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ABSTRACT

We discuss the problem of self-consistent analytical description
of stellarators with a helical field which has, besides the main
harmonic, two nearest satellites with the same period in the
toroidal angle. The expression for the flux function explicitly
incorporating the effect of such satellites on the shape of
megnetic surfaces is obtained. It is shown that they produce the
shift of magnetic surfaces. The expression for this shift is
derived. Two problems are considered where the behavior of B2 on
a magnetic surface is important: Pfirsch-Schluter current at the
presence of satellites and possibility of fulfillment of
quasisymmetry condition (B2 on a magnetic surface does not
depend on one of the angular Boozer coordinales) at least at a
single magnetic surface. It is shown that effect of satellite
harmonics on the magnitude of Pfirsch-Schiuter current turns out
to be much smaller than it was predicted earlier on the basis of
sinplified model where the shift related with satellites was not
taken into account. It is shown that quasisymmetry condition in
a configuration with two satellites can be fulfilled only in
linear approximation in helical field. The analysis is performed
for conventional stellarators with planar circular axis making
use of stellarator expansion.
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1. INTRODUCTION

The spectrum of the helical field in a real stellarator
always contains, besides the main harmonic, several satellite
ones [1-31. Even if their amplitudes are small, in numerical
calculations sometimes up to several dozens of such satellites
are Kept [4-7] because numerical results turn out to be
sensitive to the choice of the model of magnetic field.

Besides the 1inevitable necessity of taking account of
satellites of a "natural origin® [1] in already »constructed
devices, it is possible to point out two more factors explaining
the interest to stellarators with a mixture of harmonics. First,
it is the evident possibility of getting an additional degree of
freedom [8-10] which allows to vary the geometry of magnetic
configuration by independent conirol of harmonic amplitudes.
Second, predicted by theory [11-241 the possibilily of essential
improvement of some characteristics of the system at the optimal
gselection of satellifes. Such optimization is one (though, as it
was mentioned in [17]1, not the best) of the generally
acknowledged in the theory methods of the reduction of
neoclassical transport coefficients, and potentially also a
means of plasma stability improvement [12]. Satellite harmonics
may be needed also for shear creation when the choice of the
main harmonic is restricted by other requirements (21, 23].

Physics of plasma confinement in toroidal systems is much
determined by the behavior of B2 on magnetic surfaces. From
well-known facts it is suffice to remind that this value enters
explicitly the equations for Prirsch-Schluter currents,

stability criteria (for example, the expression for the magnetic
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well 1[251), drift Hamiltonian for charged particles in a
magnetic field [26,271, equations for bootsirap current [28,29].
Adding satellites to the main harmonic of the helical field
[11-20,22,24) is often proposed (explicitly or implicitly) for
changing B2 in a proper way. A nontrivial fact, which is the
subject of discussion and analysis of the present article, is
that appearance of supplementary harmonics in a magnetic field B
leads to the change of geometry of magnetic surfaces. Therefore,
in calculation of 82 as a function of coordinates on a magnetic
surface one cannot, generally speaking, to restrict himself by
the additive account of supplementary contribution to B only,
but it is necessary also fo take account of the accompanying
deformation of "coordinate system”. The consequence of this, as
it will be shown below on a concrete example, may be not simple
improving of the accuracy of calculations, but the cardinal
change of the result in comparison with that when satellite
effect on the geometry of magnetic surfaces is disregarded.

Atiracting attention to the oprincipal importance of
self-consistent description of stellarator configurations at the
presence of satellites, we tried to elucidate this aspect of the
problem more completely and consistently. Starting from the most
peneral relationships establishing the relation of the flux
function, which describes magnetic surfaces, with given magnetic
field of a stellarator. Their brief derivation with short
explanations are given in the next section.

These relationships are used then as a basis for analysis of
configurations where, besides the main harmonic, there are two
nearest satellites with the same period in the toroidal angle.

In the third section the expression for vacuum flux function wV



in such configurations is obtained, and in the forth section the
expression for B2. The necessity of self-consistent calculation
of these two functions is related with the fact that the
physically meaningful factor in equilibrium, stability and
transport problems is the nonuniformity of B2 on a magnetic
surface.

In the section 5 this necessity is clearly illustrated by
analysis of the effect of satellite harmonics on the magnitude
of Pfirsch-Schluter current in stellarators. Without taking
account of the shift of vacuum magnetic surfaces under the
action of satellite harmonics this current was calculated in
[18], where the conclusion was made that this current can be
significantly reduced under the proper choice of satellites. We
show that in this problem one may not disregard the shift.

In the section 6 we analyze the possibility of such
"improvement" of configuration by using satellites which would
make B2 the function of only two Boozer coordinates at least on
a single magnetic surface. This problem is closely related with
that of transport optimization in stellarators.

The last section is devoted to the summary of main results.
In the brief Appendix the expressions are given for functions

which appear in the considered problems.

