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Abstract

Simulations of three-dimensional equilibria in the H-1 Heliac with the HINT code
show that the size of a dangerous magnetic island should increase with plasma pressure
but that a destruction of the equilibrium at low /5 is avoided because the rotational
transform evolves to exclude the rational surface concerned. At higher pressures there
is evidence of near-resonant flux surface deformations which may lead to an equilib-
rium limit. A reconnected equilibrium at still higher pressures exhibits a double island
structure which is similar to homoclinic phase portraits which have been observed after

separatrix reconnection in Hamiltonian systems.
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L INTRODUCTION

An important goal of the experimental program of the present, and next generation
of stellarators is the investigation of the behaviour of magnetic islands and their effect
on plasma confinement. This is particularly the case for the low-shear experiments such
as the Heliac where the presence of low-order rational surfaces could lead to the growth
of islands which have widths which are an appreciable fraction of the plasma minor
radius. In their benign mode, these large magnetic islands might be associated with
a localized flattening of the plasma pressure gradient which would reduce the plasma
<> (B is the ratio of plasma pressure to magnetic pressure, and the bracket denotes
the volume averaged value). In more serious instances, overlapping islands couid lead to
global stochasticity and a loss of confinement.

The HINT! three-dimensional MHD equilibrium code has been previously applied to
study the evolution of magnetic islands in heliotron/torsatron®~* and Helias* = equilibh-
ria. Animportant physics result for both configurations was that self-healing of magnetic
islands could occur at finite pressures. The finite-pressure island chains appeared to have
a phase which was independent of their phase in the vacuum magnetic field. In situations
where these phases were opposite, the island widths shrunk as the plasma § increased
and then grew again, with their natural phase, at higher pressures.

The Heliac configuration has a large spatial excursion about a central conductor and
flux surfaces which look generally bean-shaped in their minor cross-section. It is distin-
guished by its deep magnetic well which, for example, in the 3-period H-1 Heliac” can be
varled continuously from a 1% magnetic hill to a 6% magnetic well in the vacuum field.
The strong coupling between toroidal and helical curvatures means that the magnetic
flux surfaces of the toroidal Heliac are more complicated than either heliotron /torsatron
or Helias and, as such, the application of HINT to the H-1 configuration described here
can be seen as a test of the robustness and reliability of that code. It can also be seen
as a test of the robustness of the H-1 surfaces themselves. In particular, we have been
motivated to examine the extent to which the critical <8> = 1% stability limits forecast
for H-1%° correspond to an equilibrium limit set by the growth of islands. A further
motivation was to determine whether self-healing occurred for H-1. This is particularly
important, in the light of the earlier HINT results, because field-line-tracing studies for
vacuum fields of H-1 have yet to show any variation of the phase of the major magnetic

istands across the parameter space of H-1 (in the absence of field errors)'°.



In this paper, calculation results show appearance of a variety of topology in magnetic
islands induced in finite § equilibria. In the Appendix, we discuss such variation in the

topology can be reproduced by a standard nontwist map.

II. THE MODEL

The HINT code takes as input the components of the vacuum magnetic field along a
given boundary and an initial guess for the pressure profile.® For the Heliac, the large
helical excursion of the plasma combined with a central set of conductors meant that the
conventional twisting-tectangular boundary of HINT had to be generalized to a polygonal
one with a large helical pitch. We have modified the code accordingly, and the outline
of this boundary shape for H-1 can be seen in Fig. 1. The normal components of the
magnetic field along the boundary are held fixed during the finite A simulation (i.e. it
is considered to be a perfect conductor). The plasma pressure profile is implemented
by advancing a pair of relaxation eguations along magnetic field lines with the result
that the pressure profile flattens antomatically inside an island. The initial guess for the
pressure profile chosen was p = pg(1 —)? where % is the normalized toroidal flux. (This
profile is kept with a good numerical accuracy during the relaxation if magnetic islands
do not appear.) This meant that <f> = f§;/3 depending on the width of islands, where
Bo denotes the value of § averaged along the magnetic axis. Calculations were carried
out for one half-period of the machine, assuming stellarator symmetry.

