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ABSTRACT
Magnetic surface breaking due to the finite pressure effect is analyzed for three dimensional
magnetohydrodynamic equilibzia of 1=2 Heliotron configuration. Characteristics of magnetic
island formation are extensively surveyed. It is found that the well-hill criterion which has

been predicted by the local analysis is not always applicable for all cases.
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1 Imtroduction

That magnetic surfaces can be deteriorated by finite pressure effects in toroidal helical systems
has long been known ,'~% but there has been no practical quantitative method to investigate
this phenomenon. Recently developed three dimensional equilibrium code, HINT * is ded-
icated for its analysis. As is described in the previous paper ,*® an important discovery
obtained by the code is that breaking of magnetic surfaces occurs in actual configurations
of toroidal helical systems such as the Heliotron (or Torsatron) configuration. Namely, the
outer ergodic region, which is observed even in the vacuum field due to the loss of symmetry,
expands and the plasma region shrinks when the plasma beta is increased. What should be
noted is that such breaking of magnetic surfaces due to finite pressure effects often imposes
severer limitation on the equilibrium beta than the Shafranov shift.

The origin of the appearance of magnetic islands in a finite beta equilibrium of toroidal
helical system is attributed to the plasma current which is induced to satisfy the equilibrium
force balance condition j x B = y7p. The resonant field, which can be produced by the plasma
current (dominant effects are given by its parallel component) in the nonaxisymmetric torus,
causes appearance of magnetic islands inside the plasma. When an island is induced, the
pressure profile is significantly modified near the island. Thus, a consistent analysis between

the equilibrium (j x B = ¥p} condition and the island formation is required.

As for the evaluation of the breaking of magnetic surfaces, there have been two approaches.
One is to pay attention to the local effect of the plasma current, and discuss a very fine
structure of pressure profile near a rational surface, whereby sizes of islands can be estimated
as a saturation level of some resistive instability (local analysis) ."~® The local approach results
in a simple criterion for the formation of magnetic islands; islands grow in a magnetic hill
region, but not in a well region .” Our approach is dedicated to the evaluation of the global
effect of the plasma current. The analysis is based on a consideration that the total effect of
the plasma current integrated over the whole plasma region determines the amplitude of the
resonant component of the produced magnetic fields on each rational surface. In this analysis,
3D effect of the total structure need to be taken into account consistently, which is not fully
treated in the local analysis. As will be discussed in this paper, the well-hill criterion predicted
by the local analysis is not clearly satisfied in the global analysis, and the results sometimes
show opposite tendency in appearance. Therefore, it may be natural to consider that these

two approaches deal with different physical aspects of the formation of islands, and they are



supplementary to each other.

At present there exist several excellent 3-D equilibrium codes ,'***

and they are actively
utilized to analyze properties of helical equilibria. However, one drawback of these codes is
that they assume a priori the existence of clearly nested magnetic surfaces, either explicitly
or implicitly. In order to investigate the magnetic surface breaking, therefore, a new approach
is invoked. Several works have thus far addressed numerical evaluation of the global effect on
the breaking ,'*'° but it remains unclarified. In order to analyze this problem quantitatively,
we developed a 3D equilibrium code HINT.

In the following, we show the results obtained by using this code on Heliotron/Torsatron

configurations, and study the general tendency of the island formation.

2 Magnetic Surface Breaking

Figure 1 shows an example of a process how the breaking of magnetic surfaces expands as 3
increases, when the operation to suppress the breaking is not carefully done. The figure shows
magnetic surfaces for one typical poloidal cross section of a Heliotron configuration, with the
pitch period number M = 10 and the pitch parameter . = l‘f—}% = 1.2, for a vacuum field (
(a) }, and for a finite A equilibrium (§ ~ 3.7%) ( (b) ). An ergodic region is observed on the
boundary of the vacuum field. As £ increases, as is shown in the enlarged figure of (b), the
boundary surfaces are ergodized due to the finite pressure effect, and the size of the outermost
magnetic surface defined by the last closed clear surface shrinks.

