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Neoclassical and anomalous transport fluxes are determined for axisymmetric toroidal
plasmas with weak electrostatic fluctuations. The neoclassical and anomalous fluxes are
defined based on the ensemble-averaged kinetic equation with the statistically averaged non-
linear term. The anomalous forces derived from that quasilinear term induce the anomalous
particle and heat fluxes. The neoclassical banana-plateau particle and heat fluxes and the
bootstrap current are also affected by the fluctuations through the parallel anomalous forces
and the modified parallel viscosities. The quasilinear term, the anomalous forces, and the
anomalous particle and heat fluxes are evaluated from the fluctuating part of the drift k-
netic equation. The averaged drift kinetic equation with the quasilinear term is solved for the
plateau regime to derive the parallel viscosities modified by the fluctuations. The entropy
production rate due to the anomalous transport processes is formulated and used to identify
conjugate pairs of the anomalous fluxes and forces, which are connected by the matrix with

the Onsager symmetry.
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1. INTRODUCTION

Extensive theoretical and experimental studies on transport processes of magnetically
confined plasmas have been performed over many years since it is crucially important to
understand the transport rates for realizing controlled nuclear fusion. The neoclassical
transport theory'™ is based on Coulomb collisions of particles moving in toroidal magnetic
configurations. Particle and energy transport fluxes observed in most fusion devices exceed
the predictions of the neoclassical theory and thus are called anomalous transport.® The
anomalous transport is considered to result from the turbulent fluctuations caused by vari-
ous instabilities existing in confined plasmas. Most of the theoretical works on the anomalous
{or turbulent) plasma transport have been done separately from the neoclassical transport.
Shaing>® and Balescu,” however, have attempted to unify the neoclassical and anomalous
transport theories. The present work treats this same problem from a different approach.

Here we investigate the weakly turbulent regime as in the theories of Shaing and Balescu.
Only electrostatic fluctuations in the axisymmetric toroidal system are considered for sim-
plicity. The principal difference between the present theory and the formulation of Shaing
and Balescu lies in the way of dividing the physical variables into the average and fluctuating
parts. Two-scale separation of spatio-temporally varying quantities is essentially important
in treating both the neoclassical and turbulent effects. Variables treated by the neoclassical
theory are spatio-temporally smooth and regarded as the ensemble-averaged parts while the
fluctuating parts are treated mainly by the anomalous or turbulent transport theory. For
example, the averaged flow is incompressible to the lowest order in the neoclassical theory,
which is crucially important in deriving the neoclassical banana-platean transports fluxes.
This incompressibility is derived from the continuity equation with the slow temporal vari-

ation of the ensemble-average density neglected. On the other hand, the fluctuating part of




the flow can be compressible, which causes the ion sound wave, the ion temperature gradient
driven mode and other effects that influence the anomalous transport. Here we emphasize
that it matters significantly how the separation of variables into the average and fluctu-
ating parts is defined. In our treatment, strict separation into the ensemble-average and
fluctuating parts is done at the level of the kinetic equation. We define the average part of
fluid variables such as densities, flow velocities, temperatures and heat flux from the average
kinetic distribution function. These definitions are different from those given by ensemble-
average of random fluid variables. For example, the flow velocities and temperatures given
from the average kinetic distribution function (which we call the ‘kinetic definition’) deviate
from the average of the random flow velocities and temperatures given from the random
kinetic distribution function (which we call the ‘fluid definition’). In the works of Shaing
and Balescu, clear definitions for the average and fluctuating parts are not written although
they seem to obey the fluid definition. When the fluid definition is employed, the averaged
fluid equations include many nonlinear terms with respect to the fluctuations of the fluid
variables. On the other hand, by using the kinetic definition, each fluid equation contains
only a single nonlfinear term with respect to the fluctuations, and thus the complexities are
reduced.

Furthermore, the kinetic definition makes clearer the division of the total transport into
the neoclassical and anomalous parts. The averaged kinetic equation is a starting point of
the neoclassical part of the theory, where the effects of the fluctuations are contained through
the term including the statistically averaged quadratic nonlinearity. We define anomalous
particle and heat fluxes from this term quite maturally according to the analogy to the
definitions of the classical and neoclassical fluxes. This definition of the anomalous heat flux
is different from that of Shaing®® and Balescu.” Thus, this statistically averaged nonlinear
term plays an essential role in the unification of the neoclassical and anomalous transport

theories, and it is calculated by the quasilinear technique in the weakly turbulent regime.



