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Abstract

Presented is a new full-torus, compressible, resistive MHD simulation model that can
adequately explain the mechanism of the fast crash in the sawtooth oscillation. The
simulation results reveal that the q value, which at first decreases in accordance with
current peaking subject to ohmic heating, starts increasing in the q < 1 region due to
strong excitation of nonlinear resistive kink modes and tends to be bottom-flattened.
When the q profile is largely flattened in the q < 1 region, the dynamic pressure of
‘the m=1 kink mode pushes the hot core plasma in the main flow direction and the hot
core deviates from the magnetic axis. Then, a strong plasma compression occurs at the
stagnation point of the directed plasma flow which is coincident with the m=1 rational
surface. Consequently, the poloidal magnetic field lines are driven to reconnect rapidly
with each other across the q=1 surface, and the deviated hot core is pushed out towards
the wall to destroy its confinement. The driven magnetic reconnection leading to the crash
is found to occur as a result of the g-profile flattening, in contrast to Kadomtsev’s model
where the q-profile becomes flattened as a result of reconnection exchanging the magnetic
flux. The crash is governed by the MHED time scale, about 100 poloidal Alfven transit
times, which is much faster than the Kadomtsev reconnection time. The resistive kink
mode and its nonlinear behavior control the whole process of the sawtooth oscillation.
Especially, the m=1 plasma flow induced by the resistive kink instability, neither the

magnetic force nor the pressure force, plays a decisive role in triggering the crash.



I. INTRODUCTION

The mechanism of the fast crash in the sawtooth oscillation yet remains unclarified
while there have been many theoretical researches reported 1. In recent large tokamak
experiments °, the change in the temperature distribution in the crash phase seems to
support Kadomtsev's resistive model ® rather than Wesson’s interchange mode model 7
as far as the geometrical change of the plasma is concerned, but it remains difficult to
account for the rapid time scale of the fast crash.

For example, Aydemir ! showed that the quasi-interchange mode, resistive quasi-
interchange mode, and then, resistive kink mode, are excited during the ramp-up phase
and that the crash is caused by the resistive kink mode. The time-scale of the crash
obtained in his work, however, is much longer than the time-scale observed in the exper-
iments. In order to get faster time-scale of the crash, it has recently been proposed that
collisionless m=1 modes exhibit nonlinearly enhanced growth rates in high temperature

89, Especially, when an adiabatic electron response is allowed, it leads to an

plasmas
abrupt increase in the growth rate and thus in the reconnection rate. It is pointed out
that the nonlinear increase of the reconnection rate may explain the fast sawtooth crash
time.
Our aim of this study is to examine whether or not the fast sawtooth crash can be ex-
plained within the classical MBD framework where a small classical resistivity is assumed,
1 namely, without invoking any nonlinearly enhanced resistivity. For this purpose, we have
executed self-consistent three-dimensional compressible resistive MHD simulations for a
torus geometry, in which we have elaborated the previous model 1° and reconstructed
a more feasible simulation model representing an ohmically heated tokamak plasma. In
the previous model, the assumed resistivity model was not realistic in the sense that the

vacuum periphery region was represented by a very large resistive medium. Because of

the existence of the highly resistive periphery region, an artificial remedy was done to
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connect smoothly the core region and the periphery region.
II. SIMULATION MODEL AND RESULTS

The basic equations are

B2 1 V.- () = o, (1)

p%%:ijn-Vp, (2)
9B _ v x (v x B) - V x(i/$) 3)
02 4 V-(po) = (y-1)(~pV -0 + 5°/S) + kAT, (4)

where the magnetic Reynolds number S is classical and proportional to the 3/2 power
of the temperature and the thermal conductivity coeflicient « is constant. The thermal
conduction effect, kAT, is switched on only when the shift of the temperature axis from
the initial plasma center becomes more than 20% of the minor radius due to the tem-
perature crash. This treatment is made with an anticipation that some kinetic effects
to activate the heat conduction would be enhanced when the local temperature gradient
is increased. This term is introduced merely for recovering an axially symmetric plasma
pressure profile after the crash.

