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Abstract

The electrostatic drift wave theory is developed in the
toreidal plasma with minority energetic particles and
temperature inhomogenieties by taking into account the
global toroidal gyromotion and arbitrary Larmor radius
effect of particle making use of the toroidal propagator.
When the toroidal eigenmode eguation is approximated by the
Weber type function, the dispersion relation indicates that
the toroidal effect strongly destabilizes the ion drift
mode even in uniform temperature plasmas. The elecrostatic
toroidal drift ion mode is insensitive to the presence of
energetic ions with the Maxwellian distribution except
small Larmor radius and small torecidal effects cases
{(cylindrical fluid like plasmas), in which the mode is
stabilized by the energetic ions.

Reywords: Electostatic drift wave, torcidal propagator,
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shear damping.



§l. Introduction

In high temperature fusion plasmas, there are minority energetic
particles which may be produced by auxiliary heatings and fusion
reactions. Whether these energetic particles stabilize or
destabilize the low fregquency drift modes in bulk plasma is
interesting and impcertant, because the drift waves are believed to
be a cause of the anomalous transport phenomena in high temmerature
plasmas. In toroidal geometry, the low freguency plasma oscillat-
ions may be excited by troidal geometrical effect. Eowever, the
geometrical effect of confinement system on drift waves is not
fully understood.

The purpose of this paper is to present a theory of the electro-
static drift wave in a toroidal plasma with minority energetic
particles. In toroidal geometry, circulating untrapped particles
make toroidal gyromotion, and induce toroidal (transit) resonance
with various modes. Recently the transit resconance phenocmenon
recived attention in connection with the toreoidal Alfven wavesl),
energetic particle resonancel)2)3), and anomalous transport4}. The
toroidal resonance with the drift mode has also been studied in a
previous papers). We develcp here the toroidal drift wave theory
to the case with nonuniform temperatures, and energetic particles

with Maxwellian distribution.

§2. Toroidal PYropagator
We start with the linear perturbation of the Vlasov eguation for

distribution function f{r,v,t) induced by the perturbed electric

field E :

E oL, (1)




For the unperturbed distribution function fo,we assune the form
fo'__No(P:p) Fu {(v} with N and Fy being the unperturbed plasma density
and Maxwellian distribution:

3

Ev)- hvm)'exp(fﬂﬂ)} (2)

Vu:

Here vyp is the thermal velocity, meMRv$+(e/c)w(r) is the toroidal
angular momentum which is assumed t£o be an invariant of particle
motion in the usual toroidal ccordinate system (r, 6g), R=R ,+rcost,
v$=vgB$/B§\n, the flux y is defined by 0Op®r=-RBy with Bg being the
polidal magnetic field. 2All other notation are standard. We will
indicate the particle species by the subscript e and i for election
and ion, respectively only when they are necessary to avoid
confusion. Otherwise they will be omitted.

Since the left hand side of eg.{l) can be considered as the time

derivative along the particle orbit, df/dt, the soclution of eg. (1)

can be written in the form

f&'v B = deEE z% , {(3)

where the time integral in eg. {3} should be performed along the
particle orbit®). From eq.(2) and the definition of P, the integral

in eqg. (3) can be written in the form

EE E__.EEE(VE "’VaE } (4)
M Owv T

where the diamagnetic drift velocity vg is given by

7T v .. 3 4a
= —— + —_—) T =)} 5
v, R o B} bt {(5)
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with n = dinT/dlnN,.
Expanding the perturbations in Fourier series of the form

fe v O=Y Lrvieplict+il 1) {6)

Al



with
Lo {0 =miE) -np (8, (7)

we have , from eq. {(3),

ger,v)vimig, (X~ )] DL, (8)

where wg= «.q,(n/m) {l+ﬂ((v/vth)2-3/2)} with w.,= cTkyleB) (d/dr) inN,
ka=m/r, ¢, is the scalar potential, and 9m 1is the torcidal pro-

pagator defined by
Iy €)= drexp (letril, € +1)-1E,, ) . (9)

For the sake of simplicity, we assume the circular cross section
of the magnetic surface, and neglect time variation of the radial
coordinate rit}.