2. FLUX FUNCTION IN A STELLARATOR. GENERAL THEORY

Our goal 1s such self-consistent description of a
configuration when magnetic surface geometry and magnetic field

are uniquely related. The first step, therefore, must be the



establishment of this relation. This problem is one of the key
subjects in the theory of systems with magnetic confinement of a
plasma, and because of 1its importance it is deeply enough
studied. Excellent reviews [30,31]1 are devoted to its analysis
and to explanation of basic principles. A great number of
articles are devoted to direct numerical calculations of
magnetic configurations by given external currents and with
account of finite plasma pressure, see [2-7,22,32-341. Finally,
an elegant solution of the problem is known for a stellarator
[35,36]1 (see also [30]) based on the averaging method [37]. This
very solution we will use below. The present section gives a
brief but exhaustive explanation of the matter. In fact this
section can be considered as a summary of general results which
we gather here both for completeness and because of their
principle importance for subsequent analysis and discussions.
The function ¥, by which the magnetic surfaces ¥ = const are

described, satisfies the equation

B-VW = 0. (1)
Separating fast oscillating components in B and y
B = E- + E , Yy = a + ﬁ (2)
and making the same operation with Eg. (1), we get from it
E:VQ + <§-V$>§ = 0, {3a)
B-Vy + B-VYy = 0. (3b}

The last equation is linearized over the oscillating components.
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Here and in the following the standard notation is used

; n A
f5<f>c=2—n[fdc,f=f—<f>§,f:Jfarc,(zl)
0

where C is the toroidal angle; (r,C,z) is the usual cylindrical
coordinates.

In stellarators the rotational transform per one period of
the helical field is small. It allows to drop out the quantity
Ep-vfa' in the left-hand side of Eq. (3b). Then the explicit

expression for ¢ can be represented as
w = - Br'Vlﬂ » (5)
where

r

A
or = B

R

(6}

Subscripts p and ¢ denote the poloidal and toroidal components,
R 1is the radius of stellarator geometrical axis, BO is the
toroidal field at this axis.

Thus, the solution of the equation B-Vy = ¢ is
Yy = Y + ¥ =Yy - W = yYr - 06r) . (7)

Three-dimensional nature of configuration is reflected here in
the linear approximation in |B{/BO. And two-dimensional function
Y iiself, through which the full three-dimensional solution is

expressed, satisfies equation (3a). When function ¥ is

substituted into this equation, it is reduced to
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We have used here the identity (see [38], page 313)

p+;—ﬁ[vwvvc]J-v$=0. (8)

-<§-V(ar-v})>c - ;—n[vwv vc]-v}, (9)
where
T ~ AW 2l . A
¢V=7:<[BB]|—VE-|-Q: Btr<BzBr>C (10)

In (8), Bp is the axially symmetric field which, obviously,

due to the condition div Bp = { can be represented in the form

B, = rof A, = [V(rAt) vc], (11)

where A is the toroidal component of vector potential. Thus, we

get for ¢ finally
[V(.?nrAt  ¥y) W ] Wo= 0. (12)

The equality [ Vi Vg ] VC = 0, where | = f(r,z) and g =
g(r,z), means that Vf and Vg are parallel and, consequently, f =
f(g)- Conditions f = const and g = const in such a case are
equivalent. Therefore, if we are trying to find the surfaces | =
const, then without loss of generality we can put f = g.

It follows from the stated above that the equality

b o= 2mA + Yy (13)



not only satisfies Eq. {(12), but also completely concludes the
problem of finding the flux function ¢ by given magnetic field.
Appeared at the final stage of calculations, the freedom in the
choice of the specific form of the solution is related with the
fact that initial equation (1) is satisfied on the whole family
of functions f(y), where ¢ is any particular solution of (1).

The choice of the solution of Eq. (12} exactly in the form
(13) gives a concrete physical meaning to the function a. It is
easy to show that it is the external (relative tc the magnetic
surface) poloidal magnetic flux. Indeed, conditions BV = ¢ and
div B = 0 allow to use for calculation of wpol a horizontal
membrane bounded by wavy contour lying on the magnetic surface.

Then

r+dr

wpol = JBZ, s, = JBZ rdr dC = 2m < J rB, dr >C (14)
0

because, according to (7}, coordinates re of any point on

magnetic surface can be represented as

re - o = r . (15)

After corresponding change of variables in (14)

r+8r T

d r ’ 4] dr
Jf(r)r— j[f(r)-fa—F(fr)] 3
0 0

where only linear in |B]/BO small corrections are retained, the

integration of Bz in the right-hand side of (14) gives ZHrAP



and integration of Ez gives the quantity wV’ see (10).

For calculating ; by formulae (10}, (11), (13) one needs to
know the magnetic field. To find a field due to equilibrium
plasma currents (additive contribution to /%), it is necessary
to solve two-dimensional equilibrium equation [35,36,381. But
for a vacuum stellarator configuration, when the magnetic field
B is known, the desired relation between a and B is completely
established by general relationships written above. Very often
in analytical calculations they are disregarded, and magnetic
field and geometry of magnetic surfaces are prescribed
independently of each other. Due to such a "tradition" the
equality (13) remained practically unrequired in the theory. In
numerical calculations it was replaced partly by boundary

conditions. In our analysis its key role will be evident.