The tokamak device is modeled by a torus surrounded by a conducting wall with a
square cross section as shown in Fig. 1, where cylindrical coordinates (R, 4§, Z) are adopted
: R is the major radius, 8 the toroidal angle, and Z the vertical axis. We solved the above
MHD equations using a high precision code which advances the physical quantities in
time using the fourth order Runge-Kutta-Gill method and in time using the fourth order
centered-difference method 132, The initial equilibrium configuration without resistivity
is obtained by solving the Grad-Shafranov equation under the above geometry. The
toroidal 2 is taken to be 0.1% { very low £ ). The initial on-axis S value is set to be 40000

and its distribution is calculated from the temperature.
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The evolutions of the magnetic field lines mapped on a poloidal plane, the q profile
and the plasma flow profile on the poloidal cross section are shown in Fig. 2. The q value
at the plasma center which was initially set to be 1.03 (¢ =0 ; Fig. 2-(a) ) gradually
decreases in accordance with current peaking caused by ohmic heating. As the on-axis
q value falls below 1, an m=1/n=1 resistive kink mode appears near the axis. As the q
value decreases further, the excited magnetic field intensity of n=1 mode, as well as the
plasma flow, becomes larger and larger. After the magnetic field of n=1 mode develops to
a certain amplitude, q stops reducing its on-axis value and starts increasing in the q < 1
region ( this time is noted as the turning point, T.P., in the paper ), thus being flattened
(t=35874 : Tpa = afV,u = RofVia denotes a poloidal Alfven transit time, where the
aspect ratio Ry/a is taken to be 3. ; Fig. 2-(b) ).

As time elapses, the g-profile gets more and more flattened toward q = I in the whole
region of ¢ < 1. During this deformation of the q profile, the amplitude of the plasma
flow becomes large enough to shift the temperature axis away from the magnetic axis.
Here, the plasma flow directs from axis to the right-side wall and flows back around the
axis to the left-side wall. It is to be noted that no Kadomtsev type reconnection is taking
place in this q-profile deformation period.

When the g-profile becomes almost flattened ( ¢ = 4807, ; Fig. 2-(c) ), the largely
developed plasma flow pushes the magnetic surface radially outwards so that the poloidal
magnetic field lines are driven to reconnect rapidly with each other across the original
q=1 surface at the head point of the plasma flow ** and the energy deposited in the region
¢ < 11is swiftly released to the outside region.

Consequently, the central hot plasma is pushed out beyond the q=1 region and the
temperature distribution crashes ( ¢ = 4847, ; Fig. 2-{d) ). Some poloidal Alfven transit
times after the disruption, the poloidal magnetic surface tends to return to the initial

axially symmetric configuration, while the pressure profile and the temperature profile



still keep collapsing ( ¢ = 4967,4 ; Fig. 2-(e) ).

In Fig. 3, the equi-contours of the temperature at (a) t=0, (b) t=358 7,4, {c) t=480
Tpa, (d) t=484 7,4, (e) t=496 7,4 corresponding to Fig. 2, and at (f) t=520 7,4 are shown.
Top panels correspond to the ramp-up phase and bottom panels to the crash phase. The
temperature axis stays at its initial position for most part of the ramp-up phase ( Fig.
3-(a) and (b} ). At a time just before the magnetic surface disruption ( Fig. 3-(c) ), one
can see that the temperature axis has already considerably shifted, though the magnetic
- axis still remains almost at the same position. In order to make visible this discrepancy
between the magnetic axis and temperature axis, the magnetic field lines mapped on a
poloidal pla.n('a along with the temperature distribution are drawn in Fig. 4, where the
color changes from blue to red as the temperature increases.

This is due to the fact that the strong kink flow has pushed the plasma towards the
wall, keeping a dynamic equilibrium where the magnetic pressure is almost in balance with
the plasma dynamic pressure. The obvious discrepancy between the magnetic surface and
the temperature contour can be explained by a slight imbalance between the magnetic and
dynamic pressures which are much larger than the static plasma pressure. Such a shift of
the temperature axis may well explain the so-called precursor of the sawtooth crash in a
rotating plasma. When a crash occurs, the high temperature spot in the central region
slides rapidly towards the wall, leaving a temperature plateau in the central region ( Fig.
3-(f) ). Invasion of cold bubbles into the hot plasma region was not observed through
the whole process of the sawtooth oscillation. These features are in good agreement with
observations in experiments such as TFTR. >4

It should be noticed that the time span of the ramp-up phase (top panels) is 480 7,4,
while that of the crash phase (bottom panels) is 36 7,4. This indicates that the crash
occurs in a quite fast time-scale. Actually, as can be seen in Fig. 5 where the on-axis

temperature is plotted against time, the temperature on the plasma axis drops in the



time-scale of the order of 100 7,4. Thus, the time-scale of the temperature crash is of
the order of the MHD time-scale which 1s much faster than the resistive time-scale, and
agrees with the experimental observation.

