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Effects of fast ions and an external inductive electric field on the neoclassical

parallel flow, current, and rotation in general toroidal systems

Noriyoshi Nakajima and Masao Okamoto
National Institute for Fusion Science, Nagoya 464-01

Abstract

Effects of external momentum sources, i.e., fast ions produced by the neutral beam injection
and an external inductive electric field, on the neoclassical ion parallel flow, current, and
rotation are analytically investigated for a simple plasma in general toroidal systems. It is
shown that the contribution of the external sources to the ion parallel flow becomes large
as the collision frequency of thermal jons increases because of the momentum conservation
of Coulomb collisions and sharply decreasing viscosity coefficients with collision {requency.
As a result, the beam-driven parallel flow of thermal ions becomes comparable to that of
electrons in the Pfirsh-Schliiter collisionality regime, whereas in the 1/v or banana regime
it is smaller than that of electrons by the order of {/m./m, ( m. and m, are electron and ion
masses ). This beam-driven ion parallel flow can not produce a large beam-driven current
because of the cancellation with electron parallel flow, but produces alarge toroidal rotation
of ions. As both electrons and ions approach the Pfirsh-Schliiter collisionality regime the
contribution of thermodynamical forces becomes negligibly small and the large toroidal
rotation of ions is predominated by the beam-driven component in the non-axisymmetric

configuration with large helical ripples.

Keywords neoclassical theory, non-axisymmetric system, fast jons, external inductive
field, parallel flow, neoclassical current, plateau collisionality regime, Pfirsh-Schliter colli-

sionality regime



§1. Introduction

In recent experiments of Compact Helical System (CHS) heliotron /torsatron devicel)
with tangential neutral beam injection, plasma rotations have been measured over a wide
range of densities and magnetic field ripples.? Tn CHS central helical ripples along the
magnetic axis can vary according to the outward or inward shift of the plasma. If R, ;. =
90 ~ 95 cm. where R, 4 is the major radius of the magnetic axis in the vacuum field, the
central helical ripples are negligibly small and they increase sharply if R, exceeds 95
cm. In the vicinity of the region where the helical ripples are vanishingly small the system
can be thought to be nearly axisymmetric. It is reported in Ref.2 that the profile of the
toroidal rotation is dominated by an anomalous shear viscosity when the field tipples are
weak near the axis, while the parallel viscosity is found to be dominant when the ripples
are strong enough. The observed parallel viscosities have been concluded to agree with the
neoclassical predictions within a factor of three. In these experiments both electrons and
ions were in the platean collisionality regime. Plasma rotations or flows are determined by
the balance between external momentum sources ( or input torque ) and damping forces
of viscosity and friction. Neoclassical theories including momentum sources have been ex-
tensively developed for axisymmetric tokamaks.®) Recently the authors have developed the
neoclassical theory for the parallel force balance to investigate the flow, current, and rota-
tion of a multispecies plasma with external momentum sources in general toroidal systems
including both axisymmetric and non-axisymmetric toroidal devices.) As external momen-
tum sources fast ions produced by the tangential neutral beam injection and an external
inductive electric field have been considered. In this Reference 4, neoclassical expressions
obtained so far in each collisionality regime { Ref.5 in the 1 /v and Pfirsh-Schliiter regimes
and Refs.6 and 7 in the plateau regime ) have been unified in terms of the geometric factor.
General formula common to all collisionalities have been obtained for neoclassical flow and
consequently for parallel currents and plasma rotations. This extended neoclassical the-
ory has revealed that in addition to the conventional pressure driven neoclassical current
( bootstrap current ) the parallel current generated directly by the radial electric field,
which does not exist in the axisymmetric system, exist in the nonaxisymmetric syster.?)

