asymptotically
approaches to the X-point, when w goes to either infinity or minus infinity.
The field line departs from or approaches to the X-point most rapidly in the
average during a couple of periods. However, it does not hold in a shorter
interval. According with the precession of the local main axis a field line
on' the secparatrix behaves as if it is outside or inside of a conventional
separatrix. The resultant trace of a field line is complicated.

Finally, the mapping of the neighborhood of the X-point is examined by
either a field trace or a matrix calculation depending on whether the
displacement after the mapping is significant compared with the numerical error
or not.

The notation T is used for a Poincaré map on the w=n/M plane. Then, a

fixed point of order two is defined by TAs = Be and TB.=A.. If a point A1
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satisfies %QQT"&¥h=Am, it is on the separalrix in a conventional system. Since
the separatrix is not closed in an asymmetric system, it is meaningless to
distinguish the inside of it from the outside in a strict sense. However, the
same term separairix is used here. Figure 10 shows the separalrix on the w=r/M
plane. Since the separatrix has a intricate structure, it is significant as a
conventional separatrix only when T_ZRA1 is sufficiently close to an X-point
for some primitive n and more. The separatrix line starting from the X-point
rotates counter-clock-wise in the beginning. The left-hand side is the inside
of the separatrix. Since the neighborhood of AB is mapped to a neighborhood
of 33,

It forms a large crescent-shaped void just inside the outer X-point: the field

the outside region near A3 is mapped to the inside of the separatrix.

line in the void is conducted to the outside of the separatrix during one period
in the reversed direction. To find the forward image of the void, it is helpful
to reverse the Y axis. The void in the reversed figure roughly overlaps with
the original void. The overlapped region is a true void. Any field line in
the true void has a short connection lensth from wall to wall. There are many
volds with a higher order, i.e. the connection length is longer by the number
of the order in pitches but insignificant for a plasma flow. Each of the voids
has a considerable area, whereas the separating path beltween them has little
measure, which causes the difficulty in the numerical pursuit of the exact
position of the intricate separatrix. The top of the voids (near the points
indicated by A’s and B’s) slides ever into the deep and may asymptotically touch
the outer-most magnetic surface.

As known from a topological analysis[16,17], every order of separalrix
passes from the outside to the inside and from the inside to the outside through
a narrov channel between the separatrix and the outer edge of the primary void
at B3 (too narrow to be distinguished in the figure). The scrape-off layer with
a considerable connection length is very narrow near the outer X-point in the
present magnetic configuration. Moreover, it holds for each channel between
the neighbouring voids. Those narrow channels include a field line with any
range of connection length, though a statistical weight of each of those lines
are negligibly small as already noted. Thus, the scrape-off layer beiween the
conventional separatrix and the outer-most magnetic surface has a reticular
structure.

On the other hand, the inner X-point in this figure has a rather wide
stripe of scrape-off layer flowing out of the separatrix. It has an intricate

and laminate structure. Moreover, a considerable gap commecling to the primary
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void is expected in the stripe. Although exact shape will be different in a
different magnetic configuration, this structure of the helical divertor 1is
unchanged.

As will be seen in Fig.Q, the trace of the X-point 1s nearly on a constant—p
surface. Thus, the deviation in p can be described as a perturbation. If the
condition Mu+Pu=%7 is satisfied at a point on the trace, Bp in Egq.(8) is =zero
for the dominant n=2j terms, or dp/dw=0. Similarly, du/dw is almost constant.
Hence, the condition du/du=-¥/2 determines the unperturbed X-point on a
constant-p surface and keeping the relation My+2u=xr. The radius of the

unperturbed X-point y is implicitly solved by

1)

vhere h;:—zj(—l)jjaj,zjfz(px) is the relative strength of the helical field and
the present value 1is evaluated from p, as Mhl/b=0.59. The primitive
perturbation comes from a toroidal effect. The effect of the toroidal asymmetry

in the resonant field (n=2j components) is evaluated by leading terms in p/c.

1d80__

Dl‘ du.- - }Jﬁu (2)
asu__, op My_x

H——me cos ( 5 2) . (23)

where 6p and 8u are the small deviation as a f unction of w, and the coefficients

are given by p=Mhz/h1,

u:M{ M pI

MZD% Mps j 22
—52)-1), e=(1+—5)7", and hp=- (-1)73%a;,2;2(ps) -
42" 4 ‘; pEmE

This linear equation is easily solved as

50 _Eg Mw ¢
cos (BE_£Y 4 exp iw +C2exp -iw, 24
5o (5-5) +Crexp 2 €Xp - (P4)
eM/2 Mw ’c & A
——— —ACexp lu +8C2 exp -Aw, 25;
Rz+(1‘rf/“2;2 nig H H (25

wvhere A=(pv) % 2, and C1 and C2 are arbitrary constants. Of course, the X-point
is given by setting C1=0 and C2=O. Since the value of & is about 20, the
relative deviation due to the toroidal effect with the aspect ratio of about 5
is evaluated to be about one percent. The numerical result in Fig.9 is less than
the evaluation. It is due to the off-resonant components. If they can be dealt
with as a perturbation, the deviation is described by a similar equation with

leading terms in p/c retained as
>
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)\ nrT \
Pr dw 4h , sin (pu+ (26)