At =532 7,4, the thermal conduction effect is switched on in the present simulation to
remove the hot spot. Then, the pressure and density profiles tend to return to the initial
axi-symmetric ones. Returning to the initial state of the pressure profile is completed at
t=>586 7,4 and then, the thermal conduction is switched off. The system enters into the
second ramp-up phase and a similar sawtooth feature is repeated. In the present MHD
study, the heat release mechanism can not be specified, but it certainly plays an essential
role in retrieving the normal state form the crash phase.

Fig. 6 shows the time development of (a) the magnetic field energy and (b) kinetic
energy of the n=1 mode and the nonlinear modes. When the system reaches to the turn-
ing point of the on-axis q value (T.P.) where the on-axis q value changes from decrease
to increase in the ramp-up phase, one can see that nonlinearly excited higher modes have
grown drastically. The time when both of the n=1 mode and nonhinear modes ( n >
2 ) become maximum, i.e., t = 5047,,, corresponds to the time just after the magnetic

surface disruption. { see Fig. 2-(e) ).

III. DISCUSSIONS
A. What leads to the g-profile flattening ?

First of all, in order to identify the characteristics of the unstable mode which is shown
in Fig. 6, we made several simulations with different S numbers in which the on-axis q
value is fixed to be 0.85 initially. The linear growth rate obtained in these simulations
are shown in Fig. 7. In this figure, the theoretical growth rate of the resistive kink mode,

being proportional to S71/3, is indicated by the solid line ' . The observed growth rates
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show a good agreement with the S~1/3 curve, hence, it can be confirmed that the excited
mode in these simulations is the resistive kink mode, not the tearing mode whose growth
rate is proportional to S~3/5.

Fig. 8 and Fig. 9 show the time developments of the magnetic field energy and kinetic
energy of n=1 mode and nonlinear modes, respectively, (a) for the case that the n=1
mode was artificially suppressed at a time before the system reached to the turning point
( T.P. ), (b) for the case that the n=1 mode was suppressed just before the q profile was
flattened, and (c) for the original case shown in Fig. 6. In both cases (a) and (b) the
on-axis q value continues to decrease for a while after the suppression of the n=1 mode.
After the passage of a certain time, say, 110 7,4 and 33 7,4, respectively, for the cases (a)
and (b) the nonlinear modes start growing drastically again and the system reaches to
the turning point. The g-profile flattening and the crash follows in the same way as the
original case.

The above results indicate that the drastic growth of the nonlinear ( n > 2 ) modes
leads to the turning of the on-axis q value from decrease to increase. Namely, the exci-
tation of nonlinear modes seems to be the very cause that leads to the lowering of the
barrier protecting the disruption of the magnetic surface. In order to prove this idea, we
performed an artificial simulation in which the magnetic field energy and the kinetic en-
ergy of nonlinear modes ( except the primary n=1 mode ) were forced to keep the levels of
those values at a time before the turning point ( £ = 3097,4 ). The result of this artificial
simulation has shown that the q value keeps decreasing instead of being flattened, thus,
no crash has occurred.

From the above studies one can conclude that the flattening of the q-profile, which
leads to the crash, is caused by the strong excitation of nonlinear modes, not by the
reconnection process. It is this aspect that is essentially different from Kadomtsev’s

model, although the overall change of the temperature profile is very similar. Namely,



in our model, the driven reconnection is triggered as a result of the q-profile flattening
which is caused by the sirong excitation of nonlinear modes, in contrast to Kadomtsev’s
model in which the g-profile becomes flattened as a result of the nonlinear reconnection

exchanging the magnetic flux over q=1 surface.
B. How and what triggers the crash ?

Throughout the ramp-up phase, there occurs no violent magnetic reconnection ( except
for weak tearing modes ). On the other hand, at the beginning of the crash phase, we
can observe violent magnetic reconnection which causes the complete destruction of the
magnetic surface in the ¢ <1 region (see Fig. 2-(d)). Such destruction of the magnetic
surface leads to the crash of the pressure (temperature) profile. In the meantime, we
executed a simulation in which the term —V x {§/5) was removed from Eq. {3) at a time
just before the q profile was flattened. In this case, no destructive reconnection occurred,
in spite of the fact that the q profile continued to be flattened. This indicates that a
resistivity, whatever it may be, is necessary for triggering the crash. In this respect, a
recent particle simulation has shown that when the current sheet is thinned as small as the
ion Larmor radius by the compressional plasma flows, collisionless driven reconnection is
rapidly induced °. This may imply that in a real high temperature tokamak collisionless
driven reconnection may take place instead of collisional driven reconnection.