Evaluation of this quasilinear term requires the fluctuating part of the kinetic distribution
function. In our formulation, owing to the kinetic definition, the fluctuating part of the
kinetic equation coincides with the standard drift or gyrokinetic equation for the plasma
turbulence, and the fluctnation of the kinetic distribution function takes a well-known form
used for microinstabilities. In contrast Shaing™® and Balescu” employ Shaing’s ansatz®’
for the kinetic distribution and derive the kinetic response to the fluctuations from a drift
or gyrokinetic equation including non-diamagnetic flow dependence which we treat by the
average part of the drift kinetic equation.

In the present formulation the modified averaged parallel viscosities are obtained in the
plateau regime from the solution of the averaged drift kinetic equation and the fluctuations
affect the neoclassical banana-plateau transport fluxes. We find the new relation between
the parallel viscosities and the average poloidal flows caused by the electrostatic fluctuations,
which are not described by Shaing and Balescu since the quasilinear fluctuation effects on
the average kinetic distribution are neglected by them. Physically, the parallel viscosity
modification arises from the pressure anisotropy induced by the parallel velocity diffusion
produced by the drift wave fluctuations. This anisotropy competes with the neoclassical
anisotropy mechanism from the poloidal flow in producing the parallel viscosity.

We also analyze the Onsager relations and the entropy production functional in the
anomalous transport system. Shaing argues that the Onsager relation holds for the anoma-
lous transport coeflicients® while Balescu claims that it does not.”® Here, we emphasize that
the Onsager relation is closely related to the entropy production. For example, in the classi-
cal process, the entropy production defined in terms of the collision operator is represented
by the product of transport fluxes and thermodynamic forces and the Onsager symmetry is
valid for the transport matrix which relates these fluxes and forces to each other.* Thus,
conjugated pairs of the fluxes and forces are determined through the entropy production

functional. According to the neoclassical and anomalous transport processes, there exist
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two types of entropy production: one is derived from the collision operator as mentioned
above, and the other is due to the transfer of energy and momentum through the anomalous
processes. Since neither Shaing nor Balescu give clear expressions for the entropy produc-
tion in the a,noma,loﬁs transport process from which the conjugate pairs of the anomalous
transport fluxes and forces should be defined, their arguments on the Onsager relation seem
to be incomplete. We define the anomalous entropy production in terms of the anomalous
quasilinear term and thus give the conjugate flux-force pairs. The resulting expression of
the anomalous entropy production coincides with that derived by Horton.!® It is also shown
that the Onsager symmetry is satisfied by the anomalous transport matrix connecting these
anomalous fAuxes and forces. However, this anomalous transport relation has the structure
which is totally different from the classical or neoclassical one, since the anomalous transport
matrix is also a highly nonlinear function of the forces such as the density and temperature
gradients through the eigenfrequencies. Farthermore, in order to the complete transport re-
lations, the spectrum of the potential fluctuations remains to be determined. The fluctuation
spectrum is given by the nonlinear saturation mechanism although here we only treat the
spectrum as given following the works of Shaing and Balescu. We estimate the anomalous
transport and the parallel viscosities from the dispersion relation for the 1on temperature
gradient driven mode.

This work is organized as follows. In Sec.Il, basic equations for the density, momentum,
energy and energy fluxes are derived from the ensemble-averaged kinetic equation including
the effects of the electrostatic fluctuations through the quasilinear term. In Sec.III, the neo-
classical and anomalous transport fluxes are defined. In Sec.IV, the average and fluctuating
parts of the drift kinetic equation are shown, which give the bases for the neoclassical and
anomalous parts of our theory, respectively. In Sec.V, we derive the entropy production in
the anomlous transport process and show the Onsager relation between the conjugate pairs

of the anomalous transport fluxes and forces. In Sec.VI, the averaged drift kinetic equation



with the quasilinear term is solved for the plateau regime to give the average parallel vis-
cosities. There, estimates are given for the anomalous transport and parallel viscosities from
the dispersion relation for the ion temperature gradient driven mode. Finally, conclusions

and discussion are given in Sec.VIIL
II. BASIC EQUATIONS

We start from an ensemble-averaged kinetic equation for species a:

o 1 Ofa
%-l—V-Vfa+tg—(E—i—zva)-6’2=Ca—}—‘13‘,1 (1)

ot M,

where C, is a collision term and D, is fluctuation-averaged nonlinear term defined by