Since the calculation is executed on the finite size grid points, we have to be careful about
whether the observed formation of islands is due to some numerical artifacts or not. In order
to clarify this, we execute a convergence check where the same equilibrium calculation is made
on the grid points with different sizes. The results are compared in Fig.2 (a) (the grid size is
49 x 49 x 21 for half pitch period), and {(b) (97 x 97 x 29). As can be seen in the pictures,
the sizes as well as the phases of islands are very close to each other. An extrapolation of the
island size for an infinite grid-size calculation gives the similar size of the island as is shown in
Fig.2 (within several percent of error), which strongly supports that the results are physical.

When islands appear, the pressure profile is significantly modified. As a result of ergodiza-
tion of magnetic surfaces in the boundary region, the pressure profile is peaked as is shown in
Fig.3.

Here we note one property in the occurence of the breaking of magnetic surfaces; a differ-



ence between the effect of the vertical field on vacuum fields and the effect of finite pressure
fields, both of which can shift the radial position of magnetic surfaces. Figure 4 (a)-(e) show
the sizes of the outermost magnetic surfaces in vacuum for { = 2/M = 10 Heliotron config-
urations when the exiernal vertical field B, is changed to control the radial position of the
magnetic axis. A noticeable property is that there exists a tight boundary, indicated with a
label "breaking zone”, beyond which magnetic surfaces are strongly ergodized .*® The position
of the "breaking zone” is not changed when B, is changed, and it exists both on the outer side
(as can be seen in Fig.4 (a)-(c)) and the inner side (in (c)-(e)) of the torus. The size of the
outermost surface is practically determined by the surface which touches the ”breaking zone”,
and this property is most clearly observed on the vertically elongated up-down symmetric
poloidal cross section, as is shown in Fig.4. The position of the "breaking zone” does not
change when other external axisymmetric fields, such as the quadrupole field By, are changed
18 We observe the same property for a variety of = 2 Heliotron vacuum fields with different
pitch period numbers M and piich parametess ~,.

On the other hand, the occurence of the magnetic surface breaking in a finite pressure field
has a property which is different from the vacuum one shown above. As is shown in Fig.5, the
position of the boundary of the ”breaking zone” for the finite pressure case becomes closer to
the magnetic axis, compared with the one for the vacuum case. This can be explained by the
fact that the "error” fields produced by the plasma current contain various nonaxisymmetric

components, thus resulting in the expansion of the area of the noisy ”breaking zone”.

3 Control of Magnetic Surface Breaking

In order to understand the general tendency of the "fragility” of magnetic surfaces in a finite
beta equilibrium, we have done a parameter survey for several different physical parameters.
I the following, we show the effect of the pitch period number M, the external poloidal fields,
and the / = 1 field on the occurence of the breaking,

3.1 Pitch period number M dependency

The M (pitch period number) dependency of the breaking of magnetic surfaces is shown in
Fig.6 for the [ = 2 Heliotron configuration. This survey is made under the condition that the
pitch parameter 7. is fixed to 1.3, the pressure profile is given as p = po(1 ~ )? (till islands

appear) where 1 is the normalized toroidal flux, and the position of the vacumm magnetic



axis is at the center of the helical coil, which is controlled by the external uniform field B,.
As is shown in Fig.6 (b), the shear and the rotational transform of the vacuum field at the
plasma surface, along with the aspect ratio, increase as M increases. (It should also be noted
that the magnetic hill region increases as M increases.) The tendency of magnetic surface
breaking as a function of beta is shown in Fig.6 {a), where the broken line indicates a beta
limit at which the outer region of about 30 % of the miror radius becomes ergodic. In general,
the breaking has a tendency to be suppressed as M increases, or as the aspect ratio increases,
which corresponds to restoration of the helical symmetry.

For low M (or low aspect ratio) configurations, we find that the breaking is improved by

choosing other free parameters properly. The results are given in what follows.

