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ABSTRACT

Development of the steady-state potential in a two-temperature-electron plasma in
contact with the wall is investigated analytically. It is shown that i the hot- to cold
electron temperature ratio is greater than ten, the potential drop in the presheath, which
is allowed to have either a small value characterized by the cold electrons or a large
value by the hot electrons, discontinucusly changes at a critical value for the hot- to
total electron density ratio. It is also found that the monotonically decreasing potential
structure which consists of the first presheath, a current-free double layer, the second
presheath, and the sheath can be steadily formed in a lower range of the hot- to total
electron density ratio around the critical value. The current-free double layer is set up
due to existence of the two electron species and cold ions generated by ionization so as
to connect two presheath potentials at different levels.
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I. INTRODUCTION

A plasma with energetic electrons or a two-electron-population plasma is produced
in various laboratory devices. In tokamak experiments using ion cyclotron frequency
heating, lower-hybrid wave heating, and rf current-drive, non-thermal electrons appear
in scrape-off layer due to stzong rf fields'*. In the tandem mirror, during strong electron
cyclotron resonance heating, the electron distribution composed of two Maxwellians at
different temperatures is observed in the open end region in front of end plates®. In the
negative lon source, fast primary electrons for excitation of hydrogen molecules and slow
plasma electrons for production of negative ions are required in order to improve volume
production of negative hydrogen ions®.

Two-isothermal species of electrons have also been observed in the expanding corona
of a plasma heated by a laser®. The expansion of such a plasma and the development of
a potential double layer, called a rarefaction shock, have been investigated theoretically,
and general conditions under which rarefaction shocks can exist was derived®’. Recently,
a laboratory experiment of the expansion of a two-electron-population plasma has been
carried out by Hairapetian et al.®. They have also observed a stationary, current-free,
potential double layer which is formed due to self-consistent separation of the two electron
species in the same devices®.

The appearance of energetic electrons is expected to have a remarkable effect on
potential formation in the plasma because the potential formation is closely associated
with the electrons distribution. While there has been considerable theoretical activity

in the problem of potential formation in a plasma bounded by the wall since the kinetic



analysis in the context of discharge plasma was done by Tonks and Langmuir'®~'?,

we
know of few attempt to verify the characteristics of the potential formed in two-electron-
population plasmas.

In this paper, we theoretically investigate the steady-state potential formation in a
two-electron-temperature plasma to show possibility of steady-state potential formation,
to clarify the potential structure, and to evaluate the potential drop in such a plasma.
The ions are assumed to be generated by ionization of neutral atoms without thermal
motion, and the electrons are assumed to have two Maxwellian distributions at different
temperatures, T}, and T.. We analytically solve the plasma equation, and check whether
the amalytic solution satisfies a comndition for the formation of a stable sheath poten-
tial. Results calculated from the analytic solution show that the potential drop in the
presheath has either a small value characterized by the cold electrons or a large one by
the hot electrons if the temperature ratio 7}, /T, is greater than 10. There is a critical
value for the hot- to total electron density ratio at which the potential drop of presheath
discontinuously increase from the low level to the high one as the density ratio increases.

We also find that the steady-state monotonically decreasing potential which consists
of the first presheath, a current-free double layer, the second presheath, and the sheath
just in front of the wall can be set up in a lower range of the hot- to total electron density
ratio around the critical value. The present double layer builds up in the plasma with-
out plasma current, while most double layers observed in experiments'* or theoretically
investigated'® require the presence of a plasma current. The double layer structure is

sustained by self-consistent separation of the two electron species and generation of ions



at the two presheathes. The formation mechanism is similar to that of the double layer
experimentally observed by Hairapetian et al.%.

In Sec. II, we present the solution of the plasma equation, and briefly discuss a
condition for the formation of a stable sheath potential. The formation of the double
layer and the solution of the plasma equation for the second presheath is described in
Sec. III. Results calculated from the analytic solutions are illustrated and discussed in

Sec. IV, and the conclusions are surnmarized in Sec. V.