3. FLUX FUNCTION IN A STELLARATOR AT THE PRESENCE OF SATELLITES

General relationships from the preceding section give a
relation of flux function ¥ with a magnetic field. The
contribution to ¥ from the helical field is described by
function wv. At low B the helical field is almost the same as

the wvacuum one. Assuming B = Vg in (10) and representing

potential ¢ in the form
o = Z 0, (p) sin(ku — mC + oy ) (16)
m>0, k

we get for the function wV



b, = - 1R’B, Z Yen(®) [(k — n)u oo, - “nm)] , (17
m

m>0,
E.n
where
1 de de
= nim “Thkm
wkn = P [ k@knz + nqonn1 ] s (18)
2pBO dp dp

(p,u,C) are quasicylindrical coordinates related with
geometrical axis r = R of a stellarator, o, . are the phase
constants. By definition wkn = wnk‘ Let us note that in the
right-hand side of (18) there are harmonics with the same period
in €. Only at the same m harmonics with different multipolarity
(k # n) give "off-diagonal” contribution to ¥y,- Due to this,
probably, they are called sometimes interacting. In the absence
of such harmonics wV = wv(p), and contribution of harmonics with

different m into this function is additive.
batellites with the same m as that of the main harmonic are
known to be for example, 1in helical devices ATF 1[39,51],
Heliotron E [51, Uragan-2ZM t24]; according to calculations they
should be in LHD [6], Liven-2/4 [21,23]1. And in those cases when
satellites are discussed as a means of optimization of magnetic
configuration [11-20,22,241, always harmonics with the same m
are meant. At that, 1inevitably, wV = wv(p,u). Indeed, 1let us
assume that helical field 1is a superposition of the main

harmonic (m,%&) and two satellites (m,2 % [):

~
¢ = Pu(P) sin(ku — mQ) . (19)
e—1




Then from (17) we get:

tR?B,

![’V=— [lllo+ chosu+lll2ws2u], (20)
m
where

Vo = Yo * VYo p00 * VYeres (21)
‘/’1 = 2 [‘l’&g_l + VI“H], (22)
g = 2V g0 (23)
We restricted ourselves in Eg. (16) by twoe nearest

satellites, ¢ + 1, as by the most important in all
above-mentioned cases [6,11-24,39]. Owing to such satellites the
term wlcosu appears 1in WV’ which corresponds to the shift of
magnetic surfaces ¢%, = const. The terms proportional to cos2u
describe the elongation of surfaces, the effect similar to the
action of quadrupole field [40]. Usually satellite amplitudes
are smaller than that of the main harmonic, and what’s more
sometimes they are significantly smaller. In such a situation
the function w2 quadratic in Pps1 is small, and the main effect
of satellites is described in (20) by the function Wj- In the
following we will consider that very case which is typical for
existing installations and is of undoubted interest for theory.
Let us note that restricting ourselves by two satellites, we

excluded from consideration the stellatron-type [41,42] exotic



configurations.
Starting from Eq. (17) the toroidal corrections of the order
p/R are dropped in wv. In the large-aspect-ratio approximation

one can use for ?p the expression
R
wk = BO Wk_[k(x)' x = mp/R . (24)
m

Here ¥, are the constants characterizing the amplitudes of
harmonics, Ik are the modified Bessel functions. Substitution of

? in such a form into (18) gives

i+]
Vo = Z B"szk, (25}
-1
Yy = [’2—1f£,2—1 * %+1fe,£+1]: (26)
where
ki1, 1
= kb - -] (27)
Tk B PR kt1
’ I y 9 2 9
fer = logley = Ml = ——Tpq o+ T (28)
/ / 12 9 L+ b 9
ferr = Ble = Togleyy = “To v —— Ty - 29

In all three expressions those functions are placed at the first
position which give the lowest term in expansion in x; prime

denotes the derivative over x. Let us note that

d

. - 9 — .. (30)
fo o1 fo 41 L )



Therefore the expression for ¢1 can be written as

¥
vy = 2 - bod) + 1y [ Yooy — Vg ] fogey - 1)
Ty
Thus, the presence of satellites (£ * ) shows itself in the
asymmeiry of function ¢V“ It is clear that nonzero "cosine"
harmonic of ¥ is related with shift of magnetic surfaces.
Contribution to this harmonic due to helical fields is described
by function w] in wV‘ Additional independent contribution can

arise also due to homogenecus transverse (vertical) field Blez,

for which
2 2 R% B,
21IrAt = Tr BL =z R Bi - lﬂl cos u , (32)
m
where
m p Bl
wl = 2 — —, (33}
R BO

and the second harmonic is dropped out, which corresponds to
large-aspect-ratio approximation. At finite plasma pressure the
field of equilibrium plasma currents must be also included in
Af. Accurate description of vacuum configuration is a necessary
basis for their correct calculation.