3.2 Effect of external poloidal field
3.2.1 Effect of B,

Pigure 6 {c) shows the effect of the external vertical field B, ,* which controls the radial
position of the vacuum magnetic axis. As is shown here, the inward shift of the magnetic axis
is favorable to suppress the breaking. In fact, by slightly shifting inward we can obtain a high
beta equilibrium {such as 5 > 5%) for M = 10 configuration keeping clearly nested surfaces
and the Shafranov shift limit.

The effect of B, on the control of the breaking is visually shown in Fig.7, where an
example of a finite beta equilibrium with boundary suzfaces destroyed by the finite pressure
effect {shown in (b)) is used as the reference (8 = 3.7% ). As is shown in Fig.7 (a), when the
plasma is shifted outward by controlling B,, the breaking remains deteriorated. On the other
hand, as is shown in {(c) and (d), clear surfaces recover when the plasma. is shifted inward.

Thus, one practical way to control the breaking is to make use of the external vertical field
B,, which is rather easily realized by controlling the poloidal coil current in a real experiment
even after the construction of the device. One problem for this way, however, is that the
physical properties of the configuration, such as the rotational transform profile +(r) and the
magnetic well profile U(r), are significantly modified as B, is changed, as is shown in Fig.
8. The minor radius really increases owing to the recovery of the destroyed surfaces and the
shear increases, but the well depth is noticeably reduced by the inward shift. Therefore, we
have to be cautious about other physical effects, such as the stability. (We proposed a method

to suppress the breaking by making use of a simple extra coil which is free from the problems



mentioned here .17)

3.2.2 Effect of B,

The effect of the external axisymmetric quadrupole field B, on the breaking is shown in Fig.6
(d) .° In this picture, the abscissa represents the magnitude of the imposed B,, measured
in the unit of toroidally averaged magnitude of the quadrupole field produced by the helical
coil current. Namely, the value of 7 —100% ” corresponds to the case where the quadrupole
component is just compensated by the external B, which results in a round shape of magnetic
surfaces in an averaged semse. The result indicates that vertically elliptic shaping of the
surfaces is favorable to suppress the breaking. Using a finite beta equilibrium with = 2.8%
(shown in Fig.9) as a reference case, the effect of B, is more clearly visualized in Fig.10 (a)
for 7 ~100% 7 case and (b) for ” +30% ” (vertically elongated) case. The corresponding
change of physical properties is plotted in Fig.11 (a) and (b), respectively. The rotational
transform profile is largely controlled by B, and the well depth slightly decreases as the shape
is vertically elongated. When the shape is too strongly vertically elongated by the control of
B,, the rotational transform at the magnetic axis decreases till it becomes below zero, and

splitting of the axis occurs.

3.2.3 Effect of B,

The effect of the external hexapole field Bj is shown in Fig.12, where the equilibrium shown in
Fig.9 is used as a reference. In this case, ” —200% ” (the value is defined in the same manner
as for B, ) of the hexapole field is added. The hexapole field controls the triangularity of
surfaces, and the inside vertex is peaked when it is imposed negatively. We observe a slight
improvement in the breaking. When the hexapole field is imposed positively, the breaking is
deteriorated. However, as can be expected from the above sequence of the effect of B, By, and
By, the ability in reduction of the breaking reduces as the pole number of the external fields
increases. In fact, for a higher beta equilibrium which suffers from a wider area of ergodized
boundary surfaces, it becomes difficult to suppress the breaking solely by B, or by a higher
pole number field.



3.3 Effect of 1=1 field

The fact that the vertical field efficiently controls the breaking suggests that the [ = 1 com-
. ponent of external fields could control the formation of islands.

In fact, when we add an { = 1 helical coil to the original { = 2 helical coils, the breaking
can be remarkably controlled. A reference equilibrium with 7 = 3.3% is shown in Fig.13 (a)
for a [ = 2 configuration. As is demonstrated in Fig.13 (b), the additional field of { = 1 coil
(see the right panel of (b)) significantly improves the breaking, where the ratio of the { =1
coil current over the [ = 2 coil current is 0.3. The position of the [ = 1 ccil can have two kinds
of phase relative to the position of the [ = 2 coils, as is shown in the right panels of (b) and
(¢). It is quite interesting to note that, as is shown in Fig.13 {b) and (c), regular magnetic
surfaces are remarkably recovered for both cases of the phase.