We examined a particular H-1 configuration which included the island structure
corresponding to the (rotational transform) ¢ = 6/5 resonance in the vacuum field.
Two cross-sections of this (¢ = 0 and %, ¢ is the toroidal angle), are shown in Fig.
1. The central conductors have a major radius of 1 meter and the aspect ratio of the
configuration is about 7. The slightly larger cross-section is on the inboard side of the
machine. This model configuration is obtained from the “standard” configuration of
H-1® by increasing the current in the helical trim coil to 3% of the main central current.
Figure 2 shows the rotational trarsform for this vacnum configuration, indicating that
the profile is monotonous in the vacnum field and the magnetic shear is quite small.
There is a uniform magnetic well of about 1% across the flux surfaces shown. The rigid
feature of the island’s phase is the o-point on the outboard centre-line of the right-hand
cross section. The major island chains with even and odd numbers of lobes appear to
have an o-point with this symmetry under all combinations of currents in the H-1 coils?.

The HINT code was run with a grid of 73x 73 points in each poicidal plane and 41

points in the toroidal direction. Field-line tracing, to produce the puncture plots shown



below, was performed using a 6th order Runge-Kutta method. Typical runs at a fixed
plasma J converged in 50 Alfvén times. Convergence studies in the grid to 109x109x59

points were performed with ro qualitative change in the resuits.

ITI. RESULTS AND DISCUSSION

The results of the HINT simulations are shown in Figs. 3 ta 11. When £ increases,
the value of the rotational transform at the magnetic axis io increases, while the value
of that at around half the minor radius tends to decrease slightly. The value of : near
the plasma boundary does not change significantly. This behavior in the ¢ profile results
in appearance of the minimum of ¢ (vanishing shear} at around half the miner radius.
The value of the minimum ¢ shows quite subtle behavior as a fanction of 8; as is shown
in the following, depending on the value of the minimum ¢ with respect to 6/5, the
most dangerous (low order) rational surface relevant, a variety of topology appears for
magnetic islands induced in firite § equifibria.

Figure 3, at fy = 1.5%, shows that the size of the ¢ = 6/3 island should increase
with plasma pressure to about 1/5 of the plasma radius. The corresponding ¢ profile
is shown in Fig. 4, indicating that the shear is vanishingly small around ¢ = 6/5. The
pressure contours are shown in Fig. 5. The good agreement between the pressure and
flux surfaces in Figs. 3 and 5 is a verification of the validity of the HINT simulation.

If the pressure is increased to fy = 2.0%, in Fig. 6, the plasma appears to experience
a form of self-healing, however the corresponding ¢ profile, in Fig. 7, shows that this is
because the 6/5 surface has been excluded from the configuration. It is possible that
this exclusior might be due to some self-consistent plasma dynamics and, as such, could
be considered as a (new) form of self-healing. As the pressure is increased further, in
Figs. 8 and 9, the HINT results show that the minimnm value of ¢ remains just above
6/5, however the flux surfaces show marked signs of near-resonant deformation. At
the fg = 3.8% of Fig. 8 the deformation is extreme and the plasma is probably at its
equilibrium limit.

The tendency of the H-1 vacuum island chain to grow as the pressure increases should
be contrasted with the TJ-II Heliac.! The particular TJ-II configuration included 2 large
4/3 island which appeared to be opposite in phase to the H-1 islands considered here,
indicating a possible cccurence of the self-healing in finite § equilibria. A comparison
of this aspect of the island dynamics of the H-1 and TIJ-II Heliacs could become an

important part of the experimental program of the two devices.