2

dsu ép Mha, 23 Mook x
dw = Vet aR ¢ {1+ " 2Py wos (pu+BE 5 &n

where p=(2j-n)M/2, and hn is the helical field with mode numbers j and n. Here,
the X-point starting from the outside at w=r/M is described. The solution is

op_  Mh, . 1 23 M2p2

[ w575 Z)+p) cos (mwng\ ) exp Aw +02 exp Aw (28,

AP

su—— Mo 2j Mp} Ty _A LA

u74h 2 Z\L—w(l g2 5 Pl sin (pw* ) —qCrexp dw +{C2 exp -Au. (29)
WA TR

A fast oscillating perturbation is usually less effective to cause a deviation
from the unperturbed line. It holds also in this case. However, it is a case
with sufficiently off-resonant mode with 2j-n>4, when the value of A is ahout
20.

The location of the X-point is interesting for a design of baffles for a
closed divertor. If the vacuum field is fixed, it is not difficuli to ad just
the location of the throat in the baffles. The great interest is in case of a
scan of the vertical field, because it is an important method for a plasma
control in an actual experiment. The vertical field dominantly changes the
component n=1/j=G. Thus, the maximum shift of the X-point is evaluated from
Egs. (28} and (29) as &p/R.=pbu/R.=0.002 for the change ABV/Bez‘ﬂh/b =0.04.
This shows that the shift in a vertical field scan of 4% will be sufficiently
small compared with the throat of 6cm gap vs. RC:S.Qm designed for LD, A
similar evaluation shows that the additive field from the induced current is
not critical. Even if it includes a change in a resonant component, the
solution is obtained from Egs.(28) and (29) by setting p=0. The shift of the
X-point is in the same level with slightly off-resonant components. For
example, the shift is estimated to be 8p/R.~0.002, vhen a plasma current of
200kA happens to be induced in LHD.

The change due to a pitch modulation was demonstrated by an arbitrary
change of helical components. The dominant change in the spectral composition
is on @ and GI,B’ when a pitch modulation of the type f/8)=sinu is assumed.
A small n-1/j=1 component in the natural winding was over-compensated (like in
the case of a*:O.l) and a g vas also adjusted accordingly with reference to
Fig.4b. The resultant magnetic configuration is shown in Fig.11. The
outer-most magnetic surface and the separalrix are significantly deformed oving

to the change of the n=3 component. Of course, the basic structure of the
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separatrix remains unchanged. The divertor flow at the inner X-point becomes
vider. The effect of the n=1 components on a shift of the X-point is hidden
by a reverse shift due to the n=3 component. However, the effect is obvious
in the core region, where the n=1 component overcomes the n=3 component owing
to the different radial dependence. The shift of the magnetic axis from the
origin, opposite to that in the original configuration, means a small helical

excursion in the opposite phase.

VI. Summary and discussion

The classical representation of the vacuum magnetic field by the toroidal
harmonic function is appropriate for a study of heliotron configuration. The
present calculation of the function is satisfactory. The representation by
the field component with both toroidal and poloidal mede numbers is a spectral
analysis. The field generated by a helical vinding with various winding laws
can be analysed with sufficiently high accuracy. The toroidal coordinates is
uniquely defined by a torus inscribed to the current-carrying coil. At the same
time, the unique definition of the magnetic configuration 1is obtained. The
natural windipg defined by the simple winding law in the toroidal coordinates
was found to provide a very pure set of the spectral components dominated by
only the components resonant with the helicity of the helical coil. This
provides a good quasi-symmetry, and is appropriate for a built-in divertor. A
deviation from the natural winding causes a generation of & wide range of
of f-resonant components. The high accuracy of the model field was applied to
a numerical study of a separatrix. The structure of a helical divertor was
directly clarified by a numerical trace of the separatrix. The figure clearly
shows the peculiar structure of the scrape-off layer in a helical divertor
without symmetry. The complicated structure is unchanged by a perturbation
field. A rigid baffle for a closed divertor is sufficiently usable even when
various additional fields are expected in the operation.

The optimization study for LHD has been made within the criteria from the
engineering accessibility of a superconducting helical coil. The fiexibility
in the design is greatly reduced, because the size of 1HD is set near the lower
limit for a superconducting coil system[13!. Although the parameter survey
seems to have been rather point-wise, the machine parameters have been

practically determined from a simple optimization analysis in the narrow
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accessible region. Since another design with a larger size permits much more
flexibility in an engineering design, a flexible model of the magnetic
configuration will be indispensable for a full survey for the optimization in
future. The use of the toroidal harmonic functions is a promising choice for
such a study.

The convergence of the series is essential in actual applications and more
in the theoretical background of the analysis. Since a numerical calculation
is inevitably an approximation, the truncation is one of the usual
approximations. The accuracy greatly depends on the radial position to be
investigated. It is satisfactorily good in the main plasma region with a small
radius. Hence, the model will be better used in the equilibrium, stability
and transport analyses of the plasma. On the contrary, the application to a
helical divertor is rather restricted. It is not appropriate, for example, to
determine the position of the divertor trace. However, the present description
of a separatrix provides a different technique for the investigation of the
helical divertor, instead of a field mapping which is a very lime-consuming
process. Moreover, it seems much helpful for the understanding of the

structure.