Rotations of bulk ions and impurity ions have been investigated for a plasma in the general
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toroidal system based on Ref.4 and the difference between the two has been clarified.®)

In the present paper, we examine the effects of external momentum sources on the neo-
classical parallel flow, current, and rotation applying the extended neoclassical theory® to
a simple electron-ion plasma in general toroidal systems. We consider fast ions produced by
the tangential neutral beam injection and an inductive electric field as the external momen-
tum sources. Equations for parallel flow, current, and rotation are analytically investigated
by using the mass ratio expansion of friction and viscosity coefficients. We concentrate our
attention on the high collisionality regime taking into account the operation conditions
of the above mentioned CHS experiment. In the neoclassical theory, the parallel particle
flows are determined by the parallel momentum and heat flux balance equations, i.e., the
balance among the friction, viscosity, and external momentum sources. The friction matrix
consisting of friction coefficients is not regular because the Coulomb collision conserves the
total momenta. The viscosity matrix consisting of viscosity coeflicients approaches the
singular matrix as the collision frequency becomes large because the viscosity coefficients
become very small in the high collisionality regime. As a resuit of it, the contribution of
the external momentum sources to the parallel flow may change drastically according to
the collisionality regime.

As is well known, when both ions and electrons are in the 1/v or banana collisionality
regime, the ion parallel flow driven by the external momentum sources is smaller than that
of electrons by ¢ = +/m./m, where m, and m, are masses of electrons and ions, respec-
tively. Of course, the momentum transfer to ions from the external momentum sources is
larger than that to electrons by e7. Therefore, we see that the light electrons carry the
current and the heavy ions carry the momentum in the banana regime. It will be shown,
however, that if electrons and ions are in the Pfirsh-Schliter collisionality regime, the con-
tribution of fast ions becomes so targe that the beam-driven parallel flow of ions becomes
the same order of that of electrons. Accordingly, the momentum transfer to ions from the
fast ions is larger than that to electrons by 2. This beam-driven ion parallel flow can
not produce a large beam-driven current, becouse it is cancelled out by the beam-driven
electron parallel flow. As a result of i, the neoclassical parallel current reduces to the

usual classical expression, while it can contribute to the rotation of ions significantly. It



will be also shown that in the non-axisymmetric toroidal system with large helical ripples
the contribution of the thermodynamical forces to the parallel low is negligibly small and
the ion parallel flow and toroidal rotation are predominated by the beam-driven component
or the external momentum sources. However, it will be remarked that if the axisymmetry
is partially recoverd in some region as is the case of CHS under an experimental condition,
the thermodynamical contribution to the ion flow must be included. A different case where
electrons and ions exist in different collisionality regimes will be discussed analytically and
the similar results will be obtained.

The organization of this paper is as follows. In §2 parallel force balances are given and
the singular behavior of friction and viscosity matrices in the high collisionality regime is
indicated. The paralle! flow, current, and rotation are derived for a simple plasma in the
general toroidal system. These are analytically investigated in three special cases, placing
emphasis on the high collisionality regime in §3. Section 4 is devoted to conclusion and
discussion. In Appendix 1 the expressions of flux-surface-averaged parallel {rictions and
viscosities used in §2 are given. Appendix 2 gives the definitions of quantities in Eq.(2).

The friction and viscosity coefficients are given in Appendix 3.

§2. Parallel flow, current, and rotation including external momentum sources

for a simple plasma

Neoclassical theories for the parallel flow, current, and rotation have been extended
to a multispecies plasma in general toroidal systems.*) This extended theory includes the
external momentum sources of fast ions produced by the tangential neutral beam injec-
tion and an external inductive electric field. In this Ref4 general expressions, which are
common in all collisionality regimes (1/v, plateau, and Pfirsh-Schliiter regimes), have been
derived for the parallel flow, current, and rotation in terms of the geometric factor. In this
section we apply this theory to a simple plasma consisting of electrons and one species ions.

First we consider asymptotic behaviours of viscous and frictional matrices. To deter-

mine the flux-surface-averaged parallel flow { By, } and heat flux {Bgy, ), the flux-surface-
g Il It




averaged parallel momentum and heat flux balance equations are used:>~®

(B-v-i)] Fa) ][ (BEa)], noco (B B

_| (B 1)
—(B-v-8.) —{B-F.) —{(B-F.p) 0 ’

Fryy

where ﬁa and 6,1 are the stress and heat stress tensors, respectively. F oy and F, ni=1lor
2} are frictions of species @ with thermal species and fast ions, respectively. E(A) indicates
the external inductive electric field. The expressions of the flux-surface-averaged parallel
quantities can be found in Ref.4 and repeated in Appendix 1.