II. SOLUTION OF THE PLASMA EQUATION

A collisionless plasma is assumed in a one-dimensional planar geometry with walls
at ¢ = *L, which are perfectly absorbing and electrically floating. The electrostatic
potential ¢(z), which is defined to be zero at z = 0, is expected to be monotonically
decreasing for z > 0 as shown Fig. 1. The ion density n;{z) at some point z is described

by a kinetic equation

nilz) = < ov> ngn, [0 da’ h(2') [24 {6(<") — d(z)} /M]H? (1)

where ¢ and M are the charge and mass of the ion, < gv > is the ionization rate
coefficient, ng is the electron density at z = 0, and n, is the neutral atom density. The
function A(z) expresses the spatial variation of the ionization rate. It is assumed that
the initial thermal velocity of the ion is negligibly small. For electrons the distribution
composed of two Maxwellians at different temperatures is adopted to give the electron

density



ne(z) = neoexp[ed(z)/RTc] + ruo exp [ed(z) /KTL] (2)

where n. and nyo are the cold and hot electron particle densities at z = 0, and T, and T},
are the cold and hot electron temperatures. Substituting Fgs. (1) and (2) into Poisson’s

equation, we obtain the integrodifferential equation

d*
b T = 22 expled(a) /T, + 22 expled(a) KT

—<ov>n, (%)m /0 da'h(z) [9(z) — ¢, (3)

where Az is the Debye length at z = 0 defined by A}, = ek T, /noe?.
The plasma equation, which describes the potential distribution in the plasma expect
the sheath, is obtained by neglecting the second derivative term of Eq. (3). With the

introduction of the dimensionless variables
s=z/L, Z=gqfe, a=nup/no, T=Tp/T., Y(s) = —ep(z)/kT,,

the plasma equation is written in the form

(1 — a)exp(—¥) + aexp(—¥/7) = A'[]q’d@'%@l}% , (4)

where

M 1/2
A= <O’U>nn(-2“k—ﬂ) L

and U’ = ¥(s'). Equation (4) is Abel’s integral equation and its sclution is'®

ds _1d q’d‘If’(l — a) exp(—¥') + aexp(—¥' /1)

A 35 = 23 Jo (¥ — e ‘ )

The differentiation on the right-hand side in Eq. (5) can be carried out to give



ds

d¥
1 1 o —

, 0V LY, (6)

where D(z} is the Dawson function and ¥ is the potential at the plasma-sheath bound-
ary. In the absence of a boundary condition there is always a solution to the plasma
equation for any value of ¥;, but the solution satisfies the general Bohm criterion at the
boundary only if ds/d¥ =0 at ¥ = ¥;17. With the aid of this boundary condition, the

value of ¥; is determined from the equation

s = (1- el w0 (Vi) + expl-w/0D (/7).

Integration of Eq. (6) give the function s(¥) from which the profile of the potential in

the plasma up to the edge of the sheath, the so-called presheath, is determined ;

/ d‘p'dqr' (/ dxp'd@) ‘ (®)

It is seen from Eqgs. (6)-(8) that while the profile of the potential depends on the shape
of h(¥), the potential at the boundary is independent of it. We can calculate the profile
of the presheath potential from Eq. {8) once the function h(¥) is specified.

The wall potential ¥, is determined from the requirement that the electron flux and
the ion flux must be equal at the wall. Since the particle number of ions generated in
the sheath can be neglected in the limit as Ay/L — 0, the ion flux is evaluated by

integrating the particle source in the plasma as



2ZkTN\Y? i ds' '
;= - Al dUV-—h(¥
oro= o (255) a4 [ k) )

which is independent of the shape of h(¥). The integration in Eq. (9) can be carried

out using Eq. (6). The electron flux of the two-temperature electron is expressed by

1/2
o= o (o) (1= @)expl=u) + e/ Fexp(-u/r)] (10

and then, we obtain the equation from which the value of ¥, is determined as
(1— o) exp(—¥,) + ay/Texp(—¥, /1) =
16mZ\/?
( M ) [(1 — a)exp(—¥1)D (\/\171) + av/Texp(—¥/T)D (\/\Ill/'r)] :

(11)

We now derive the sheath equation and briefly discuss a condition for the formation
of the sheath potentials. Multiplying by d¥/ds and integrating Poisson’s equation, we

obtain the equation which described the sheath potential as follow ;