_ €a T . a.};
Da= m, <E ov >cns (2)
B=_-Vj (3)

Here (-},,,, denotes the ensemble average and we divided the distribution function (the electric
field) into the ensemble-averaged part f, (E) and the fluctuating part f, (E). Taking the

moments of the kinetic equation yields the following fluid equations. The continruity equation:

on,
3t

+ V- (nau,) = 0. (4)
The momentum balance equation:

1] 1
Men, (—‘% +u, - V) U, = Nn.e, (E + —u, X B) -V, - V-m,+F,, + K, (5}
c

The energy balance equation:

3 dp, 53
'2— (;:f =-=V- (qa+§paua+fa'ua) +ua‘vpa+ua'(v'7ra)+Qa+Ha' (6)

The energy flux equation:

9Q, a 5 1
mana_g = ° [E . (—pal + 7, + manauaua) + —Q, x B]
ot Ma 2 c

1,

a

[g(FGI +Ka1) + (Foz + Kaz)] ~-V-r, (7)
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Here F,;, Q,, and F,, represents the collisional generation rates of momentum, heat,
and heat flux, respectively, which are defined in Ref. 2. The density n,, pressure p,, flow
velocity u,, heat flux q,, total energy flux Q,, viscosity tensor =,, and energy weighted
stress tensor r, are all defined from the ensemble-averaged distribution function f, in the
standard way as given in Ref. 2. Tt should be noted that these ‘kinetic’ definitions of the
average fluid variables are different from the conventional ‘fluid’ definitions: for example,
the both definitions give the same average density and pressure although the average flow
velocity in the latter is defined by the average of the random flow velocity given from the
total kinetic distribution and is different from that in the former as

[o(fa+ fa)v [d*vfav
< [ o(fa+ 1o) > T ®

and similarly the different average temperatures are given depending on the definitions. By

our kinetic definitions, the above fluid equations contain the nonlinear terms with repsect
to the kinetic fluctuations, which are all derived from D,, while, when the fluid definitions
were used, there are large numbers of nonlinear terms with respect to the fluctuations at
each level of the averaged fluid equations. For example, the averaged momentum balance

equation is written in the fluid definition as
a .
magt' (naua + (naua>ens)
+ mav b (nauaua + Mg (ﬁaﬁa)ens + (ﬁaﬁa)ensua + ua(ﬁuﬁa)ens + (ﬁaﬁaﬁa)ens)
1 P Carn a
= Nyta (E + —Uu, X B) - Vpa - V ™ + Fal + ea(naE)ens + —(naua)ens x B
C c
(9)

where all the random fluid variables are defined from the total distribution function f, + fa

and devided into the average (u,,---) and fluctuating parts (i, - ).



The heat generation rate and forces resulting from the fluctuation term D, are given by

1 -~ —
H,= /a‘%’DaEma(v —u,)?=e, <(I‘a — FlaUq) - E>

ens

K,.= /d3v’l)amav = e, (ﬁaf}>

ens

2

m 5
—_ BuD . oV _ 2
K. fdv amv(zTa 5

= 2 (2 - RTIR + 7. E>m (10)

where we defined the fluctuating density, particle flux and pressure (scalar and stress parts)

as
ﬁazjd%fa
L= [dof
~ 1 3 F 2
pa:-gfdvfamav
- ra _l 2)
x, -_fal%fam,1 (vv Y ! (11)

Let us define an ordering parameter A for the fluctuating variables as

fo e P, ky
— e — A — o~ — A A
fa Ta a kJ_ (12)

where ky ~ L™! (L: the scale length of the plasma equilibrium quantities) and &, denotes

the parallel and perpendicular wavenumbers of fluctuations, respectively. Then we have
KGJJ_ ~J /_\
K,i~a%  (j=1,2). (13)
Another ordering parameter is a drift-ordering parameter § given by

§ ~ pa/L (14)
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where p, is a thermal gyroradius. When A ~ &, we should use the gyrokinetic equation
to obtain the gyrophase dependence of f,. If A > 4, the lowest-order part of f, has no
gyrophase dependence and is obtained Irom the drift-kinetic equation. In the latter case, ¥,

has a Chew-Goldberger-Low (CGL) form:
N N " 1
w, = (p[Ea - pJ_a.) (nn - 51)
Plle. = f &*v famav]

_ 1 2
Pro =35 [ Eofomad (15)

wheren = B/B, vy =v-nand v, = v — ymn.