Subtitution of Eqs.(A.1) and (A.4)-(A.5) in Appendix 1 into Eq.(1) gives the following

linear algebraic equation for X:

B (X+8) =L X + Fy + Ey, (2)
where X is the parallel flow and parallel heat flux to be solved, i and Et indicate the
viscious and frictional matrices, which are constructed in terms of viscosity and friction
coefficients, respectively. é, F ¢ and E4 express the thermodynamical force, the friction
with fast ions, and the external inductive electric field, respectively. The definition of each
quantity is given in Appendix 2. The solutions to Eq.(2) are given by

X=Le— )7 1 G—(Le — 0) 7 (Fs + Ea). (3)
We can see from Eq.(3) that the parallel low and heat flux consist of two terms: one is
due to the thermodynamical force and the other is due to the external momentum sources.
The friction force conserves the total momenta as shown by Eq.(A.3) in Appendix 1, which

is expressed in terms of I: as follows:
| Lt | =0 (4)

As is mentioned in Appendix 1, the viscosity coefficients decrease so rapidly as the collision
frequency increases that they become small in the plateau regime and very small in the
Pfirsh-Schliiter regime. From this property and the total momentum conservation given by

Eq.(4), we see, in the limit of high collisionality regime (platean or Pfirsh-Schliiter regime),
n— 0, (Et — )7t - oo, (I: — 1) Li— finite. (5)
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Therefore, in these high collisionality regimes, the effects of external momentum sources (
the second term on the right-hand side of Eq.(3) ) may become significant. The parallel
viscosity and heat viscosity given by Eq.(A.5) are calculated by using the gyro-averaged
distribution function. There is another type of viscosity, i.e., gyroviscosity, which is ob-
tained by using the gyrovarying distribution function. The gyroviscosity does not depend
on the collisionality regime. The order of the gyroviscosity of particle species a Is smaller
than the parallel viscosity by the order of O(p,/L) for p,/L <« 1, where p,, and L are
the Larmor radius of particle species a, and the characteristic length of the system, re-
spectively, hence the significancy of the effects of the external momentum soutrces may not
change in the high collisionality regime even if the gyroviscosity is included.

To clarify the effects of the external sources on the parallel flow, current, and rotation,

let us consider a simple electron-ion plasma. Assuming 7, ~ 7, and using

TeMle
T Me 1
€= mom, ™ . 72 < 1, (6)
eff
Ta

as the expansion parameter, we calculate the elements of matrices Ef and 7z up to the order
of e. Substitution of this result into Eq.(3) gives the parallel flows for electrons and ions,
the parallel current, and the poloidal and toroidal rotations for the simple plasma. We use
the Boozer coordinates (,8,), where + is defined as the toroidal Aux devided by 2=, 8
and ( are, respectively, the poloidal and toroidal angles. For the simple plasma the parallel

flows for electrons and ions are given by, respectively,

(Buy.) = (Gss)e{(L§°>+L<1))( £+¢,) 4 (59 + 1) z}

e
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eTe;
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The paratlel current is given by

(BR) = en{(Bu:) - (Bu)} + (BJy)

L9 {((Gas), — (Gas).) ened’ + (Gas). P+ (Grs), P+ (Cus), Ly!niT}}

(L2 + 1) - 1) (Gas), T
1+ (1+ :n"f) ( f) } ]\“)} (BJy)

+ {1 (1+1) ZZejf +1892;
+ {(14 1) (AR, + AR + Zug LN} et (BE(’”) . (9)

The toroidal and poloidal rotations are given by, respectively,

_ ~ I 1 4P dg
@V = g B~ T Y a (10
3 . J 1 4P d¢
(T VE) = J+el (BU"") J +¢I(e . W @) (1)