The corresponding change of the physical properties is shown in Fig.14 (a), (b), and (c},
respectively. Especially, for the [ = 1 coll field of the case of {c), the well depth increases on
top of the recovery of regular magnetic surfaces, which is very favorable to the stability. (We
may need to mention, however, that the particle orbit loss increases when superposing { = 1
cotl field, case (c).)

When the direction of the I = 1 coil current is reversed, as is shown in Fig.15 (a), the
breaking is significantly deteriorated (here, the ! = 1 coil is the same as the case (b} in
Fig.13). Furthermore, when the [ = 1 coil current is excessively given, even if it has the
proper direction, we observe deterioration in the breaking as is shown in Fig.15 (c). Thus,

there exists some optimum amplitude of the { = 1 coil current.

4 Discussion

In this paper, we have studied the tendency of the occurence of the breaking of magnetic
surfaces observed in finite beta equilibria for a variety of configurations of [ = 2 Heliotron.
These analyses are made numerically by using a 3D equilibrium code which is mainly dedicated
to investigate the global effect of the plasma current. It may be interesting to summarize the
results from the view point of the well-hill criterion, which was proposed in the analysis of
the local-effect of the plasma current on the island formation” ; we observe improvement
of the breaking when the configuration becomes more hill-like for the cases of M, B,, B,
controls, and the (b)-case of [ = 1, and when the configuration becomes more well-like for the

case on the control of the {c)-case of { = 1. The former cases show the opposite tendency



from the well-hill criteria given by the local-effect analysis. The fact that the breaking is
improved sometimes in a hill-like and sometimes in a well-like configuration suggests that the
well-hill condition is not directly related to the formation of islands as for the global effect.
Therefore, as we have described in the introduction, it may be natural to consider that these
two approaches, namely the global and the local analyses, deal with different physical aspects
of the formation of islands.

A question may arise as to why the local-effect does not apparently appear in the present
calculations obtained by 3D equilibrium code. One possible answer is that a much larger
grid size is required to analyze fully the local-effect up to the nonlinear stage of the relevant
instability, which becomes too much expensive computations. Another possibility is that the
local-effect is smaller than the global-effect in the present parameter range. (Note that the
equilibrium calculation is made for a half-pitch of the torus, in which ”natural islands” are
analyzed, whereas the local analysis sometimes discusses about a ”full-torus low-n” global

mode.) A full comparison between the local and the global effect will be made in the future.



REFERENCES

1 S.Hamada, Nucl. Fusion 2, 23 (1962).

2 H.Grad, Phys. Fluids 10, 137 (1967).

* A.H.Reiman and A.H.Boozer, Phys. Fluids 27, 2446 (1984).

* K.Harafuji, T.Hayashi, and T.Sato, J. Comput. Phys. 81, 169 (1989).
® T.Hayashi, T.Sato, and A.Takei, Phys. Fluids B 2, 329 (1990).

® T.Hayashi, A.Takei, N.Ohyabu, and T.Sato, in Plasma Physics and Conirolled Fusion
Research (International Atomic Energy Agency, Vienna, 1991), Vol.2, p.143.

T J.R.Cary and M.Kotschenzeuther, Phys. Fluids 28, 1392 (1985).
8 C.C.Hegna and A.Bhattacharjee, Phys. Fluids B 1, 392 (1989).

® C.C.Hegna, A Bhattacharjee, Y.Nakamura, and M.Wakatani, Phys. Fluids B 3, 2285
(1991)

10 S.P.Hirshman and D.K.Lee, Comput. Phys. Commun. 39, 161 {1986).

11 F.Bauer, O.Betancourt, and P.Garabedian, Magnetohydrodyrnamic Equilibrium and Sia-
bility of Stellaraiors (Springer-Verlag, New York, 1984).