We now determine the toroidal propagator gm(e:) by calulating the
coordinates 8(t) and s(t) of particle orbit making use cof the

guiding center velocity,

v (10}

where b=B/R and vB=bx(x;2/2V InB+v 2x) /Q is the precessiocnal drift
velocity with k={Db,V)b being the curvalure of the magnetic field
lines. In the low-p plasmas, B=87rp/82<<l, since x=V 1nB, we have
vB=(v,2+v_2/2)\71nB/O. The unperturbed magnetic field is assumed to
be given by 36=Bﬁo{l+ex\cosﬂ)7) , and B@=Bo(i—acose) where er/R, and
A=1+6g-11/2 with Bgand 1i being the poloidal beta Be=8.~rpo/B2 and the
inductance of plasma ring, respectively. In the tokamak ordering,
BEBQB‘ the magnetic drift velocity becomes V=V, {-Ccosf sing, o) with
vo=(v.2+v_2/2)/{QRo) . If we assume that the unperturbed electric
fielid has only radial component:E=(E,,(,0), we have the system of

equations fram eg. (10)

d—r=—vc,cosﬂ , (11)
dt
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dﬁ Ve E‘bw Vv,
—=—Db, ———+—2sinf
& r ° cxB r 0t (12)

S V.,  ED

gt R * crRB (13}

Making use of the invariants of motion: E=M(v,2+v;2)/2+e¢b(energy)
and p=Mv,2/(2B) (angular momentum), the parallel velocity is

expressed by

e

Va=%(E‘uB‘eq3‘o)) , (12)

where E,=-d®,/dr. It can alsc be written in term of A=uB/E=(vi/v)2;
v, =v; (-2, (~ecosd)- ed, /E} " (15)

with vw=(2E/M)l/2. As a function of pecloidal angle 6, v, shows a
closed orbit when kdﬂbﬁw—eéo/E-Qb)tkAoyﬂ,i.e.,‘the particle orbit
is trapped inside the separatrix at kn=1, while for kq<1, it is
outside the separatrix representing passing particle orbit.

For the passing particles, v.can be given by the Jacobian elliiptic
function dan8’. Away from the separatrix, however, it can be
approximated by a constant. In this case, from egs. (12) and (13),
the eikonal function defined by eg. (7) can, to the first order of &

be writfter in the form
Em €)= G,V ~wg) L +asinb(t) -a.cos6 () , (16)

where k., =(m-ng, R ,a ), q0=rBd{RnBeo) is the safety factor,
mE=keEr/(eB) is the poloidal circulation frequency due to the radial
electric field, am=shn(l+A)+anLad=varmt) and wt=vx/{RDqO) is the
transit frequency. The Iirst term in eg. (16) is the usual secular
term shifted by vr. The second term represents the global toroidal
gyromotion, and the third term comes from the precessional drift
mction.

In addition to the parallel motion along the magnetic field lines

and slow drift motion, particles suffer fast Larmor gyromotion which



is determined by the equation of motion?) : dv/dt=0vxb or

d*v, ; d*v,
t+Q*v,=0 and £
adt* at

+Q'v,=0

which yield vy=v cosyx and vg=v.siny with x=x,*t. If we add this
Larmor gyromoticn to eq. (16), and the second and third terms are
coupled together, we have

€ = Kipvi ~wg) t+acsin (@) - d)+accosx ) , (17)

where at=(am2+ad2)l/2, 6=tan'1(at/am) and ar=kgv, /Q.

Introducing eg. (17) into eqg.(9), making use of the formula,

exp{iasinﬁ)=EJl(a) e'’, we have the propagator in the form

i=e

Jiey) Jr @) Js @) Jp &) o101 i PPl

18
r e~k v.-pe -1Q (18)

G ke)=1 Y

PPl

where J is the Bessel function. In what follows, we consider the
case of =0 and «<«Q. We introduce the wvelocity moment of the

propagator which is also averaged over the magnetic surface:

Gy~ % $as[ dvg. ex

Pty

TVPR) . (19)

Ven

Integrating both side of eq. (8), we have the perturbed density in

terms of Gp:

No=- e pag (-2 g- 2+ L ngae, . (20)
T « 2 «

Substitution of eq. {18) intc eg. (192), making use of the integral

formailae

“ . L
[avv. dedemccn-"2r.0, (21)
- 3 . Vo~ Vf—x—l

[avv’ staoexpt €0 = T2 .0 + b0 0 T O (22)
¢ th
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we obtain

~

G.=T, B)Z, ), (23)

~

G:=T, B ZA)+ T +D I -T2, @) (24)

where I‘o(b)=e'blo(1’:.\),b=(k_p)2 with I, being the modified Bessel
function, and the toroidal plasma dispersion function Z p(u:) is
defined by

~
o

4%

Zy &}=I;“|———:F,:Jf(az)z_p Craal (25)

Car=e/ KopaVe) and Ep has been defined by

Z, 02, O 2, O) (26)

with E=£e;”:,&r=s/(l+s) , and Zg, is the p-th moment of the plasma

dispersion function:

i = et
Z, 07 & _gree (27)
Yo =5 =L
In eg.{26), the second term represents the trapped particle loss

cone effect which wvanishes without the toroidal effect £-20.

~

Equation (23) also reduces to the usual form Z.=( 2 (. when &-0.

The moments can be cobtained from the usual plasma dispersion

functiocn ZO(C_) by the relation8) : Zl(C)=l+CZO(C_), Z,=lZ4 (L),
Z5 (()=1/2+{Z5 (0} . Introducing egs.(23) and (24) into eg.({(20), we
have

Nom- e peig- L gonyr «S2ap -z Sarzae, . (20)

For trapped particles, if we neglect the magnetic drift effect,
the prcopagator may be approximated by

. E Ty kv /ey ) T (v e o @Ine

g9z =2
= e-le,

’ {29)
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Ve = .
where mb=uknJ;—*2‘KGd is the freguency and vy is the velocity of
V.

bounce motion.

§3. Dispersion Relation

We proceed to the derivation of the electrostatic eigen mode
equation for ¢,. For electrons, we assume be={k;pe)2/2=0, and then
Fg{bgl=1 and Iq (b )=0. 1In this case, eq.(28) can be written as

o

eN, L, .
§+(I—&:(1'T]e))zo+ mneZ:]q)m ’ (3‘1‘)

N®=-

where «, is the electron diamagnetic drift freguency. The ion
diamagnecic drift fregquency becomes @y {7, T with =T3/T,.

In order to introduce the radial variation of @, {r), we separate
K in b as Kﬁﬂgﬁ{a@r)z and write b= b- (pdfr)? with b=(k6m%Q_Then,
the function of b may be expanded in the form :ro(5)=ro{b)(l +
dd@x)z), where (F*dlnro{b)/db , and xz(r~rs)/pi with rg being the
radial position of ratiomal surfce k. (rg)=0. The same expansion
will be applied for E(Tl-fo)=(l+al(@ﬁx)2) with ay=-dinb(I;-T,) /db.
Intrcducing these expansions for ro(E) and E(Fl-To} into eg. (28)
both for ions and energetic ions, and substituting resultant
expressions and eg. (30) intc the guasineutrality condition,

~eNtelN;+eliyy=0, we have the eigen mode eguation:

) b owya k) =0 (32)
=

where the potential coefficient has been given by

Pl\r (X)
E ===, (33
% 1) B, ) )

and the numerator Py and denominator Pp are, respectively, given as



~

follows:
Be (x)=1+71+ (1-% 0-n.Z, €.) %nezzca}ﬁanf—' 1-n))T. b)
; ; -

~

'H’};T%Q (rl—l‘o)}zoci)”%mzz @)
+Ch T, ba) - nh—‘-’-bh(lE-T Y12 o Ea 2Z2 €)1 (34)
¢ & T, 12, &)

B x)= a{{(1+—(1 )T, Cb:)*‘m-—-—k&(l"z

+ 20,2, )ty g, m—n-“"b 1-nx))T, B)
w B

A ““bh{rl r )}z ¢ )-—nhz €T (35)

“ T
©

The coefficient cn is given by cp=1I,T/ (N Ty} and +T4/Tg-

We derive the dispersicon relation assuming the Pearstein-Berk
model0) approximation for the eigenfunction of eq.(32). Since Pp(x)
it can be expanded in the

is an even function with respect to x

(36)

form
B x)=P, 0+ lox)".

where o=(12d2p /dx2) /2] For &, =H_(z)exp(-ioz?) with H, being
the Hermite function and 22=iox2, the eigen value condition becomes

(37}

B, 0= fn+lia

with n=0,1,2,....