Now equation of averaged vacuum magnetic surfaces, where
besides satellites also external vertical field is taken into

account, can be writien in the form

1,00 + [lﬁj + \lll] cos u = const . (34)

For surfaces which shift A is small as compared with their



averaged radius a, |A|/a « I, we get from here

A v, + ¥
p 2 a - Acosu, B S .

a xwé(x)

(35)

If both satellites are small, then wg = 3%f£& In such a
case substitution of the explicit expressions for functions ¢1

and wl, which are found earlier, into (35) gives

R ¥y g Yopr — Yooy R Ty psg
A = 2 ——— 4 — + A, (36)

’ 1
mo ¥y Ty m fop(¥)

where Al is the shift due to vertical field:

R B
A, = — — . (37)
HBO
Here p is the rotational transform which at |A|/a « { is related

with function wO by the relationship

’ X
wo(x) = 2 up—. (38)
fri
Let us notice one particular case: Yog = Ypup At such

condition and at the absence of vertical field the shift is
constant: A = const.

The fact that magnetic surfaces are shifted under the action
of satellites and the derived expressions for the shift will be
used below in consideration of two particular problems: in
calculation of Pfirsch-Schluter current in configurations with
satellites and in analysis of the quasisymmetry condition. In

both cases we will need also the explicit expression for B2.



4. B AT THE PRESENCE OF SATELLITES

Stellarator magnetic field is a superposition of the
toroidal field BteC’ axially symmetric poloidal field Bp and
helical field B, therefore

9 2
B’ - B [ 1+ b + by ] , (39)

where bj and b2 are small quantities as compared with unity

which describe the helical and toroidal inhomogeneity of B‘?:

R B B ‘B
b, = 2 s G _1%;“ , (40)
r BO BO
~2 —2
2
R B B
bg = — - 1 + — + L (41)
2 2 2

The main fast-oscillating in ¢ term in (39) is the quantity

T and because of this from B only the "axially symmetric®
~2
contribution < B >r turns out to be essential in b2. For a field

b

with a potential described by (16) it is not difficult to obtain

a general formula similar fo (17} (for simplicity here Ay = 0)

0 B 1 m s I kl’l
=¢ — Y= — — [gokqon + [— + I](pkcpn] cos (k - n)u,
B2/, 2BZ r? 2

which, when the main harmonic (m,£) has only two nearest

satellites (m,€ £ 1), takes the form



o’ = ) + ) cosu + Dx) cos 2u (43)

where
b+1
o 2
G = ) Vigu (44)
-1
& = gy, [y + (45)
1 0| Y182 01 82188041 | -

The explicit form of Qg will not be needed below. If both
satellites are small, the quantity Qg in (43) «can be
disregarded because it is quadratic in Pps 1> but at the same
time Q? is linear.

For the functions entering (44) and (45) we get in the
cylindrical approximation, when 9 is expressed through Bessel

functions (24),

17,2 K2 )
X
r r 2(2 - I) z rs
gaz_] = 12 [2_] + —2 + [ﬁ[g_] = ]2_112_1 + 1218 s (47)
X
UL+ 1)

St = Toleg t [ . T ] Telorr = 1o + pqlyyy - 48
X

It is not difficult to check that they are related by the

equality similar to (30):



X ’
o071 * Bueer = Toer T o Tepr 74 I S 2ggp - (49)

Here we show also their relations with earlier introduced
functions nk' Besides, it 1is possible to give another two

useful relationships:

Cooy — Boprr = Toog o Tosg = 2y (50)
1 d
2
= — — | 2%fyl - (51)
o 28x dx [ 2&

Together with (30) and (49} they allow (when there are two
gatellites) to reduce the number of independent functions in wV
and @7 to two only: f,, and, for example, f,, ..

Now, after getting the explicit expreésions for wV and Qo,
where the presence of satellites manifests itself in asymmet-
rical (in poloidal direction) terms looking like f(p) cosu, we
can turn to consideration of concrete tasks. Let us consider
first the problem of reduction of Pfirsch-Schluter currents
which has been studied earlier analytically in [18] and then

numerically in [431].

5. PFIRSCH-SCHLUTER CURRENT AT THE PRESENCE OF SATELLITES

It is known that in stellarators with a planar axis

Pfirsch-Schluter current is described by the expression

e = mRew) [ - <e>], (52)



where

2
I
2
S
+
Sy
|
11
2
[
|
bo
|
)
Q
fos
&

(53)

The latter approximate equality corresponds to large-aspect-ra-
tio approximation. Brackets <...> in (52) denote the averaging

over the volume between adjacent surfaces Y = const:

d —
<f> 5 — J f dr . (54)

dav
1%

If transverse cross-sections of these surfaces are circular,

then ¢y = —2maplB where o 1s the averaged radius of
cross-sections, and formula (52) is reduced to

i -p(a)5[<g>—9]. (55)

IC =
ul?o Q

Left us note that small corrections quadratic in A were dropped
out at mentioned substitution of a’. Implicitly the dependence
on the shift A remains in <« Q > - Q.