12 R.Chodura and A.Schliter, J. Comput. Phys. bf 41, 68 {1981).

13T.C.Hender, B.A.Carreras, L.Garcia, and J.A.Rome, J. Comput. Phys. 60, 76 (1985).
* A H.Reiman, H.S.Greenside, J. Comput. Phys. 87, 349 (1990).

15 W Park, D.A Monticello, H.Strauss, and J.Manickam, Phys. Fluids 28, 1171 (1986).
16 J. Todoroki, private communication (1990).

17 T Hayashi, A.Takei, N.Ohyabu, and T.Sato, Nucl. Fusion, 31, 1767 (1991).



FIGURE CAPTIONS

Fig.1 Poincare plots of magnetic field lines for a [ = 2/M = 10 Heliotron configuration, a)
for a vacuum field, and b) for a finite beta equilibrium. Note that islands appear in b),
as is shown in the enlarged picture, due to the finite pressure effect, and the boundary

ergodic region expands.

Fig.2 Magnetic surfaces of a finite beta { = 2/M = 10 Heliotron equilibrium calculated on
different grid sizes, (a) with 49 x 49 x 21 and (b) with 97 x 97 x 29 for half pitch period.

Fig.3 Pressure profile of a finite beta equilibrium of [ = 2/M = 10 Heliotron, (a) for § = 0.7%,
and (b} for 3 = 3.7%, at the cross section of ¢ = 18°.

Fig.4 Vacuum magnetic surfaces of { = 2/M = 10 Heliotron configuration, where the position
of the magnetic axis is controlled by B, for cases (a)-(e). Note that the position of the
outermost surface is practically determined by a surface just touching a boundary of an
area indicated by "breaking zone”, which exists on both the outer and inner side of the

torus of the ¢ = 0 cross section.

Fig.5 Position of the boundary of "breaking zone” moves into the plasma region as beta is

increased. (Compare with Fig.4 for vacuum cases.)

Fig.6 General tendency of the occurence of magnetic surface .breaking due to finite beta
effects for [ = 2 Heliotron configuration. (a) represents the pitch period number M
dependency, and (b} is for the corresponding plasma minor radius and the rotational
transform at the axis and the surface in vacuum fields when M is changed. (c) and (d)

show effects of the external fields B, and B,, respectively.
Fig.7 Effects of B, on the control of magnetic surface breaking,

Fig.8 The rotational transform profile and the magnetic well profile (a) before and (b) after
imposing B, (inward axis shift) to suppress magnetic islands. The plasma minor radius
increases in (b) because of the recovery of outer magnetic surfaces.

Fig.9 (a) Magnetic surfaces of a [ = 2/M = 10 Heliotron equilibria with § = 2.8%, where
B, = 0. (b) Corresponding profile of the rotational transform and the magnetic well.

Fig.10 Effects of B, on the control of magnetic surface breaking, where (a) is with B, =
—100% and (b) with B, = 30%.
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Fig.11 Corresponding profile of the rotational transform and the magnetic well for (a) and
(b} of Fig.10, respectively.
. Fig.12 (a) Effects of By on the control of magnetic surface breaking. (b) Corresponding

profile of the rotational transform and the magnetic well.

Fig.13 Effects of additional [ = 1 field on the control of magnetic surface breaking. (a) A
reference equilibrium of { = 2/M = 10 Heliotron with 5 = 3.3%. (b) Clear magnetic
surfaces are remarkably restored when { = 1 field is added, where the { = 1 coil current
is 0.3 of the [ = 2 coil current. (c) Remarkable restoration of surfaces is also observed
for the opposite phase of the [ = 1 coil relative to the { = 2 coil position, as is indicated

by the right panels.

Fig.14 Profiles of the rotational transform and the magnetic well, corresponding to (a),(b)
and (c) of Fig.13, respectively.

Fig.15 Effects of additional { = 1 field on the control of magnetic surface breaking for three
cases of the amplitude of the { = 1 coil current [;—;, where I;zy/I;=; is (a) -0.3 (opposite
direction), (b) 0.3, and (c) 0.5.
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