From the perpendicular components of Eqs. (5) and (7), we have the perpendicular clas-
sical and neoclassical fluxes of particles and heat of ©(5?) and the anomalous perpendicular
fluxes driven by K,,, of O(6A). In the parallel components of Eqs. (5) and {7), forces such
as (V - w,) and (V - r,)) are O(6) while the parallel forces K, are O(A?). Thus, if we
take A ~ §, the order of the anomalous perpendicular fluxes is equal to that of classical and
neoclassical perpendicular fluxes, and the fluctuation effects due to K,; on the neoclassical
banana-plateaun fluxes and the bootstrap current are neglected. Hereafter, we employ the or-
dering A ~ 62 > 6. Then the anomalous perpendicular fluxes exceed the neoclassical ones
and besides the banana-plateau fluxes and the bootstrap current are significantly affected

by the fluctuations as shown in the following sections.
III. NEOCLASSICAL AND ANOMALOUS FLUXES

In axisymmetric systems such as tokamaks, the magnetic field is given by
1
B=IV({+ 2—7rV( x VX (16)

where ¢ denotes the toroidal angle, X the poloidal magnetic flux and 7 the covariant toroidal

component of the magnetic field which is a flux surface quantity due to no radial current
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condition VX - V x B = 0. Hereafter, we assume that the ensemble-averaged distribution
function f, is independent of the toroidal angle ¢ and that all the average fluid variables
defined from f, and the average electric field E are axisymmetric.

The lowest-order parts of the continuity equation (4} and the energy balance equation
(6) show that the divergence of the lowest-order flows u, and q, vanishes. Using this zero-

divergence constraint and the lowest-order parallel components of Eqs. (5) and (7) with the

2,3

friction-flow relations,”~ we have the relations:

) [f4] [0

2ot (Bque> %2 (BVae)

5 pe

_Te |: 9 ~ _\/g&ﬂ} [nee (BEI(IA)) ~{(B-Ka)+(B-V- Ie)] (17)

NeTie %O[” ?—)Eﬁ — (B . ch) -+ (B - V . @e)
and
2, (Bg:) = 29w (B?) + (BVa,) = 2 T (_(B- Kpo)+(B-V-0)).  (18)
5 2 3 5 p‘ 5 I! n;m; z

where (-} denotes the magnetic flux surface average, and ©, = (m,/T.)}{r. — 11(1: r;)] — 2=,

Here u,¢ and g, is the flux functions? defined by

u, - V8
B.V#§

oV
900 (V) = Bz (19)

ua9(¢) =

with the poloidal angle # and an arbitrary flux label 4. The dimensionless coefficients &),

&), &jj and R:fl are given in Ref. 3. The diamagnetic flow contributions V3, and V,, are defined

by
2l T, (P, e, ®
Vie = ; —=+ -
X' e,B \pa. T,
2l T,
Vaa X" e, B (20)

The species summation of the lowest-order parallel component of the momentum balance

equation (5) gives

B-V-x)+(B-V-w,)=0 (21)
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where we should note that the species summation of the anoralous forces ¥, K,; vanishes
due to the quasineutrality condition 3, e,7i, = 0. The parallel viscosities (B -V - x,} and
(B-V-0,) are calculated by solving the ensemble-averaged drift kinetic equation which
contains the quasilinear fluctuation term as shown in the following sections. The source
of the parallel viscosities consists of two parts : one is the same as in the conventional
neoclassical theory?® due to the poloidal flows and the other is the anomalous drive due to

the quasilinear fluctuation term. Thus, the parallel viscosities are written as

(B V- ‘ﬂ'a) — . 2\ | Hal Ma2 Uah }/al
[(B A @a) =3 ((n VB) > Fa2 a3 %g;f' + Klz
. . 2\ | Hel Ha2 Ugp — Wy
=3{(n-VB)?) Lm m] Tl WGJ . (22)

Here the neoclassical viscosity coefficients u,, (j = 1,2,3) are given in Ref. 2 for the Pfirsch-

Schliter, plateau, and banana regimes, and written in Ref. 3 as

H1 \/_ FH13
\[JU’.'SI 3H33

for the banana regime, where ¢ and pf, should be replaced with ¢,. and Ay for the platean

3 <(11 R VB)Z) [Mal a2 (23)

n m
Haz Ha3 - (Bg>

regime (see Ref. 3 for the definitions of these coefficients). In Eq. (22), Y,, ( = 1,2) denote
the anomalous parts of the parallel viscosities, W, (j = 1,2) represent the shifts of the
poloidal flows due to the fluctuations, and they are calculated in the Sec. VI for the plateau
regime.