Uniform Temperature Plasmas
First we consider a simple case of uniform temperature plasma
Py and

T;=Tg and ng=ni=nyp=0. In this case, from egs. (34) and (35},
Pp are reduced to
B )= {38)
%{x)=ajf{l+i—“)1‘oh)zo ), 2 lh g By z, @) (39)
. . o w



we must examine the characteristics of the potential function Pm
near the rational surface x=0. Making use of the usual expression
k. {(xX)=k_(0)+ kgpix/Lg, from the definition, we have Tn+1=
wlegx+le, ) where “szkepivth/Ls and Lg is the shear length. Near
the rational surface, wgX<lup, for 1=0, {=wlugx) which can be much
larger than unity. Wwhile for 1=0, (m+1*wlee which is independent
of x.

Recalling the approximation CZO{C)'-'~1~1/(2<22)for {>>1, we have the

toroial plasma dispersion function in the form

- 1. AL
Zo=~Goo Tl (o) 227 41d (40)
£ [t
where Go= T2 @) U~yer) +fer and
- w - @ o w o, w
5=02 ) ——ImZ, ) +2F Tl a) —Imz, < 41)
° )w,}xl {msx 12-1 ! (at)lu‘t &u:c (
with ImZ, Q)= lexp T3 - explelt?)]. In the slab geometry, e=0, the

second term (torcidal resonance) in eqg. {41l) vanishes and the first
term reduces to the usual one which vanishes rapidly near the
rational surface x=0.
2pplying eq. (40) to edg.{(38), we have
B () =2- (-5 G, +G,.x7-18,) ~ 1+ ST, @) €, + Gux” —ib,)
@ w

+ch{;-u-i—j) G.+Gux-15,)T. B} , (£2)

where Gl-—-Joz oy (o:s/m)zf’.. From eg. (37}, the zeroth order dispersion
relation may be written by Pn{(0)=0, which can be rewritten, from

egs. (33) and (42), in the form

B (0)=2- e—%> @G, ~15.) -&+%’-) I,®) G, -1 )

3’
0y - -=By 6 -35,)T ®,)1=0, (43)

From eq. (43), we obtain the normalized real frequency

G, (1-T, B)y+C, 2T, (&)}
[N

I , {44)
@, D_
where Dn=2—GO(l+I‘o)+Ch(l—GOFO (bh)) . By the same manner, the

normalized growth rate is obtained in the form

10




G-——)b +(1+—)I‘ Big +C, (— —24)F, 5,3,
Y o,
—_—_——= (45)
« D

n

Variations of wi,as a function of b; for various values of ar
calculated from eg. (44) are presented in Fig.l. The energetic icn
contribution to wis small , because Cpu,p/e,EN,/N,5107%. It can be
dominant in eg. {44) only when by~ 0. As seen in PFig.la, « "is
negative and close to the ion drift frequency, «¥«,.the electron
contribution may be negligible in eq.(45) because Wiy o<<1 and
184/ <<3;]. The electron contribution is important only when w=t, at
which the ion term in eg. (45) vanishes. Although the coefficient of
energetic ion term is small, of the order of Ny /N,, since rp*l,
by can be large as compared with 5; and the energetic ion term may
have some stabilizing contribution. Variation of the normalized
growth rate as a function of b; are presented in Fig.lb for various
values of the toroidal effect ag -

We now consider the shear damping effect ¢. Since Pyp{x) and Pp(x)
are even function near x=0, we have P'(0)=P'p{0)=0. Making use of

the zercth order relation Py (0)=0, we obtain
P."{0)
oy =E— | (46)
203

From egs. {39) and {42), we have

B " 0) =-2G,, u-% -20s (+ T @) 260, -SRI B0, (47)

R0 =-al T By Go-18y) +CY a—l‘—")r ) ©6,-18,) (48)
The energetic contribution in egq. (40) is small, Ch'm*hm:ﬁNh/Nol and
may be neglected.