In Eqs.(7} to (11) transport coefficients are given by

9 = (na (3 -0) -5 (fs-5a)} 5
(1)

D 33
0 -  Jee - 7Jee
ng) = {u32122 - JUEBII'.Z}

Feesee Jee 2 1
L(112) = {111[22 - (112) }He?ﬁng;)a
{0) T 1
L = =,
3 22Fh32 Diy ] 1
18 = {ia 5555 (09)7] - 8 [pakia - (7]} 508,
n _ a2
Yo = p,® 1 (12)
{0) Tee {ee —
A = 1140, — —_—,
Ne 11{ 2 P’:;} D,
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D = D.g-DuN,
€e ee — 2
Del = (Z luel) (l "J’e3) ([ — He ) s
114 ee 2 — Jee
Dy = [‘511122 . (112) J g — 1 [ﬂel#es .Uez)z] ;
Dy = —py (Z;; = ﬂi3) —(B2)",

Dy = lp-hs,
and ¢, 27/, and 27/ are the rotational transform, the total poloidal current without a
flux surface, and the total toroidal current within a flux surface, respectively. (G Bs), and
(Gps), are geometric factors for electrons and ions*® reflecting the breaking of axisym-
metry and their expressions can be found in Ref4. The normalized friction coefficients
I (4,7=1,2) and I;, ate given in Appexdix 3, which do not depend on the collisionality.
fer and fiy (k= 1,2,3) are the normalized viscosity coefficients of electrons and ions, re-
spectively, the asymptotic forms of which in the 1/v or banana, plateau, and Pfirsh-Schliiter
regime are also given in Appendix 3. In the 1/» collisionality regime, the normalized vis-
cosity coefficients are proportional to f,/ f. where f; is the fraction of trapped particles and
fe=1— fi. In the platean regime, they are proportional to A,/Ap; where 3, and Ap;
are the mean free path of species a and the characteristic length of the magnetic field in
the plateau regime, respectively. In the Pfirsh-Schliiter regime, the normalized viscosity

coefficients are proportional to (A,/Aps)?, where Aps is the characteristic length of the
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magnetic field in the Pfirsh-Schliiter regime. As the mean free path is inversely propor-
tional to the collision frequency { A, o 1/vg, ), the normalized viscosity coefficients
appearing in Eq.(12) decrease sharply with increasing collision frequency. Note that terms

with superscript (1) are proportional fo e.

§3. Special limiting cases

To understand effects of the collisionality on the parallel flows due to the external
momentum sources, we consider analytically three asymptotic cases, i.e., 1) the case where
both electrons and ions exist in the 1/» or banana collisionality regime, which is realized by
Bigs Frup > €, 2) the case where both electrons and ions exist in the Phirsh-Schliter regime,
which is realized by i, fiix ~ &, and 3) the case where electrons and ions exist in the 1 [v
and Phirsh-Schliiter regime, respectively, which is realized by fix 3> iy, ~ €. Note that for
the plateau collisionality regime we need different ordering with respect to fi; and fi,;. In
this section, however, we exclude such a case.

At first, we consider the situation where both electrons and ions exist in the 1 [v or
banana collisionality regime ( fi, fis > € ). As is seen from Eqs.(7) and (8) thermody-
namical forces and external momentum sources ( fast ions and the external inductive field
) drive the flows of electrons and iens. By retaining the leading terms for each driving

term, following equations are obtained:
P I
(Buue) (Ggs). {L(ﬁ) (—_ + 45) + L(O)'—}
ene
P! 1!
(©) KX (UL
(1+ L) (Gss), {ene +¢'+ Ly _—eZefj}
Zy 2
+ (14 1) L2 (Buy)

Ze_ff n
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(BJ) LY {({Gss), — {Gas),) ened' + (Gis), P+ (Grs), P F/+{(Ggs), Lin.T/}