Taking the flux surface averages of the toroidal components of Eqs. (5) and (7) yields the

flux-surface-averaged radial particle and heat fluxes up to (6%} as

(T V) = (T Vi) + (Ta - Vi) ps + (Ta - Vi),

Jul AT (B £
X “\"B \(B) B

+ (I\a . V )anom + (11 V¢)mom
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(@ Vi) ={da - V)4 + (da " V) pg + (Qo - V?l’)bp
{0 V)ps +{Qa- Vi)™ (24)

where the first three in the right-hand sides represent the classical, Pfirsch-Schliter and
banana-plateau fluxes while the last two are the anomalous contributions defined later. The
classical and Pfirsch-Schliiter fluxes are given in terms of the pressure and termperature
gradients in the same way as in the case of no fluctuations and their transport relations are
written in Refs. 1-3. However, the fluctuation effects appear in the anomalous fluxes as well
as in the banana-plateau transport relations as shown later.

Anomalous terms (B - K,,} and W,, {or ¥,,) are incorporated into the neoclassical frame-

work by defining the modified forces and poloidal flows as

Te

(B(Vie — Vi)™ = (B(Vie — Va)) + \/gann (B-Ka)+ (B?) (W, — W)

€ €

Te

2
(BVa)™ = (BVhe) - ZRi——(B-Ka) + (B’) Wao

NeMMe

™ 2~,, T
(BVa)™ = (BV::) — eRl—— (B Kao) + (B W,y

(BEl(IA)>(m) _ (BEﬁA)) _ (nee)‘l (B-K.))

u(’:) = Upp — Wal

al

gqg}n) —_ zQae _

=_Z_W, 25
3 Pa 3 Pa ? ( )

I we use the above modified forces and poloidal flows, the neoclassical expressions for the
parallel viscosities and accordingly for the banana-plateau particle and heat fluxes which are
valid even in the presence of fluctuations. From Eq. (17), we can obtain the contributions

of fluctuations to the parallel current. Then, from Egs. (17), (18), (21), (22) and (23), we
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obtain the banana-platean transport equations as

(Te- Vi), e e e [ —nodP/dy)
(q.- Vi, liEiziz ok —T;ll(dTe/dqp)(m)
(@-Ve), |=izzrzrnoz|| —T L/

_ Cv(m) — {(m)
(B3 (Bjy) r sy |(8)7(BEY)

where the fluxes in the lefi-hand side are defined by

wlc(B-V-m,)

(ra . V'l?b)bp = X' e, (Bz)
_ 2rlc(B-V-0,)
1 . — oA A
R AN
_y(m) . n€°T, {m) 2_eT,.
(Bir) " = {Bi) - —l (BR")" - \/;au;e (B-Ko)

and the modified pressure and temperature gradients are given from Eq. (25) as

dP\"™ 4P X' e \/5,, 7, 2
(5{5) _%J’éﬁE( Eau'm_e<B'K"'2>+”e(B)(WeI'Wﬂ)

(cm)“") T, X' e, (zya 7

o) _Gla 2 G2 B .K,,) — (B )
a0 dp | 2nl ¢ S¥i e (B Kaa) (B°) Wes

The transport matrix is given by

L% 1B LG LY, 100 0

12 1B 1B I%|  n.pl (27r1)2 . 03T, © 0

L’é L‘% L%E L%’E 2o, \ X! 00 3F 0

LE L Lis Ly 0 0 0 —eq 7|
0 0

Jee Jee l:elzs e 1
s 5 e 0
AL L]0 0

105 Tes teel g 0 0 —ezxﬂﬂelfe

(27)

(28)

(29)

where p, = v7./|Q| and Q, =e, (B [m,c. The dimensionless coefficients I55, -+ and A

are defined in Ref. 3. From Egs. (18), (22), (23) and (25), the parallel ion viscosity is written
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(B-V-r,):n’—@(Bﬂcp

z

’“u—_? “(? :
I+ Ry )

_\/g T (30)

L+Rusp (B2 |

(!‘;1 - (#‘13)2”

The Pfirsch-Schliiter type fluxes induced by the parallel fluctuation forces are given by

snom 270 [n Ky B?
(T, - Vi)ps = 7<maﬂa (1—”(}32))>

- anom 2 I .Ka B2
T {da- Vii)ps = —% <I:fna9a2 (1 N (Bz>)> ' .