Figures 10 and 11 show the flux surfaces and ¢ profile when the equilibrium pressure
is increased to Bg = 4.4%. The flux surfaces have reconnected to form a double island
structure which is analogous to the homoclinic phase portraits observed for Hamiltonian
dynamical systems after separatrix reconnection’?, but appears to be new in the context
of stellarator magnetic fields. The possibility of separatrix reconnection occurring is
due to the corresponding Hamiltonian being degenerate, whick, in our case, corresponds
to ' = 0 in Fig. 11. We note that the homoclinic-type structare shown in Fig. 11 is
approached from “above” rather than as a coalescence between two island chains having
a heteroclinic-type structure.

Finaily, in Fig. 12 and 13 with still higher 8, fy = 6.5%, the value of ¢ at around
half the minor radius decreases down to below 6/5. Accordingly, the homoclinic islands
observed in Fig.10 ate changed to a pair of heteroclinic {resonant-type) 6 /5 island chains.
It is interesting to note that the phases of those two island chains are opposite to each

other.
IV. CONCLUSION

Using the HINT computer code, we have simulated the evolution of magnetic islards in
the H-1 Heliac up to By = 6.5%. These are the highest plasma pressuzes to be obtained
by an islands code for the difficult Heliac geometry. Our results for a particnlar H-1
configuration predict an equilibrium Hmit of <g> slightly above 1%. The predicted
initial growth, rather than self-healing, of the + = 6/5 island shown here might be
pessimistic for H-1if the inferred rigidity of the phase of the vacnum islands, and a wider
generalization of the earlier tesults of HINT for other configurations, is confirmed. (We
note that a generalization of analytical theory of magnetic island formation to include
vacuum islands has verified the phase dependence of self-healing’®.) On the other hand,
the observed change of the rotational transform profile with plasma pressure to exclude
the resonant surface in question is an optimistic result which might also be generalized
to other Heliac configurations. In conclusion, the results in this paper indicate that
we should be careful not only on the ordinary resonant-type islands, but also on the
near-resonant-type deformation when evaluating equilibrium £ limit. The differences in
island evolution in the H-1 and TJ-II could form an important part of the experimental
program of the two devices.

We note that the homoclinic-type island structure of Fig. 10 has been obtained for the
first time in this paper in equilibrinm calculations of torus plasmas. Although probably
above the equilibrium limit in this particalar H-1 case, it might also form an object of

study in other low-shear stellarator configurations.
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APPENDIX: SADDLE-NODE BIFURCATION IN A TWIST
REVERSING MAP

The flux surfaces have reconnected to form a double island structure that is anal-
ogous to the homoclinic phase portraits observed for Hamiltonian systems which have
a degeneracy in the mass 2, ie. where 3°H/8p® = 0 ; in the present context this is
equivalent to a flux surface for which ¢ = 0 as occurs in Fig. 11.

A simple model of this phenomena can be obtained using an area preserving map,

T, to represent the Poincaré map of the field lines

T- y’:y—%SiH(?ﬂ'Z)
' f=z-y?—t

Here y represents the radial coordinate, and z the poloidal angle (the map is periodic
in z with period 1). A map similar to this one has been studied earlier 121415 and can
be called the standard momtwist map, because the “twist” of this map, #z /oy = 2y
reverses at y = 0. Here we use a slightly different parameterization than the previous
papers with a rotational transform :(y) = y* —¢. Note that there is no : = 0 rational
surface when ¢ < 0. Thus the main driven island in the system, m/n = 0/1, does not

exist when 7 < 0. Indeed the fixed points of the map, T(z,y} = (z,y) are

{0,/),(0.5,4/t), and (0.5, —/1),(0.0, —/1)

and exist only for positive t. When & > 0 the first and third of these points are elliptic
(o-points}, and the second and forth are hyperbolic(x-points).

The map has the symmetry S: (z,y) — {z+1/2,—y) ,ie. ST =TS, so the negative
y phase portrait is simply related to that for positive y. The map is also time reversible,
T~! = RTR with the involation R : (z,y) — (—z,y — %sin(?m)). This implies that

symmetric orbit finding techniques can be used*®.