- I (Gas), n.T"
YA
+ {1—(1+L(12}) Zj:?} (B‘Jﬂf)
2, .
A ), &
where 1
1 = {a, (z;;—nes) e (1= Pa) 5
ng) = {#ez }Dll’
Lgi) = 122%201 (16)
N;g;) = g—:ia,

A% = T {5 - ) o
D., D, D,y, and D,; are the same as those in Eq.(12). In Eq.(16), N:g;) is smaller than
others by the order of . Comparing Eq.(13) with Eq.(14), we see that the parallel flow
of electrons due to fast ions and the external inductive field is larger than that of ions
by the order of e. As shown in Eq.(15), the beam-driven current and Spitzer current are
predominated by light electrons. However, it should be noted that the paralle]l momentum
given to electrons, m, (Bu"e), from both fast ions and the external inductive field is smaller
than that of ions, m, (Bu;f;), by the order of ¢. Thus, we have usual results.
Secondly, let us consider the case where both electrons and ions exist in the Pfirsh-

Schlitter regime, i.e, fi, ~ fy ~ e. In this case, Eqs.{7)-(9) become as follows:
P’ T!
. —{Gad). 1 e ' (o _4:
(Buy.) {Gps); {ene +¢'+ Ly Zors
Z, me\ (2 \] | Ziny
- T+ {14+ 222
' {Zeff % +( +mf) (ﬁf) M (Bt
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+ ZeﬁL(“)N(“eT“ (BE(™), (18)

(Bay) = {1 - gzj;} {(BJus)

2 .
A(U) € NeTe BE(A)
+ Aye— — ( i ), (19)
where
Lg‘i) = {#a 2 = Bezly }D
H;
Li(i?i) = _?23
v1
N = ——, (20)
ou'tl 1
A{J&)’; = liilzz D
D, = 11 22_ (l

In Eq.(20), L(O) and N;,E;) become the order of £ and the order of unity, respectively, because
i ~ pia ~ €. Equation (19) shows that the parallel neoclassical current is reduced
to the usual classical parallel current, i.e., the classical beam-driven current with electron
return current effect —Z;/Z.;; and the classical Spitzer current. However, as is clear
from Eqs.(17) and (18), the parallel flows of both electrons and ions are driven by the
thermodynamical forces, fast ions, and the external electric field. Since the parallel flows
driven by the thermodynamical forces are the same for electrons and ions in the leading
order, the parallel current due to the thermodynamical force vanishes. The jon flow due
to fast ions are cancelled by that of electrons in Eq.(19). Thus, the momentum transfered
from fast ions to thermal ions is larger than that to electrons by the order of £72. Hence,
although the expression of the parallel current is reduced to the classical one, neoclassical
effects can be seen in the plasma rotation. The torcidal and poloidal rotations of ions are

expressed using Eqs.(10), (11) and (18) as follows:

-V = _J(GES),.N+¢I( 1 dP, @) _ J{(Ges)yL§) 1 dT
¢(J + &) en, dyp  dv (J+el) eZyypdy
Z; m, (I)anf
_ 1T + ( mf) (uf) ] Nz (Bu”f>, (21)
e {1 a’P L d¢\  J{Grs)y LYY 1 4T
(@ V0 = o= G\ gy T @) T T el 2y 49
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J+ el

1+ (1 + %) (@) } N(I)anf {Buys), (22)

where (Gps),y = (Ggs), /{Grs)y < 1({Gas)y is the geometric factor for the axisym-
metric toroidal systems* } and we have neglected the term due to the external inductive
electric field, because ng) is the order of e. Because V{ ~ &;/R and V8 ~ é,/r where &,
and ¢y are the unit vectors in the toroidal and poloidal directions, respectively, and R and
r are the major and minor redii, respectively, R{%, - V() and r (&, - V6) have the physical
meanings as the toroidal and poloidal rotations, respectively. The ion parallel flow due to
fast ions in the Pfirsh-Schliiter regime { Eq.(18) ) is larger than that in the 1/v regime (
Eq.(14) ) by the order of e~!. Thus, the ion toroidal and poloidal rotations due to fast
ions become large as the ion collision frequency increases. Let us consider the two limitting
cases in the non-axisymmetric toroidal system. In the non-axisymmetric toroidal system,
the helical ripples due to non-axisymmetry make the normalized geometric factor {Gp SVan
significantly small,*) and the total toroidal current within a flux surface 2#7J is very small
compared with the total poloidal current without a flux surface 2x.J. In such the case,

the toroidal rotation due to fast ions is predominant and Eq.(21) reduces to the following