The anomalous transport induced by the perpendicular flucfuation forces are given by

(Fa , Vw)a.nom — <mvé . (Kal X n)>
T = (T ), (32

The anomalous fluxes in Eq. (31) are negligibly smaller than those in Eq. {32) since ky < &,
is assumed.

In the following sections, K,, and W,, are calculated so that we can evaluate all the
anomalous contribution to the total transport by using Eqs. (26), (31), and (32). Before
proceeding to that, we here discuss the general properties of the anomalous transport matri-
ces from the linear thermodynamic point of view. We have shown in Eq. (26) the anomalous
effects on the banana-plateau transport by modifying the forces and the parallel current.
However, it is useful to express the anomaly in terms of the modification of the transpori
coefficients rather than the forces so that the various contributions to the total transport can
be represented by the corresponding transport matrices. In order to obtain such expressions,
we need to express K,;, and W, in terms of the thermodynamic forces. Since the density and

temperature gradients are the causes of the fluctuations, K,;, W,, and accordingly all types
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of the anomalous transport fluxes are nonlinear functions of them as shown in the following
sections, although we here assume that the K,, and W,, are approximated as their linear

combinations. Noting that the density gradient is also given by the pressure and temperature

gradients as
Vinn.=Vinn, = Vin P ! (v1 T+ L VIHT) (33)
= r — n et p—— e e T
. 1+ T/z .\ e T
the K,, and W,, are assumed to be written as
-1
1) (2) o)1 [ —ng dP/dy
Koy | = fﬁgl f‘% fig T 4T jdp | (a=ei; 5=1,2). (34)
W, wit) @l
az a3 %ay aj _T:_ld’__[;/d{'[)

(The linear thermodynamic form of the anomalous transport will be also discussed in Sec. V.)
Then, the deviation of the banana-plateau transport from its non-turbulent expression is

expressed as

(T - Vi)™ [¥pen plren pheen g —n1dP/dy
Q.- V), pipen ptpen phean g —T;71dT, [dy
anom = -1 (35)
Q.- Vi), ptpen ppen phen g —Tlllzdﬂ/ dg )
—1f2 . 3 anom an 2T n -
(B (Bjy) pzen pem pien o] (BT (BEY)
where the transport matrix is given by
aTt QT $2 3 1) (2) 3
DU [IRIR IR IR M
LE™ LE™ LE™ | _ L% ng L% ng MS Me% Mei
ng" L%%“" L%‘m L LS Lfé% L% MS MY MY
LA™ LG Ly Ly Lis Lz Ly MS) MSZ) JME;S)
0 0 o©
0 0 0
0 0 o (36)

METI ) Mgz) M_gs)

with




MP =2 (P T (B 1) — (B%) i)

T 2nl T, \5" W n,m,
MP = ~(ney (87) " (B-£2)
M5 = % (B (~5y (B 1) + 5 (B £2))
(a=e1; j=1,2,3). (37)

Here the Omnsager symmetry and the positive definiteness are no longer ensured for the
trasnport matrix in Eq. (36) even if that is restricted to the 3 x 3 (or 2 x 2) matrix [Lﬁan]
with 7, £ =1,2,3 (or 7,k = 1,2). Similarly, the linear thermodynamic form of the anomalous

particle and heat fluxes given in Eqs. (31) and (32) can be written as

(L. Voyzem) (LS 1P 155 [ —nlar/dy
(Qe-V)ps | = | L5777 L53™° L33 =TI dTe/dy (38)
(@ - Vi) LPs Lgg?s LgPs | | =T 4T, Jdy
(T.- V)™ [L3r Lig L) [ —nildP/dy
(qo- VO | = | L5t Lgg L5y | | T dT/dy (39)
(q: - V) L5y L3y Lz | | T dTL/dy
where the transport coefficients are given by
penps _ 20l [0 (B
1; - x! m.S2. (BQ)
yenps _ _26IT. [0 £ B
23 - X' m.S2, {Bz)
an 27fT: /n - f,-(j ) B? :
=T (1)) =129 )
= () <)
anrn V/tp ]
Ly =T <m_§“ ) (fg) x 11)>
aT V?]D -
1= (2l 1 n)) (=123 (41)
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Generally, these anomalous transport matrices do not satisfy the Onsager-type symmetry
and the positive definiteness, and this broken symmetry in the anomalous transport is in

agreement with Balescu’s argument.”