! (%)2 (‘Z_‘f)z - :d'lf’ [Zn(¥) — n(¥)] /o - (12)

Since the left band side of Eq. {12) is positive, the inequality

¥
q’d\I!'(Zn; -ne) >0 (13)
i

must hold over the range ¥; < ¥ < ¥,,, which is the condition for the formation of a
stable sheath potential. For a maxwellian distribution of electron, the inequality (13)
always holds true once the generalized Bohm criterion is satisfied at ¥ =¥, because of

rapid decrease of the electron particle density with increase of the potential. But, for



electron which has a high energy component, the inequality (13) doesn’t always hold
even if the generalized Bohm criterion is satisfied at the boundary. The ion density in

the sheath is obtain from

R\
n,(T) = fa’\II d@,(@ 11; - (14)

by using the solution of the plasma equation, Eq. (6). Carrying out some integration,

we can write the inequality (13) as
2 ¥ r 1 if2 ! 1/2 n1j2
w—wl—;/\l,ldw(m/xp )i _ T[ ' [(¥ — ¥~ (¥, - V)]
X [(1 — o) exp(—¥)D ( v+ %exp(—-\lf’/'r)D (\/‘I”/T)}
~(1 = o) [exp(—¥1) — exp(= )] — a7 [exp(—¥; /7) — exp(—T/7)]

20. (15)

If this condition is not satisfied over the range ¥; < ¥ < ¥,,, thereis not a nonoscillatory
solution which can reach to the potential ¥,. In this case, we can find another mono-
tonically decreasing potential structure which consists of the first presheath, a double

layer, the second presheath, and a sheath as described in the next section.



I1I. CURRENT-FREE DOUBLE LAYER AND
THE SECOND PRESHEATH

When a sign of the integral in Eq. (12) changes from positive to negative as the
potential ¥ increases, we can get a monotonically decreasing solution of Poisson’s equa-
tion which can reach the wall potential by introducing formation of a double layer and
the second presheath downstream from the first presheath. A double layer is a localized
electrostatic potential structure created by two equal but opposite space-charge layers.
The potential of the double layer placed to the first presheath is calculated from Eq.

{12), and the edge potential ¥p is determined from

¥p
L A'(Zn, —n.) =0 . (16)

This double layer is surrounded by the first and second presheathes, and is sustained by
the ionization of neutral atoms in the presheath regions. Appearance of the cold ion in
the second presheath enable the steady-state double layer to be set up in the plasma.
The thickness of a double layer is generally from a few ten times to several hundred
times of the Debye length, then the particle source inside the double layer can be ne-
glected in the limit as Ago/L — 0. Neglecting the particle source in the double layer, we

can describe the ion density in the second presheath by the equation

! ' ¥ ! f
ds'  h(¥) qu:'ds R(T")

¥
_ (a8 AlY) sl S
Zn,(s) = Ang { A dv AU (T — U2 Jy,  dW(Y - LR (17)

where the first term on the right hand side is the particle density of ions produced in the

first presheath and the second one is that produced in the second presheath. Equalizing



the ion density to the electron density and introducing the transformation £ = ¥ — ¥,

the plasma equation of the second presheath is written as

(1 - a)exp[—(¥p +E)] + aexp [~V + ¢)/7]

_og [Ty s WY ¢ ds' h(¥p +¢)
A/ d‘Il’ (Up + £ —0)1/2 + A/Odf g (e—eyre (18)

Since the first integral on the right hand side is a function of §, Equation (18) becomes

Abel’s integral equation and its solution is

1d ag’ '
i e {0 - eml-vo 4]
h(¥')

paexp (¥ + )/ 4 [ d‘l"dqﬂ(\lrwf' \If’)m}' (19)

AR, +f)-‘i’f -

Putting Eq. (6) into Eq.(19) and carrying out some integration and derivation give the
result

;i; _
}A;W {(1 ~a) [(xp ~Up) P exp(—=Up) — 2exp(—T)D ( T - wD)]

| (0 00) P exp(- /) — e/ (/T o)
_% owlllid_@:yr (“II’;D__;;’) v [\/}@ —2(1 — a)exp(—-¥)D (\/E)