(2] o

In this case the thermodynamical contribution vanishes and the magnetic field dependence

equation:

L. RZ;
(U; - é¢) =~ — 7

of the ion toroidal rotation can be seen only through the term of N§3 as follows:

(8- ) o< —NE o< =, (24)
Hy
where fi;; in the Pfirsh-Schliter regime is given in Eq.(A.12) in Appendix 3. Thus, the ion
toroidal rotation is inversely proportional to the ion viscosity coefficient fi;, in this limit.
On the other hand, the poloidal rotation of ions reduces to

o . 1 dP d
b)) = ’"(eedw*di)

T2y m, v \° (nZgng
- 1+( mf) (uf)]N = L {Buy,). (25)
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In this case, the thermodynamical contribution remains.

In CHSY central helical ripples along the magnetic axis can vary according to the
outward or inward shift of the plasma. If R, ;e = 90 ~ 95cm, where R,y is the major
radius of the magnetic axis in the vacuum field, the central helical ripples are negligibly
small and they increase sharply if R,.q exceeds 95 cm. In the vicinity of the region
where the helical ripples are vanishingly small the system can be thought to be nearly

axisymmetric and (Gps),y ~ 1. In such the case Eqs.(21) and (22) become

sy = R(LIR d8) RLY 1 4L
woed = en. dp T dip "o eZey dip |
RZ_f m, Ve s (”Zf‘!’l.f
- i+ ) (=) N Bu 2%
O
g = -9
(U, ee) = TL:M eZeff d'(lb
¢y

1+ (1+%) (uf) }N(”anf (Buys) .- (27)

e

As the gradients of the ion pressure and temperature, and electrostatic potential with
respect to ¥, i.e., dP,/diy, dT,/dy, and d¢/di do not vanish on the magnetic axis, the
thermodynamical contribution to toroidal and poloidal rotations of ions should not be
neglected in the non-axisymmetric toroidal system with axisymmetry near the magnetic
axis. Note that what is mentioned on the torcidal rotation is applicable to the parallel
flow.

Finally, we consider the situation where electrons exist in the 1/v collisionality regime
and ions exist in the Pfirsh-Schliiter regime. This situation is realized by setting fz., >
fiz ~ &. In this case, the expressions of Eqs.(7)-(12) do not change, except for

I = _%2_’
11 (28)
£

NG = ——. :
Hi

Note that the coefficients including N, §§) must be evaluated using Ng;) in Eq.(28). In the
case where ions exist in the high collisionality regime ( i, ~ ¢ ), the terms with super-
script (1) become the same order as the terms with superscript (0). Thus, the ion parallel

flow due to fast ions and the external inductive field becomes the same crder as that of
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electrons. As a result of it, the momentum gained by ions is larger than that of electrons
by the order of ¢=2. This result still holds when the direct interaction between fast ions

and thermal ions is negligible, i.e., (v./%;)® <« 1.