At circular "in average" nonshifted magnetic surfaces, when
there are no satellites, QO = QO(WV) (both functions depend on p
only), and, respectively, ol < ol > = ¢. In the right-hand
side of (55) there remains only "toroidal" term from @, and,
besides, in this case < cosu > = 0. As a result, for ;é one gets
from (55) the well-known simple expression:

- 2p(p)
e = cos u . (56)

IJBO




If at the absence of satellites A # 0, then [45,46,12]

2 i7s A
[1+30V0(¢>)—]cose, (57)

KB, 2

- 2p(a)
Iy =

where 8 is the poloidal angle along the perimeter of transverse
cross-section of the surface a = const (at the inner side 8 = 0,
and at the outer side 6 = m, Vbl(é) is the quantity
characterizing the vacuum magnetic hill, A > 0 corresponds to
the outward shift.

As it is seen from {57), when magnetic surfaces are shifted
into the region of stronger toroidal field, Pfirsch-Schluter
current can be reduced and, as a consequence, configuration can
be made weakly dependent on the pressure [12,45]. But at
parameters, which are typical to stellaraters, this effect is
weak, and its enhancement by the increase of magnetic hill is
disadvantageous because of the danger of sharp deterioration of
plasma stability.

According to Ref. [181 the more radical means of the
reduction of Pfirsch-Schluter current could be the addition of
one or two nearest satellite harmonics to the main one. In [18!
it was shown that this leads to the appearance of additional
terms in the expression for Pfirsch—Schlﬁter current, which are
proportional to the amplitudes of the satellites, and depending
on their sign the Pfirsch-Schluter current can be increased or
decreased.

Analytical calculations have been done in {18] under
assumption that averaged magnetic surfaces are nonshifted torii

p = const. Strictly speaking, as it was shown above, this



assumption contradicts the main condition of the problem [181,
namely the presence of two satellites with the same period in ¢
as that of the main harmonic. For this case we got here
expressions for functions wV and QO. It 1s a sufficient basis to
remove this contradiction. From the formal point of view the
main difference of our analysis from that of [18] is the account
of the shift of magnetic surfaces (36). In other respects we
will try to follow {181].

As in Ref. T[181, we will assume that amplitudes of
satellites are small and will retain in ;C only terms linear in
Ppt 17 0p: At that 1,00 = a'ifa, ol = 'gf%g%, satellites are present
in ¢1 and Q? only. In the expression for B = |B], which in
accordance with (39)-(41) can be written as

o Lt
B - B, [1 + = cosu + Zbk cos(ku—mC)] ., (58)
R -1

harmonic amplitudes bk was prescribed in [18] as power
dependencies: bk = Ckpk. Following the same way, we must replace
everywhere Bessel functions [k by the first term of their
expansions:
1 X k
by = -9, I(x) & -7, ;7 [ 5 ] . (59)

At small x this approximation is quite justified. It entails the

following simplifications:

-2

itz
iR

(60)

~

E-1 gy pyg g1 -1 p 1 1 [ X ]
-1 — | -

L+ 1 Iy, Iy 2(0-2) L2



Besides that,
2 2 ) -2

1 X myy X
2 16 (L-2)r %2

because at |x| « !

114

fn%% 1 28-4

X
TR —] . (62)
16 (& - 2)1(8 — 1)1 L2

Replacing the right-hand side of (60) with the help of (61)
and substituting g, into (45), we get with account of (53)

2 i
QO———x2—[b , 2, (63)
1 - o1 &+1 :
This quantity enters ;C in combination @ = 9f + [of -
2(p/R)]Jcosu. In an expanded form:
- Zp?a) ! m p 1 L+ 1 P
]c = — = _— — — [b£_1 -+ b£+1 ] — 08 U -+
p(a) R
+ —[<Q>—Qg]. (64)
LLBO a
If there would be no shift of magnetic surfaces, then with

a(r) = p the quantity < Q > — Qg would vanish, and (64) would

exactly correspond to the result of [18] obtained for £ = 2 and
£ = 3 (to make the transition to [181, m and cosu should be
replaces by -m and —cos8).

But in fact under the action of satellite harmonics all

magnetic surfaces become shifted. Remaining in the frame of



appreximation x <« 1, @ﬁj/WQ « 1, we get for this shift from
(36) in the notations (53} (which were introduced here only for

convenience of comparison with [181])

4 ] , (65)

12 bﬂ £ -1 b,

Let us remind that for surfaces with such a shift (far from the
magnetic axis) p 2 a — A cos u, so that

0., = of 49
Qp(p) = Qpla) - —= A cos u . (66}

dp
At A # ¢, but without satellites the last term leads to the
appearance of the term with Vb’(Q)A in the right-hand side of

(57). In our case, as it follows from (44) and (51},

0 2 2
o - g :——[xl/)]:l,b, (67)
0 By 90x dx 0 0
because wo = Cx2£—2 Thus
2
ma by g L+ 1 by, g
Qg = Qg(a) - 2 [ + ]cosu. (68)
er? T b, t-1 b,

Here p appeared after taking derivative of wO’ see (38).
Substitution of the obtained exXpression for Qg into (64)
leads to unexpected result: the term with b&tz’ with which the
possibility of the reduction of equilibrium currents was related
in [18], is completely compensated by the term of the opposite
sign which appeared because of the shift of magnetic surfaces.