Acknowledgments

The author wishes to thank Drs. J. Todoroki, Y. Nakamura, N. Ohyabu and
K. Ttoh for useful discussions. The computer system at NIFS Computer Center

was used for the numerical calculation.

Appendix: Calculation of torus function

The derivative of a torus function (Legendre function with a half-integer

order) can be expressed by the torus functions;

ah-172{ cosh v)
Ty

= (n—m+é) cosech v @he/2( cosh v)

-(m%) cothv @ 1,2( cosh ). (A1)

The torus functions were numerically calculated from an integral

expression for non-negative m and n[8]:
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N EDTT e /2) e f‘ (1-tH™ Ve
Qn-1/2( cosh L)_2n+l/2 Tinil/2) sinh™v T oosh v;t}m‘*n*‘lfzdi (A2)

:{ﬁ1).l"(n+m—:-1/2) 1
T(n+1/2) (2 cosh )

ri75%w.a( cosh v) .

cosh ™2y sinh ™ (1-t5)™1/2
( cosh -ty l2
Since qm,n(coshv) is a slowly varying function of the arguments, it is useful
for a numerical calculation in a wide range of the arguments. The double
exponential formula [a change of variable by it=tanh(z/2 sinh7)}][18] was used

for a precise calculation. The values were checked by a couple of relations:

1
Qa,n{ cOsh v):L dt. (A3)

(D) @12 (2) -2n2Qt/2(2) + (n+m—%) Qn-3/2(2)=0, (A4)
@5 0(2) +2(m 1 )ﬁmﬁ-ﬂm (z)—(n-m-1/2) (n+m+1,/2)Q0-1,2(2) =0. (AD)

The relative error in the present calculation is speculated to be less than

Ax10°" in the limited parameter space: coshuv>4, m<256, and n<32.
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Figure Captions

Fig.1 Helical winding on a torus and the coordinates. The coil is
assumed to be symmetric with respect to the inversion against x-axis. For an
accurate calculation the helical current, added by virtual ring currents, is
divided into basic current loops, each of which has the same shape as a unit

current loop A. The cancel of the ring current is easy.

Fig.2 Spectral components for a filament current (a) with a simple
vinding and (b) with a natural winding, evaluated on the toroidal surface for
the winding(p:ac). The field components with 0=j<64 and ]n|<64 are analysed
by the fast-fourier-transform. The parameters M=10, 1=2 and QC/RE=O‘25 are

assumed,

Fig.3 Contour map of the systematic error due to truncation of the series
in the case of the simple winding. The values shov the relative error in
logarithm. Although the accuracy is more than ten order of magnitude in the
central region, it deteriorates rapidly as the radius increases. The comparison
near the coil (indicated by X) is not valid, because the precise calculation

from the Biot-Savart’s formula is not tried there.

Fig.4 Pattern of spectral change due to pitch modulation. (a)Natural
winding is used as an unmodulaied standard because of the simple distribution.
The change of each spectral components due to an infinitesimal modulation of
the type: (b)f(8)=sinu and (c)f(8)=sinPu is normalized by the amplitude «.

Fig.5 Spectral components of the standard configuration with the natural
winding but in a frame with an improper axis c. When slightly larger ¢ is used,
the sharp ridge becomes greatly diffused. Since minimum radius p to the coil

is nov smaller than a, the convergence radius is smaller than a..

Fig 8 FEffect of Y, on dominant spectral components. This is valid for

a particular case with M=10/1=2 and the natural winding.
Fig.7 Trajectory of the winding on (u1,w)~plane for various winding laws:
the natural winding(thick), the simple winding without (thin) and with the pitch

modulation o=0.1(dashed), o*=0.2(broken}, and «"=-0.1(dot-dashed}. Those are
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valid for a particular case vith M=10/1=2 and aC/RC:1/4.

Fig.8 Magnetic surfaces and X-points {(X) in the model field. The

outer-most plot is almost the outer-most magnetic surface.

Fig.0 Projection of the X-point to the (p,u)-plane and the mapping from
the neighborhood of the outer X-point(0) to the inside one(I). The points
indicated by A, B, C and D show the correspondence. The points roughly show

the direction of the main axes of the almost linmear transform of this mapping.

Fig.10 X-points and separatrix in a helical divertor displayed on w=z/M
surface. The outer and imner X points are indicated by A. and B.. respectively.
Two traces starting from each X-point are distinguished by the solid line and
the broken line. The sequence of the mapping of a point Al is displayed as
TA1=B1, TBl=A2‘ TA2=BZ, ... etc. A particular point A1 is chosen such that
it is a leading point of the sinking separatrix. So, the series of the points
are located at the top of each crescent-shaped “outside’. A quite incomplete
dotted-line(OMS) shows the outer-most magnetic surface.

Fig.11 Gross plot of magnetic surfaces and separatrix after the
modification on the n=1/j=1 and n=3/j=1 components.
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