§4. Conclusion and Discussion

The effects of the external sources, i.., fast ions due to the neutral beam injection
and the external inductive electric field, on the neoclassical flow, current, and ion toroidal
rotation are examined intensively. When both electrons and ions exist in the 1/v or ba-
nana collisionality regime, light electrons carry the current attributed to fast ions and the
external inductive field, while the heavy ions carry the momentum transfered from fast
ions. It should be noted that the parallel ion flow due to the fast ions is smaller than the
parallel electron flow due to fast ions by the order of me/m;. As the ion collision fre-
quency increases, however, the situation becomes complicated, the reason of which comes
from the momentum conservation of the Coulomb collision and the property of viscosity co-
efficients decreasing sharply with increasing collision frequency. Especially, both electrons
and ions exist in the Pfirsh-Schliiter regime, the parallel neoclassical current reduces to the
usual classical current. However, the parallel ion flow due to fast ions becomes the same
order as that of electrons, and the momentum transfered from fast ions to thermal ions
is larger than that to electrons by the order of m,/m,. As a result of it, the ion toroidal
totation is predominated by the parallel flow due to fast jons and the contribution of the
thermodynamical forces is negligible in the nonaxisymmetric toroidal configuration with
the significantly small normalized geometric factor or large helical ripples. Thus, the ion
toroidal rotation is inversely proportional to the ion viscosity coefficient. If axisymmetry
is recovered near the magnetic axis by shifting the plasma as is the case of CHS under an
operation condition, the contribution of the thermodynamical forces remains there.

The results which we have obtained for the contribution of the external momentum
sources to the parallel flow, current, and rotation in the Pfirsh-Schliiter collisionality regime
may be qualitatively applicable even to the plateau regime if the quantities in the Pfirsh-
Schliiter regime are replaced by those in the plateau regime, because viscosity coefficients

in the plateau regime are enough small compared with 1/v or banana regime.
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Appendix 1. Expressions for the flux-surface-averaged parallel quantities in
Eq.(1)
The flux-surface-averaged parallel friction (é . 1:*"41) and the heat friction (1§ . ﬁag)

with thermal species are given by )

<'§.F‘a1> _ N l;? L';g (Bu”b>
(5 Ray || | 3(Bw) (A1)

"2 B

where lfj’ (4,7 =1,2, a,b=0,-,-, N) are the friction coefficients between species a and b,
which are independent of both the magnetic field B and the collisionality regime. Therefore,
the expressions in Eq.(A.1) for parallel friction forces in terms of the parallel flow and heat
flux are the same between axisymmetric and non-axisymmetric torocidal systems in all
collistonality regimes. The friction coefficients lf‘j’ (4,7 = 1,2 a,b = 0 ~ N) have the

following relations:

2 = ik (A.2)
N
2 = 00E=12), (A3)
b=0

which ensure the total momentum conservation of the Coulomb collision operator, i.e.,
Z{)V:o Fal =0
The flux-surface-averaged parallel friction and heat friction with fast ions are given

bya)

B-F Zing | 1

( o ﬁwl) = 2R 3 <BU|U‘> for electrons,
Tee N hd
- (B F0f2) ce € 5

= U2 ngel 1 1Y,2 = _ ) (A.4)
(B Fafl) = = ==+ (B 'F0f1> for ion species,
Uf Z g€} mg my
b=1 "%
where y
3
3 _ VT me & melmy 3 1 fv_3ffd i

The quantities with subscript f denote those which belong to fast ions, v, is the critical

velocity at which the drag exerted by the electrons on the fast ion heam is equal to that

15



of background ions on the fast ion beam. Here the conditions vre > | 4y | > vy, for
a =1~ N have been assumed where #; is the beam velocity, v, the thermal velocity of
electrons and vy, the thermal velocity of a species ions. The heat friction of thermal ions
with fast ions has been neglected.

The flux-surface-averaged parallel viscosity and the parallel heat viscosity have the

following general form

hd P‘; ,
<§ AV Ha> Mol Ha2 (BU||,,> + (sl ( T (ﬁ)
v | _ oM (A.5)
— <B -V ea) Ha2  HMa3 _E(Bq"a) - (GBS) 2—;”
5 P, o

where p1,, (j = 1 ~ 3) are viscosity coefficients and (Gyg), is the geometric factor, and
the prime denotes d/dV with V being the volume. The viscosity coefficients u,, have the
geometrical dependences of the magnetic field and depend on the collisionality regime. The
magnitude of them sharply decreases as the collision frequency increases without regard
to the existence of axisymmetry. However, the geometric factor (Gps), is deeply affected
by whether the axisymmetry exists or not. In the axisymmetric toroidal system it has the
common expression to all particle species in all collisionality regimes, which is expressed
(Gp S)T'4) In the non-axisymmetric toroidal systems, however, it depends on the collision-
ality regime where the particle species a exists and is smaller than the axisymmetric one,
i.e., {Gps), € (Gpgs)r. The magnitude of it roughly decreases as the collision frequency
increases. The asymptotic forms for {Gps), in each collisionality regime can be seen in

Ref 4.