—2%6:@(—@/7’)1) (\/\If’—/'r)} } , ¥p<¥ LY, . (20)

The potential at the edge of the second presheath, ¥, is determined from the boundary
condition, ds/d¥ = 0.
In the limit as Ag/L — 0, the position of the double layer is determined by using

the solution of the plasma equation. The position of the double layer, sp, is given by



sp= [ d¥V— (21)
0
and the position of the wall by

1=sp+ d\I!’ d‘Iﬂ , (22)

and then sp is expressed as

-1
sD:lH dq"d@ ([ d\I!’d‘Iﬂ) } . (23)

It is seen from Eq. (23) that the position sp depends on the spatial profile of the

particle source because the integrand ds/¥ varies inversely as h(s), while the potentials
¥,, ¥,, ¥p, and ¥,, are independent of h(s}). The potential profile in the first and

second presheathes is found from the integral

s(¥) = SD/d\Iﬂd\Iﬂ ( d\];ﬂj;ﬂ) , 0<s<sp (24)
and
¥ ds'\ 7
s(¥) = sp+ (1 sD)] dwdqﬂ (j dq:d@) . sp<s<l (25)

which depends on the spatial profile of the particle source.

Since the cold electrons are reflected by the double layer potential, the electron dis-
tribution function at the second presheath is close to a Maxwellian with the temperature
T.. In this case, a nonoscillatory stable sheath potential is always formed just in front
of the wall once the generalized Bohm criterion is satisfied at the edge of the second

presheath. The ion flux is evaluated by integrating the particle source as



1 ¥ ds' Yads’
Sy + [ )|
) A[/O ') + [Tk )l (26)

2ZkT,
M

ZP,‘Z’!’LU(

Carrying out the integration in Eq. {26) and equating the electron and ion fluxes, we

obtain the equation to determine the wall potential as
(1— a)exp(—%,) + a/Texp(—T,,/7)
16mZ\?
= ( W;} ) {(1 — ) [eXP(—‘IH)D (\/‘I&) + exp(—VU3} D (\/1];!2 - \]}D)]

+av/T

expl=0/rID (\f0s/7) + expl =/ r)D (/{0 = 02/

1 o U, —Up\ 2
— [ d¥'tan”’ ( 2 D)
7('/0 = [ Uy - U

1 ; -
[ﬁ —2(1 - a)exp(—¥)D (\/‘IT).

a L
~2Zexp(~¥/r)D (\/111’/7‘)} } . (27
The potential ¥,, weakly depends on Zm/M, while the potentials ¥;, ¥, and ¥, are
independent of it.
Using the solution, we can also calculate the ion distribution function explicitly. To

express the distribution function, we use the normalized quantities and the normalized

velocity, V' = v/(2kT,/M)"?. An ion generated at a point s’ < s has a velocity of
V={Z[¥(s) - us (28)

If f(V)dV is the number of ions at having velocities in the range V to V -+dV, it follows

that

F(V)dV = Angh(s')ds'V | (29)




where the right hand is the number of ions generated per second between 5" and s’ 4 ds’.
From Equations (28) and (29), therefore, the distribution function at a point s > &',

normalized to ng, is given by

V) _ 24, 0% (30)

_ !
ne 2w
which is independent of the spatial profile of the particle source. Substituting Eqs. (5)

and (20), we can express the distribution function at the edge of the second presheath

in the form ;

L) _ 7r223/2 {(1 - q) [(\II' — Up) Y exp(—Tp) ~ 2exp(—¥')D (\/‘Iﬂ_—%)]

+o [(\Il' — \I/D)_l'lz exp(—‘I’D/T) - V%exp(\I"/T)D (V (“I‘" - ‘I’D)/T)]

1 0 qu (O, -\ 1 .,
(\I’?— ‘I'D) [\/‘17 —2(1 - o)exp(—¥")D (\/ o)

22 exp(-"/r)p (w777 |

L 0< V < [Z(T, — ¥p)'? (31a)

T Jo \Iff___\IJH

and

£V) _ rzi . \/1‘1_, — 2(1 - a) exp(—¥')D (V) - 2% exp(~¥'/r)D (\/‘I"/T)}

T
L (20, - U2 <V < (29,)Y7 (31b)
where ¥/ = ¥, — V%/Z. The ion distribution is separated into two parts due to the
formation of the double layer. The ions produced in the first presheath are accelerated
by the double layer to form a high-energy beam expressed by Eq. (31b). In the same
manner, we can also get the expression of the heat flux using the solution of the plasma

equation.