Since the scale of the eigenmode eguation is normalized by the ion
Larmor radius, if we take the ion term in egs.(47) and (48), from
eqg. (46), we have

2G,

e £3
B0 s (43)

Introducing egs.(43), (48) and (49} intc eg.(37), the normalized

I



shear damping correction to the growth rate yis obtained in the

form
&% 14T, @) 6] +3))* cos 50

Jo Coy

D, w

n

Yo

u:n

where m=ﬂintan’l(6i/Go). In eq. (50}, the energetic particle effect
is in D, in the denominator, which is small.The shear damping
beccmes very large when by » 0, because « + 0 as seen in Fig.la and
Yg > - as seen in eq.(50). The tctal growth rate i@,=(rws)/m*as a
function of by is plotted in Fig.lc in the case of no energetic iong
for various values of the toroidal effect ar. As seen in Fig.lc, the
ion drift mode is completely stabilized by the shear damping when
the toroidal effect a, is small.

Numerical results for the case with energetic ioms are plotted in
Fig.2 for various values of the toroidal effect ar. As seen in
Fig.2a, the oscillation frequency change sign in the region of small
b;.
in Fig.2c. The energetic ions weakly stabilize the drift mode in the

In this region, the drift mode is completely stabilized as seen
uniform temperature plasmas.

§4. Summary and Discussion

We have derived the eigen mode eguation for the electrostatic drift
waves in torecidal plasmas with minority energetic particles and
temperature inhomogenieties. The toroidal propagator used in the
theory has been generalirzed including the precessional drift motion
of particles, which has however minor effect on the analysis except
in the high energy region.

Assuming the Weber type potential function, the dispersion relation
is derived, which is evaluated in the simple case of uniform
temperature plasma. The toroidal effect strongly destabilizes the
icn drift mode by the ion transit resonance. The elecrostatic drift
mode was insensitive to the presence of energetic ions except for
the small Larmor radius and small toroidal effect region, b;=+ 0 and

dr—> 0, where the drift mode is stabilized by energetic ions.

12



Although the uniform temperature drift mode is not sensitive to the
energetic ions, if we introduce the temperature inhomogeniety, the
dispersion relation may change significantly, which is remained to
be studied.

In the derivation of the shear damping in eq. (50), the second ion
term in eq. {47} was taken into account to have the same ion scale
with the eigenmode equation, and eq. (49) was reduced. However, in
eg. {47), the first electron term is dominant because Gig is much
larger than G;;. If we take into account this electron term, Py (0)
becomes entirely different form as compared with eg. (49), and the
sign of P"(0) may change. This means that the potential function
Pp (X) near x=0 behaves differently in the electron and ion scales,
i.e., when P*(0) >0 in the lager ion scale , the opposite sign
could happen in the small electron scale. If we take into account
the both electron and ion scales, the eigen functicn may need scme
correction to the Hermite function, or more advanced eigenfunction
should be introduced, and the dispersion relation (37) may suffer

some change. This problem is also remzined to be investigated.
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Figures Captions

Fig.la; Normalized oscillation frequency wis. versus bi=k12pi2/2
for varicus values of a,=2m{1+Ak in case of no energetic
particles Cp=0.

Fig,1b: Normalized growth rate yise Versus bifor verious values of
a, in the same case of Fig.la.

Fig.lic: Normalized growth rate with shear damping Vo= (rrg) /e
versus by for various values of g, in the same case as
Fig.la.

Fig.2a: Normalized oscillation frequency wis, versus byfor various
values of ay with energetic ions, Cp=0.003, wip/wx=-20C,

Fig.2b: Normalized growth rate yi, versus by for verious values of
ay in the same case of Fig.Za.

Fig.2c: Normelized growth rate with shear damping Vac.=(y+vg)/«s
versus b; for various values of a. in the same case of

Fig.za.
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