Appendix 2. Definitions of quantities in Eq.(2)
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The quantities in Eq.(2) are defined as follows for (a,b =0 ~ N):

vyl

-l_;.‘t Y J ) < 'ﬁal >, Fioare = — < 1302 >,
F'_f 1 Fp g0 = <B.F.p >, Fpoggr = _<-§°Faf2>6601
Ea 1Epnay1 = en,<B-E "> Ej2i2 = 0,
V. Vees = < B-V-I,>, Vogrs = —< B-V-0,>, (A-6)
” P T
G M Gga_;.] = < GBS' >a ( ; + (}5’), G2a+2 = — < GBS >a —;‘-,
at*a a
- 2< Bg. >
X Xops = < By, >, X042 il .
5 P,
- w00 0l —~ON 7
L L - L
I w10 11 1N
—ab e s - L L - L
I =] " 2|, L= , (A.7)
15 15 S
~+NO N1 NN
L L L
L J
fho
- o1 Ha - pt
L= L 7= ! . (A-8)
Haz Ha3 -
| K

§,0=1fora=0,=0for a#0.

Appendix 3. Friction and viscosity coefficients

In this Appendix we give friction and viscosity coefficients for a simple plasma consist-
ing of electrons and one species ions. The normalized friction coefficients up to the order

of € are biven by

Fee TJEE 3

i = —Zesss e = —5Zes (A9)
= 13 ; 15 vy A9
SR VTP

22 V2 + 2 Zets ) V2 +3 Zogs vre )

where vy, and vr; are thermal velosities of electrons and ions, respectively, therefore,

2
vr JUTe ~ effE-

The viscosity coefficients up to the order of ¢ are:
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for the 1/v or banana collisionality regime
ftag = %{\/5— In(1+ v2) + .},
: 5 3
faz = %{2\/5— Sin(1+ V2) + ¢ah (A.10)
_ fe ;39 25 13
= —{—Vv2—-—In(1 2} + —c.},
fus = V- T+ VD) + o)

for the plateau collisionality regime

_ Aa

He1 = )\_—21
PAL

" (A.11)
PL

M v

Jua3 - )\PL 2 3

for the Pfirsh-Schliiter collisionality regime

( Ao )2 205v/2/32 + ¢,51/4

Ha1 Aps) 267/40+ c,903/80 + c236/5’
L X NP 331V2/32 4 ¢,57/2 (A12)
faz = = (J\Pg) 267/40 + c,903/80 + c236/5° '
_ A \° 1045+/2/32 + ¢,81
Ha3 (,\PS) 267/40 + ,903/80 + c236/5’
where ¢, = Zcs¢ for electrons (a = €) and 0 for ions (a = i). The fraction of trapped

particles f; and untrapped particis f., the mean free path A, of the particle species a,
and the characteristic length of the magnetic field in the platean regime Apy and in the
Pfirsh-Schliiter regime Apgs are given by

3(B% 1
fe = I—ZBEM:: A — = Ad,
- Bmal'
fc = 1- ft7
)‘a = Taa¥V7a, (AIS)
1 — Prleps + 1)
Apr (B?) ’
1 _ 3{(r-VB)?
Aps® 2 (B
where 7, is the Braginskii collosion time: 7! = 4/(3/7) - 4mn.eilnA f(m?d),
V7 [A-VB (em+n) o .
= - — T — 2 g . A
T TN B Tem dn [ SMETOREm G ) (A1)
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BY is the spectrum of B in the Hamada coordinates, ie., B = ¥, BE cos[2r(méy +
ng)]. The spectrum of B in the Hamada coordinates is easily obtained from the Boozer

coordinates as shown in Ref.4.
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