In order to assure the role of the plasma flow on magnetic reconnection in the crash
phase, i.e., the role of the plasma flow in triggering the crash, we made a simulation in
which only the plasma flow was artificially suppressed at a time just before the crash. The
solid line in Fig. 10 indicates the time development of the kinetic energy and magnetic
field energy of n=1mode. The dashed line in the figure stands for the development of the
original case. The times when the crash occurred for both cases are also shown by the

arrows. It is seen that at the very beginning the kinetic energy abruptly increases so as to



retrieve a self-consistent solution by consuming a part of the magnetic field energy. When
the self-consistent solution is obtained and the amplitude of the kinetic energy becomes
the similar level as that of the crash time for the original case, the crash has occurred.
On the other hand, the magnetic field energy at the crash time for the case where the
suppression of the plasma flow was executed has reached to a higher level than that for the
original case. This fact strongly supports that it is the dynamic pressure, rather than the
magnetic pressure, of the n=1 kink mode that drives reconnection, hence, the fast crash.
. However, there still remains a question as to how the plasma pressure can contribute to
triggering the crash.

In order t(; clarify the role of the plasma pressure in triggering the crash, we made an
artificial simulation where the pressure gradient force was removed from the equation of
motion, Eq. (2), just before the onset of the crash. The result was such that the crash
did occur almost exactly in the same way as in the case with the pressure gradient force.
Therefore, the pressure turns out not to be the major term in the sawtooth phenomena.
Our final conclusion is therefore that the fast crash is directly triggered by nonlinear
reconnection, whether collisional or collisionless, driven by the well-developed m=1/n=1

kink mode plasma flow.

C. What determines the scale of the crash 7

As can be seen in Figures 2 and 5, the time-scale of the disruption of the magnetic
surface due to magnetic reconnection is 20 ~ 30 7,4 and the temperature on the plasma
axis drops in the time-scale of 50 ~ 100 7,4. The difference between the time-scales of the
magnetic surface disruption and the temperature drop reflects the fact that there appears
an appreciable shift of the temperature axis before the crash tirne as is observed as a
precursor in the real experiments, and also the fact that the pressure profile continues

to be distorted for a while after the crash because the strongly excited kink plasma flow



cannot be damped out quickly. Although the on-axis temperature keeps decreasing after
the disruption of the magnetic surface, it may be reasonable that the time-scale of the
sawtooth crash is given, in a strict sense, by that of the disruption of the magnetic surface,
namely, by the time-scale of magnetic reconnection.

Here, we note that in a compressible plasma the time-scale of the driven magnetic
reconnection is weakly dependent on the resistivity, but dependent strongly on the mag-
nitude of the driving plasma flow 7. It is anticipated therefore that the time-scale of the
crash will not change much, even though a higher Reynolds number is assumed, as long
as the kink flow velocity is the same.

In order to see this, we executed a simulation where the initial on-axis S value is set
to be 80000 which is much larger than the previous case. The on-axis temperature is
plotted against time in Fig. 11. In this case, it takes about 600 7,4 for the ramp up
phase and 30 ~ 40 7,4 for the disruption of the magnetic surface. At the time when the
q profile is flattened, the resistivity and the magnitude of the plasma flow velocity of the
simulation for the high S case ( S = 80000 ) is 2.3 and 1.4 times smaller than those of the
original simulation with the low 8 case ( S = 40000 ), respectively. This result strongly
supports our anticipation that the time-scale of the disruption of the magnetic surface is
determined primarily by the plasma flow velocity, rather than the resistivity.

In an incompressible plasma, the magnetic Reynolds number will affect seriously on
the reconnection rate, hence, the time scale of the crash. This would give the reason why
the time-scale of the crash in our simulation is different from that in the other simulations,
for example, Aydemir’s simulation where the density continuity equation is not solved (
constant density model ).

In our simulations the deﬂsity variation is self-consistently taken into account, which
gives an essential difference from other simulations. Particularly at the very moment

of the crash, the density is narrowly peaked at the stagnation position of the directed

10




plasma flow, whereby strong reconnection is driven in the time-scale determined solely by
the directed plasma flow.