IV. RESULTS AND DISCUSSION

The plasma-sheath boundary potential is obtained by finding the value of ¥, that
satisfied Eq. (7) for a particular value of the temperature ratio 7 and the density ratio
npo/no. The results of the potential as a function of the density ratio ng /ng are shown in
Fig. 2. When the temperature ratio 7 is smaller than 10, Equation (7) has a single root
and then the potential ¥, is continually changing from 0.85 to 0.85 7 as the density ratio
increases. When the value of 7 is larger than 10, however, Equation (7) has three roots
in some range of nyo/ng. In this case, we must choose the smallest one as the boundary
potential to get physically meaningful potential profile in the presheath because the
derivative ds/d¥, the reciprocal of the normalized electric field, must be a single value
at any point in the real space. Following this fact we can see that the potential ¥,
discontinuously changes from a value of order of 1 to one of order of 7 at some value of
nuofno when 7 > 10. It is noted that the condition r > 10 agrees well with a necessary
condition given by 7 > 5+ /24 for rarefaction shocks to exist in a laser-plasma corona®”.

It is also noted that there is the range of ny/ny where the condition for sheath for-
mation described by the inequality (15) is not satisfied. In this range, which is indicated
by using broken lines in Fig. 2, a monotonically decreasing potential structure com-
posed by the first presheath, a current-free double layer, the second presheath, and the
sheath builds up in the plasma in stead of the usual potential structure composed by the
presheath and the sheath. The potential at the edge of the first and second presheathes,

¥ and U3, are determined from the boundary condition, ds/d¥ = 0, and that of the

double layer, ¥ p, is calculated from Eq. (16). Results for 7 = 20 shown in Fig. 3(a} and



for 7 = 50 in Fig. 3(b) show that the potential drop in the first presheath is of the order
of the cold electron temperature and that in the second presheath of the order of the hot
electron temperature. The potential at the edge of the double layer, ¥ 5, is continuously
changing from ¥, to U; as the density ratio increases. The wall potential calculated
from Egs. (11) and (27) for a hydrogen plasma is shown in Fig. 4. The wall potential,
which is mainly dominated by the hot electrons, is continuously changing regardless of
discontinuous change of the presheath potential and the potential structure.

The potential profile of the presheath which ends to the wall through the sheath is
plotted in Fig. 5 for various values of nipo/ng. Here the spatial profile of the particle source
is assumed to be of the form A(s) = n(s)/ng, so that the ionization rate is proportional
to the electron density. Symbols ¢, f, and e represent the results for the points in Fig.
9. Tt is noted that between point a and b the potential drop in the presheath drastically
increases as npg/ng increases.

The profile of the presheath potential for various value of the density ratio o /10
in the range where the double layer and the second presheath build up at downstream
of the first presheath is calculated {from Egs. (24) and (25). Results are shown Fig.
6, where b, ¢, and d represent the results for the points in Fig. 3(a). The potential
drop at the current-free double layer, which marks the transition between the first and
second presheathes, is illustrated by the broken line. The position of the double layer
considerably depends on the spatial profile of the particle source ; if the ionization of the
neutral gas is strong near the wall, the double layer get near the wall. On the contrary,

it move away from the wall if the particle source is localized in the region close to the



center of the plasma.

The ion distribution function at the edge of the second presheath is shown Fig. 7.
Due to the formation of the double layer the ion distribution function is separated into
two parts. The high energy beam-like part with a small velocity spread is the distribution
function of the ions produced in the first presheath and accelerated by the double layer
potential, and a low energy part is one of the ions produced in the second presheath.
The particle density of the cold ions is smaller than a tenth of that of the energetic ions
at the second presheath.