In other words, even at the presence of satellites one get for



jC the expression similar to {(56), the effect predicted in [18]
is absent.

One should remember, of course, that we came to this
conclusion under some specific restrictions explained in details
above. Nevertheless, it is a serious warning that the change of
the shape of magnetic surfaces under the action of satellites is
the factor which may not be disregarded. In the considered case
its contribution turned out to be exactly equal (but with
another sign) to the expected result.

It was stated in [43]1 that numerical results was in a good
(qualitative) agreement with [18]. Probably, it is an accidental
coincidence caused by two different reasons. The first one is
purely methodical: discrepancy of models. In [43], for example,
B, /B, = 2%, but in [181 there is no vertical field in equations.
Besides, in [43] harmonic content of the field is not shown, but
it is undoubtedly different from that adopted in [181. The
second one is the physical reason: sirong dependence of }é on
the shape of magnetic surfaces. The dependence which has shown
itself, in particular, in Jjust now considered example with
account of shift due to satellites. As an another example let us

show the expression

F 2 ]
- 2p(a) K + 1 A R
jC - p(a) cos 8 + — + — [ < QO > - QO J }(69)

uB, 2K2 2 %a

for the case when p const and surfaces Y = const are shifted

ellipses:

r = R + A - acos B, z = Ka sin 0. (70)



It is seen from (69) that jC strongly depends on surface
ellipticity K: elongation of surfaces in the vertical direction
(K > 1) leads to the reduction of ’TC’ but "flattening® (K < 1)
leads to the increase. Even at so moderate elongation as K = 1.5
the magnitude of the current is already 7.4 times smaller, but
at K = 0.75 it is .4 times larger than that for circular
surfaces (K = 1).

Both examples show that calculating ;C one should avoid
rough models, and it 1is  necessary to be cautious in
interpretation of numerical results.

We talked above about the shift, so it is pertinent here to
attract attention to quantity A’ in formula (69), which at K = 1
is valid at any pfa). The presence of A, in expressions for ;é
(including also the implicit one in (64)) contradicts to
generally accepted opinion that current must be purely "cosine".
However it is Jjust a case when the conclusion based on a
simplified model is incorrect. Indeed, the square element of the
transverse cross-section between adjacent circular (K = 1)
magnetic surfaces is equal to s, = ol - Alcose)dade. Without
A in (69) the integral J;Cdsl would not vanish, though it must
vanish, which is the case with (69). If the shift A is caused by
finite plasma pressure, then A < 0. At that, according to (89),
the value of Pfirsch-Schluter current must be larger at the
outer side of the torus, 8 = n, and smaller at the inner side, 8
= 0. At AI = 172, which is yet far from the equilibrium limit,
we get for the ratio of these values 5/8 (instead of
traditionally expected unity). The effect, as we can see, turns

out to be strong enough, and with increasing B it must further



increase. It is not surprising therefore that attempis to find
somewhere a direct confirmation of this consequence of (69) turn
out to be successful: results of numerical calculations
[36,47-49]1, show the evident asymmetry of ;C over gy at finite f,
see, for example, Fig. 1 copied from Ref. [47]1. We can add to
this that at the presence of interacting satellites there is a
ghift A # ¢ in the vacuum configuration itself, and similar
effect must be seen even al small B.

Detailed analytical calculations given above are
illustrative and can be easily compared in main elements with
those of [181. Now we may give another, more brief, but formal
proof of the conclusion about much smaller effect of satellites
on Pfirsch-Schluter current than it was predicted in [18]. This
proof can be considered as a short explanation of maihematical
aspect of the problem.

If in formulae for functions fin and g, obtained by the
expansion in x from (27) - (29) and (46) - (48), see Appendix,
we would retain only the first terms of the expansion, then we
would come to the conclusion that ., = g, At that, as it is
seen from comparison of (25), (26) and (44), (45), Qg/wv =
const. In the case considered above @ = wV and, consequently, QO
- < 90 > = ( al any Qo(wv). In this approximation the function
QO just drops out from the general expression (52) for ;C and,
correspondingly, from (69). If, following the tradiiion, we
would drop out also A,/? in (69), then there would remain no
trace of satellites in ;C' A weak dependence of ;C on satellites
can appear in the next order of the expansion in x due to small
difference between f, and g, which is shown explicitly in the

Appendix.



6. SATELLITES AND QUASISYMMETRY

Let us turn now to one more problem where the presence of
satellite is dictated by the requirement of quasisymmetry.