Here, it should be noted that the pairs of the thermodynamic forces and the anomalous
fluxes employed in Egs. (35), (38), and (39) are chosen in the same way as in the case of the
classical and neoclassical transport, which is because we intended to classify the classical,
neoclassical and anomalous fluxes according to the corresponding transport matrices in the
linear thermodynamic transport equations. However, there exist qualitative differences be-
tween the collision-induced (classical and neoclassical) transport and the turbulence-induced
(anomalous) transport. One of them is the intrinsically nonlinear thermodynamic force de-
pendence of the anomalous transport and another remarkable difference is that those two
types of transport correspond to different structure of entropy production functional. The in-
ner product of the collision-induced fluxes and the thermodynamic forces causes the collsional
entropy production, by which the conjugated pairs of the fluxes and forces are identified.
The Onsager symmetry of the classical and neoclassical transport matrices are derived from
the self-adjointness of the collsion operator. On the contrary, the anomalous transport re-
sults in another structure of entropy production.’® The structure of the anomalous entropy
production is given in Sec. V. The products of the anomalous fluxes and forces in Egs. (35),
(38), and (39) do not correponding to this anomalous entropy production, and those pairs
are not conjugate in that sense. The Onsager symmetry and the positive definiteness are
not valid for the anomalous transport matrices connecting the conjugated pairs defined by
the collision operator C, as mentioned above. In Sec. V, for the operator D,, the conjugated
pairs of the anomalous fluxes and forces are defined from the anomalous entropy production
produced by the resonant wave-particle interactions. For the relation between these fluxes

and driving forces, the Onsager symmetry holds.
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IV. DRIFT KINETIC EQUATION WITH ELECTROSTATIC
FLUCTUATIONS

11,12

The drift kinetic equation'*“ is given by

a?a T 9® a?a ¥
W + ('U"Il + Vda) - Vfa +e, E’ + ('l)"ﬂ + Vdfz) : E(A) —52";}1' = Cﬂ(fa) (42)

where f, is a gyroangle-averaged distzibution function in the phase space of guiding center
variables (x, E, 1) and vy, is the guiding center drift velocity. The potential ® consists of

the time-independent ensemble average part ®, = (@), _ and the fluctuating part ¢:

en

08,

=®t+p

=0. (43)
Then the energy variable F is divided into the average and fluctuating parts:
E=FE+ed

1
EO = §mav2 + ea(I)O- (4.4)

Hereafter let us use (x, Ey, pt) as independent guiding center variables instead of (x, E, y).

Then the drift kinetic equation is rewritten for f,(x, Eq, 1) as

af - - oF _
% +{yn+ Vao + V) - Vf, + oy + Vaso + ¥5) - (B + E“”)% =C,(f,) (49
o
wherte
~ - N C ~
E=-V¢, VE=§EXII.
— CTG €a ® 2 1 2
Vo = EaBn X (FEV o+ I_Lav n B + Zxﬂan - V]l) (46)

with z; = v, fvg,, 7y = vy/vr, and vy, = (2Ta/ma)1/2. Due to the electrostatic fluctuation
terms, the solution f, of the drift kinetic equation also includes average and fluctuating

parts:

1>

fo={F.) . +F. (47)
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Taking an ensemble average of the drift kinetic equation and retaining the terms up to O(6),

we obtain
(oym + vaw) -V (Fo) + eaquﬁA)a(g—;zm = (Cu(7.)__ + 7. (48)
where N
D. = ey <EJZ_§;>&M (49)
To the lowest order, we have
-V (Fao) = Cal{Fuo)_ ) (50)

As a solution of the lowest order equation, we use the Maxwellian distribution function

- - _ 4 m, \3/2 e, ®q — E
Tao= (T = o= naite = (2) Vo (U)o

where z, = v/vr,. We should note that the lowest order distributior function f.o does not

include a fluctnating part, i.e., ?aﬁ = 0. To O(4), we have

- - a7, - —~
wn-V(Fa),,, + Va0 Vet e BV 52t =Cul(Ta),, )+ Do (52)