The potential profile in the double layer is numerically calculated from Eq. (12).
We obtain the plots in Fig. 8, where the Debye length is defined using the cold ion
temperature 7. and the particle density at ¢ = 0. The potential changes gradually over
the double layer, width of which is about fifty times as large as the Debye length. The
corresponding profile of the particie density difference §n = Zn; — n, illustrated in Fig.
9 shows that two equal but opposite space-charge layers create the Iocal_ized electrostatic
potential structure. While the cold electrons are reflected by the double layer potential,
many particle of the hot electrons can reach the second presheath beyond the double
layer potential. The fons produced in the first presheath are accelerated toward the wall
by the double layer potential. In the first stage of the double layer, the space charge
becomes positive due to the reflection of the cold electrons, and it changes to negative
in the second stage due to acceleration of the ions and existence of the hot electrons.
Discontinuous change of the space charge at 2 ~ zp + 20A4 is due to existence of a

small number of the cold ions produced in the second presheath which are reflected by



the double layer and can’t move in the layer. It is seen from the fact mentioned above
that the double layer structure is composed of four species, that is, the cold electrons,
the hot electrons, the energetic ions accelerated by the double layer, and a small number
of the cold ions produced in the second presheath.

A double-layer solution without current of the Viasov-Poisson equations has previ-
onsly been found by Perkins et al.’® but, the double layer described in the present paper
is different from theirs in the presence of particle flux ; a currentless solution in their
analysis is found by symmetrizing the velocity distribution of the plasma, so that the
solution involves no mass flow. Recently, Hairapetian et al.® have observed a stationary,
current-free, double layer in a two-electron-population plasma, which is formed due to
self-consistent separation of two electron species. The double layer in their experiment
is surrounded by the monotonically decreasing presheath potentials, and the potential
drop at the double layer is of the order of the "effective” temperature of energetic elec-
trons. This double layer is set up at a place far from the end plate because ionization
and charge-exchange collisions are restricted to the vicinity of the gas valve located at
the opposite side of the end plate. Although cold ions were not observed at downstream
of the double layer, the formation mechanism and the characteristics described in their

paper agree weil with those presented in this paper.



V. CONCLUSIONS

We theoretically have investigated the formation of an electrostatic potential due to
ionization of neutral atoms in a two-electron-temperature plasma. The plasma equation
is analytically solved to show the possibility of steady-state potential formation, and to
evaluate the potential drop in such a plasma.

The potential drop in the plasma is continuously changing with increase of the hot-
to total electron density ratio if the hot- to cold electron temperature ratio is small.
It, however, is allowed to have either a small value characterized by the cold electrons
or a large one by the hot electrons if the temperature ratio is greater than ten, and
discontinuously changes from the small value to the large one at a critical value for
the hot- to total electron denmsity ratio. It is found that a monotonically decreasing
potential structure composed by the first presheath, a current-free double layer, the
second presheath, and the sheath just in front of the wall can be steadily formed in a
lower range of the density ratio around the critical value. The double layer is formed
due to self-consistent separation of two electron species with different temperatures and
generation of cold ions at the presheathes. The formation mechanism of the present
current-free double layer seems to be the same as that of the double layer recently
observed in the laboratory experiment®. The double layer marks the transition between
the first and second presheathes with different potential levels. The position of the double
layer is altered by changing the spatial profile of the particle source, and its amplitude

depends on the relative density and temperature of two electron species.
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Fig. 1 A schematic diagram of the geometry of the problem.
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2 The normalized potential (solid lines) at the plasma-sheath boundary as a func-
tion of the hot- to total density ratio nuo/ng for various values of the temperature
ratio, 7 = T,/T.. The broken lines show the solution of Eq. (7) which doesn’t

satisfy a condition for the sheath formation expressed by the inequality (15).
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Fig. 3(a) The normalized potentials at the edge of the first presheath, ¥;, at the edge
of the double layer, ¥p, and at the edge of the second presheath, ¥,, as a function

of the density ratio npe/ng for 7 = 20.
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Fig. 5 Profiles of the normalized presheath potential (thick lines) and the particle
density (thin lines) for ngo/ne = 0.10, 0.28, and 0.50, where the spatial profile of
the particle source is chosen as h{s) = n(s)/ny. The wall is located at s = 1.

Symbols g, ¢, and f represent results for the points in Fig. 2.
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marked with symbols b, ¢, and d.
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