Concept of quasisymmetry [50,511 was discussed in details in
recently published review-like articles [52,531. One can find
there exhaustive explanations and more extensive bibliography.
Formally, the matter is reduced to finding such configurations
where B2 i1s a functions of two variables only in Boozer

coordinates (a,eB,C_',B):
B” = BX(a.0 - NCp) . (71)

In conventional toroidal stellarators with a planar circular
axis this condition 1is not fulfilled because toroidal and
helical fields have a symmetry of different type. But we may
try, as it was proposed in [52,53], to satisfy it at a single
magnetic surface. Let us analyze this possibility.

In the frame of stellarator approximation the quasisymmetry
condition (71) for conventional stellarators can be reduced to
two equations [54]: one for the helical and another for the
nonoscillating in ¢ component of Bg. If cross-sections of
averaged magnetic surfaces are shifted circles, see {70), the

first from these equations takes the form

s

1 dg A , 3¢ 3¢
—_ — 1 + [—+A]cosu—+Asinu—:0. (72)
N ¢ p du ap

At the absence of the shift (A = 0) this equation at N = m2
could be satisfied by any single harmonic (& m). But the second

quasisymmetry equation, see below, certainly cannot be satisfied



without shift. Because of this we must assume from the very
beginning that A # 0.

In this more general case the sclution of (72) in linear in
A/p approximation will be the potential similar to (18) with the
main harmonic and such two nearest satellites that

A

20y, = eh + By [E S (73)
I A I 9
2004 = 90 - '&98[5 A (74)

At the condition p/R « 1, which is typical for stellarators,
substitution of expressions (24) for 9 and recurrence formulae

for Bessel functions
XIQ(X) + e.[e = XIB_I s XIE()C) — EIE = x1€+1

allow to reduce these relationships to the form

m A 3’2 ’
2(02_1 = 75‘@2_1 + EWEA s {(75)
—1
m A 3’2 I
Pt = Ty, T b (76)
+

where shift A, let us remind, depends itself on functions 0y In
principle, equations (73) and (74) can be satisfied at any
shift. We will consider below a case when this shift is created
by satellites and by external vertical field only.

According to (36), for a vacuum configuration

Ry
Azz——*":“i+A1, (77)



where the first term is a constant independent on minor radius.
Quasisymmetry equations (75), (76) will reduce with such a shift

to requirements on AI:

£1£ ’ X ]/2—!-] ’
AI = - [—Aj(x) = - 5 i - }— Al(x) N (78)
L1
-1
R T R I
= (79)

R Ty I;j(x)

It is obviocus that the simplest solution of this system is
AI = (), which corresponds to the case Yopg = Yo_pr B_L = 0. Let
us show that system (78), (79) has no other, nontrivial
solution. The most simple way to do it is to use near-axis

expansions of Bessel functions (expansions in x). At that

2
Losq fo,0r1 %
(L +1) = (E-1) — = —, (80)
Ip(x) fep 22
so in the expression
AI = Ah + A (81)
one can use for Ah at x =1 the formula
2
RV =% %
A, =2 — (82)

In this case equation (78) can be written as



X s XIJ’
Ah+—Ah+Al[1—m]~_~0, (83)
2 21

and equation (79), with account of (B0) and (82), takes the form

-1
A, = — A, . (84)

h
L+ 1

As a result, (78) and (79) are reduced to the system of two

equations
A A [ i 0 (85)
mon 2]
on, + Al[£+1] = 0 (86)

with nonzero denominator, which is equal to 2¢ + xu’/p. Thus,

there is no other solution besides Ah = Al = 0.

If instead of (80) we would use more accurate relationships

2t 1 o+ Aoy

fo 041 2fp 041
- = , (87)
s 2 2
fop fo,0-1 % Fo es1 26 -1+ x
9
]£+1 x I
a (88)

H

Ty(x) 208+ 1+ 220

giving reliable approximations up to x = 2, the result would not

change: the system of equations (78), (79) has only trivial



solution Ah =0, 4 =0.

50, the first quasisymmetry equation is satisfied at the
presence of two satellites when Yooy = Tpp Bl = ¢. In this
case configuration preserves a helical symmetry in approximation
linear in |§|/BO. Inhomogeneity of the toroidal field is not
compatible with this type of symmetry. The necessity to suppress
this inhomogeneity at least on a single magnetic surface leads

to the equation [54]

2
vi]-v N (89)
o5l
i
where
~2 52
B
H = —*4—% . (90)
2
By By /¢

All calculations with function H are similar to those made
in the forth section with function QO. Expression for H in
configuration with two satellites turns out to be similar to

(43):

fl. = Hyp) + Hyp)cosu + Hyp) cos 2u . (91)
Here
Hy = 73 [ ey - 215] , (92)
fy = 17 [ o g [gz,e—J - 4121’2—1] * Yapq [ge,3+1 - 4[e’e+1] ] (33)



g;, are the functions (46) - (48). In H, only contribution from
the main harmonic is retained. Expressions (49) allow to express