We show below several phase space plots illustrating the saddle-node bifurcation
that occurs when { increases across zero leading to the creation of the two pairs of fixed
points. We claim that this is exactly what occurs as 3 increases from 2% to 6.5% in the
simulations. In the first case, when t < O the flux surfaces show deformations, Fig. 14,
that are similar to the field lines in Fig. 8-9.

As t increases past zero, the two pairs of elliptic-hyperbolic fixed points are created,
Fig. 15. For small positive ¢ the separatrix of each of the islands has a homoclinic form
{unlike the more typical heteroclinic form for nondegenerate systems) : one branch of
the unstable manifold of each of the hyperbolic fixed points is homoclinic to the same
fixed point, while the other is heteroclinic to the translate (z — z+1) of the fixed point.
When k = 0.3, this structure occurs for 0 < ¢t < 0.05065. A similar structure was shown
in Fig. 10.

There is a homoclinic bifurcation at ¢ = 0.05065 where the stable-unstable manifolds
of the two x-points appear to join, Fig. 16a (in fact they do not join, as we discuss
below). For larger ¢, the pair of 0/1 islands are far enough from the degeneracy at y = 0
that they assume the more standard heteroclinic form, Fig. 16b.

Though the mapping model looks integrable for ¥ = 0.3, there are undoubtedly
chaotic layers in the neighborhood of the separatrices for any nounzero k. These only
become visible at lager values of k, Fig. 17. The chaosis a result of the homoclinic tangles
in the stable and unstable manifolds (separatrices) : the stable and unstable manifolds
of the two x-points do not smoothly join, rather they cross transversely, leading to the
usual sort of heteroclinic tangle. In Fig. 18, we show some of the heteroclinic tangle
for & = 0.8, just before the homoclinic bifurcation for this valve of k which occurs at

1= 0.0974.
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FIGURE CAPTIONS

FIG. 1: Peincare plot of the vacuum magnetic field of the H-1 configuration under consid-
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eration, at ¢ = O {right) and ¢ = % (left). The solid boundary shows the outer
wall on which ideally conducting boundary conditions are imposed for the finite 4

HINT simmulations.

Rotational transform profile {against average radius from the magnetic axis) for

the vacunm configuration of Fig. 1.

Calculated flux surfaces for fy = 1.5%.

: Rotational tramsform profile corresponding to Fig. 3.

: Constant pressure surfaces for the equilibrium of Fig. 3.
: Calculated flux surfaces for fp = 2.0%.

: Rotational transform profile corresponding to Fig. 6.

: Calculated flux surfaces for fy — 3.8%.

: Rotational transform profile corresponding to ¥ig. 8.

Calculated flux surfaces for fp = 4.4%.

Rotational transform profile corresponding to Fig. 10.

Calculated flux surfaces for fo = 6.5%.

Rotational transform profile corresponding to Fig. 12.

Phase space of the nontwist map for £ = 0.3. {a) ¢ = —0.02 and (b) ¢t = 0.0.
Coordinates range over (—.5,.5) x (—.5,.5).

k= 0.3, t = 0.02. There are two pairs of elliptic and hyperbolic fixed points at
y = £/0.02.

k=03, (a) t = 6.05065 and (b) t = 0.07. In (a) there is nearly a homoclinic
connection between the positive and negative hyperbolic points. For larger ¢, the
two manifolds are heteroclinic.

t=10.02,(a) k = 0.6 and {b) k = 0.8. In (b) the y scale is changed to (-.75,.75). A
chaotic layer is visible around the negative y x-point. By symmetry the positive x-
point would have an identical layer, but we show the stable and unstable manifolds

instead.

k = 0.8, t = 0.0973. The hetercclinic tangle in the stable-unstable marifolds.
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Fig.8
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Fig.10
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Fig.12
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NonTwist Map, (k,t) = (0.8,0.0973)
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