In our simulation, the g-profile becomes flattened at q = 1 before the crash, while
the actual experimental data show that the g-profile remains below q = 1 through the
sawtooth oscillations. One possible explanation for this discrepancy is that the observed
q-profiles in the experiments are obtained by averaging over a few sawtooth oscillation
periods, therefore, the observed g-profiles may not reflect those at a time just before the
crash. In our simulation, during the ramp-up phase which occupies most of the sawtooth
oscillation period, the q-value is well below 1 and the g-profile flattening occurs for a short
time before the crash. An another possible explanation is as follows. The key points for
the crash in our model are the g-profile flattening as well as the existence of m=1/n=1
mode. Therefore, our simulation shows that during the period when the q value increases
towards q=1, the bottom part of the q-profile becomes flattened at the value less than
unity and the flattened region spreads as the flattened q value increases. Since in a high
temperature tokamak, the S value is much larger than the present one and the growth
rate of the resistive kink mode is proportional to §7/%, the relative growth of the resistive
kink mode in the real ramp-up phase is supposed to be much larger than the present one.
Therefore, it is conceivable that lower q modes. say, m/n=0.8, can be nonlinearly excited,
hence, crash may occur at a bottom-flattened q-profile even if the flattened q is below 1.

The amplitude and ‘period of the sawtooth oscillation are strongly dependent on how
to remove the heat from the core region when crash occurs. However, the heat transfer
mechanism must be governed by kinetic effects rather than the MHD effects. In order
to explain the whole process of the sawtooth oscillation phenomena, therefore, one must

wait until an innovative simulation model in which both the fluid-scale and particle-scale

effects are simultaneously taken into account can be developed.
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IV. SUMMARY

A comprehensive study of the fast crash mechanism of the tokamak sawtooth oscil-
lation is done by a full-torus, compressible, resistive MHD sirmulation. The simulation
results have concluded that the fast crash of the sawtooth oscillation can be explained
within the context of the classical resistive MHD model. When the on-axis q value falls
below 1, the m=1/n=1 resistive kink mode appears around the axis. As the linear kink
mode grows sufficiently, the nonlinear modes are excited drastically. Then, q stops 1e-
ducing its on-axis value and turns to increase so as to form a flat-bottom profile. The
central hot core plasma tends to be pushed away from the rather robust magnetic axis
by the dynamic pressure. When the g-profile below 1 becomes entirely flattened at q=1,
the poloidal magnetic field lines are driven to reconnect rapidly in one or multiple points
in the flattened q region by strong plasma flows which are induced by the kink mode,
whereby the robust magnetic structure in the flattened region is crashed.

The direct cause for triggering the crash is the plasma flow which grows as a result
of the kink mode. It is the driven magnetic reconnection due to this plasma flow that
leads to disruption of the poloidal magnetic surface, namely, the sawtooth crash. The
time-scale is governed by the MHD time-scale, say, 100 poloidal Alfven transit times.

In conclusion, the excitation of the nonlinear kink modes acts to flatten the q-profile in
the unstable region and reduce the stabilizing magnetic barrier in the core region, and at
the same time the growth of the kink plasma flow strengthens the force of driven magnetic

reconnection, consequently, the fast crash is realized.
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Fig.
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Fig.

Figure Captions

. The simulation model of the tokamak device and its coordinates system.

. The evolutions of magnetic field lines mapping on a poloidal plane, the ¢-

profile and plasma flow profile at {a) t=0, (b) t=358 7,4, (c) t=480 7,4,

(d) t=484 7,4, (e) t=496 4.

. The equi-contours of the temperature at (a) t=0, {b) t=358 7,4, (c) t=480

Tpa, (d) t=484 7,4, (¢) t=496 7,4 corresponding to Fig. 2, and at {f)
£=520 7, 4.

. The magnetic field lines mapping con a poloidal plane and the temperature

distribution at t=480 7,4. The color changes from blue to red as the

temperature increases.

. The time development of the on-axis temperature. The thermal conduction

effect was switched on and off at the points indicated by the vertical arrow.

. {a): The time development of the magnetic field energy of the n=1 mode and

the nonlinear modes. {b): The time development of the plasma kinetic energy

of the n=1 mode and the nonlinear modes.

. The growth rate of n=1 mode for different S numbers. The solid line, being

1/3

proportional to S™°, indicates a theoretical growth rate of the resistive

kink mode.

. The time development of the magnetic field energy of n=1 mode, (a) for the

case where the n=1 mode was artificially suppressed at a time before the
turning point, (b) for the case where the n=1 mode was suppressed just before

the flattening, and (c) the original case.

. The time development of the plasma kinetic energy of n=1 mode, (a) for the

case where the n=1 mode was artificially suppressed at a time before the

turning point, (b) for the case where the n=1 mode was suppressed just before
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the flattening, and (c) the original case.
Fig. 10. The time developments of the kinetic energy and magnetic field energy of n=1
mode. The solid and dashed lines correspond to the case where only the

plasma flow was artificially suppressed at a time just before the crash and

to the original case, respectively.

Fig. 11. The time development of the on-axis temperature for the case where the

initial S is taken to be 80000.
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