H] through HO:

o1
Hy = 2—Hy + 0y (g - g ) ((Eer — ey ) OV
L)
At Vo1 = Vpupr BJ_ = 0, which is necessary for maintaining a
helical symmetry in the lowest approximation, this expression
for HI takes the form
dH
H, = & —1, (95)
dp
where, as before, A is the shift (38) of magnetic surfaces.
At the same time equation (88) requires, when magnetic
surfaces are shifted circles, that
dHO

Hy - = 2 B (95)
dp R
which does not conform with (95). Thus, at the presence of two
satellites and at the absence of vertical field the condition of
quasisymmetry can be satisfied in linear in |E|/BO approximation
only, but in the quadratic one it is violated. Violated because
in the considered case mA/R = 2%y /¥y, The left-hand side of
(96) could be positive at smaller, and all the more at negative
shifts. Formally, as it is seen from (94), the increase of HI at
Yo > Tpg algso could improve the situation. These favorable
factors could play their role if there would be mno rigid

relation (36) or (B65) between A and amplitudes of satellites.



For the analysis of this possibility it is necessary to consider
more general case. With account, for example, of quadrupole
field which reduces Pfirsch-Schluter currents {69) and,
correspondingly, the shift of magnetic surfaces; of finite
plasma pressure or longitudinal current.

The considered example is interesting as showing the possi-
bility to create in conventional stellarators the whole family
of configurations with arbitrary shift of magnetic surfaces, but
at the same time "helically symmetric" in Iinear in |E|/BO
approximation. Despite the fact that sign and magnitude of the
shift can be arbitrary, the helical field drops out from the

second quasisymmefry condition (96) because of (85).

7. SUMMARY

The possibility to improve stellarators in respects of
equilibrium, stability and confinement of a plasma at some
optimal choice of satellite helical harmonics may be considered
now as reliably proved by the theory [22}]. Interest to such
configurations is maintained already for more than ten years,
and, undoubtedly, it will only further increase because to
create reactor-stellarator more better characteristics are
needed than those of the contemporary devices.

Analysis of plasma behavior in stellarators needs a reliable
description of vacuum configuration. As a minimum, it is
necessary to know two functions: wV and < E2>€' As it is shown

in the present article, in configurations with satellites, which

have the same period in C as that of the main harmonic, wv and




~2
<B >t are asymmetrical in a poloidal angle. Asymmetry of wV

corresponds to the shift of magnetic surfaces under the action
of satellites. As for <« §2>C in paraxial apprgximation this
function does not differ from wV' In this case < B >C = const at
surfaces wV = const, and because of this even at the presence of
satellites Pfirsch-Schluter current remains the same as in
stellarators with a single harmonic of helical field.

Calculation of Pfirsch-Schluter current was made here in the
same approximation as that used in [18]: it was assumed that
amplitudes of satellites were small, system was supposed to be
long-period (to Jjustify expansion in p), and B « Beq. The new
element here, in comparison with [18], was the account of the
magnetic surface shift at the presence of satellites. Our
analysis shows that disregard cof this shift leads to physically
incorrect result. The principal necessity of self-consistent
description of stellarators in cases when effects are related
with inhomogeneity of B on magnetic surfaces is confirmed
thereby by clear and concrete example.

Given above explicit expressions for functions ¢V and B2 in
stellarator with satellites were used also for the analysis of
quasisymmetry condition (71). It was shown that in linear
approximation in |§|/BU this condition can be easily satisfied

al proper choice of satellites, see (73), (74}, in configuration

with shifted magnetic surfaces.
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APPENDIX

Here we give the expressions for functions fp and g,
obtained from the general formulae by expansion in x with
keeping the first and second terms of the expansion series. For
convenience of comparison both functions f;, and g4 with the
same indexes are given side by side.

At the absence of wsatellites the only, and at small
amplitudes of satellites the main contribution to t,bV and QO is

described by f,, and gop

Functions which appear in wV and 97 at the presence of lower

satellite (£ - 7,m) to the main harmonic (&, m):

”11———1 X2£_321 QEIX2
fg,g_l-gg—! [“] [ﬂ(—)“"( —)[E]],

(2-1) |2
(A.3)
11 1 X 263 X 2
wer ) [ e een[]]
(A.4)

For funciions fo I, and SURT which appear in wV and QY

at the presence of higher satellite (£ + 7,m), the similar



expressions are obtained if we replace here £ by £ + I:

11 1 x 12T x 2
St IR AT H|
(A.5)
11 1 X 2¢-1 X 2
€0 041 = E E? EE_;_;37 [ 5 ] [ ©e + 1) + (28 + 3)[ E } ].
(A.B)

In the lowest approximation, when the second term in
expansion in x can be disregarded, Fip = & In this case @ =
F(yy). and expressions like [ a va,] vQ? vanish. In fact such a
degeneracy is not complete, it disappears if terms of the next
order in x are taken into account in f, and ip Just because
of this, to emphasize their difference, we give these functions

here in such a form.
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Fig. 1. Pfirsch-Schluter current as a function of ma jor radius
(above) for equilibrium configuration with a strong shift of

magnetic surfaces (below) due to finite g8, Ref. [47]
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