In the right-hand side, we use the linearized collision operator and

_ . 8]
D, = —eouy { Ep=222) . 5
¢ 'vu< i3z, >n (53)
The linearized drift kinetic equation for the fluctuating part ?d is written as

of - - ~Of
-'(';%1 +{ym+ Vawo) - Vi + 92 - Vi + ety + va) - E Jeo

e =Cla)

where higher order terms than ()(6) are neglected. Defining the nonadiabatic part ha by

-~

9
al — Ta,

fam +ha (55)

e

we obtain

-~

€.
T,

3 T a Ta
a + (U”Il + Vdao) -V + Ca] he = ('_ + . fout (56)

o eaBn x Vln four - V)
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11,13,14 =

which has the well known form of the gyrokinetic equation'''®1* in the zero gyroradius limit.

Using the Fourier representation for the rapid spatio-temporal variation of the fluctuating

[;?5
ha.

and neglecting the bounce motion of the trapped ions that is justified in the plateau regime,

quantities as

=y [Egk } explik X — iwyl] (57)

khl‘

a

we have

7 -

= W—WE— W €aPk

hak = e - o 58
k w—wE—wDu—fc”v“-i—wa T, fM ( )

where C ( «k) is replaced with Vohax and

wE=k-%nxV®o

1,
c X (z1,VIn B +2z{,n - Vn)

Wpe = k ' (VaVB + Va.cutv) = k * P
a

3
wfa = Wy, [1 + 7 (mi — 5)]

o = T,
*G e B
N = dInT,/dInn, (59)

are used. Using Eqgs. (53), (55), (57}, and (58) and assuming that v, < |w|, we have

= Ohx
9 = —ea’U”Z Real <E|Tk an >

e3 {| k|
{19 ka ) e a?E 0 [ — wp — w5)6(w = wr — wpa — ko) fase] - (60)

=-7 Z ko

From Egs. (10, (11}, (55), (57), and (58), we can calculate the anomalous heat generation

rate and forces as

:a|m

=53 (1) /a’svfamﬁ —wgp — wpa — kyuy)(w — wp ~ wig
k
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x(kyoy — wg — Wea[1 =+ 7))

e? -
K..= w?“ Z (]qﬁkIz)em / v fopsb(w — wp — Wpe — kv )(w — wg — wfa)k
2 k
2 ~
Kp= Faz <|¢k!2)m /dS'UfaM(S(w — wg — wp, — kyuy){w — wg — wL,)
¢ k

9 5
X [(3wﬁa +13, - 5) km + (xﬁa + 222 — 5) kl] (61)

When the fluctuation spectrum (IQASRP)CM and the dispersion relation w = wy are given, we
can obtain from the above equations the parallel anomalous forces, which are necessary for
the determination of the banana-plateau transport in Eq. (26) and the anomalous Pfirsch-
Schliiter fluxes in Eq. (31). We can also obtain the anomalous fluxes from the perpendicular

anomalous forces as

C
I\a.n.om — Ka
> pE X 7
1 C
—qm = K, x 1. 6
7% g X B (62)

The flux surface averages of the radial components of Eq. {62) were already found in Eq. (32).
V. ENTROPY PRODUCTION AND CONJUGATE PAIRS OF

FLUXES AND FORCES IN ANOMALOUS TRANSPORT
PROCESSES

We define the microscopic entropy S,,, and macroscopic entropy S,s per unit volume

for species a by
o LALCARTALICARSA (63)

So=— [P (f}n{f). (64)
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In this section, the subscript for ensemble average is suppressed. We have the relation

between these emtropies by retaining terms up to O(A?) as

Sam = ] d" ( fa (65)

Without collisions, the total microscopic entropy, i.e., the species summation and the spatial
integration of S,,, is conserved although the total macroscopic entropy can be increased by
the turbulent or anomalous transport process. In this section, we are concerned with the
entropy production by the turbulent process and neglect the collsional effect by assuming
that the time scale of the turbulent fluctuations is much shorter than the collision time. Then
we see from the average kinetic (Vlasov) equation that the conservation of S, is broken by

D, and the entropy production rate due to the anomalous or turbulent process is defined by

oh = — j R AIAY (66)

From the average and fluctuating parts of the Vlasov equation, we also obtain up to O(A?)

/ Py ( +v- V) (72) (67)

{fa)

Here we can see that o2 is due to the spatio-temporal variation of the second term in the

right-hand side of Eq. (65). Using (f) = faur and the linearized drift kinetic equation (54)
for f, in the collisionless limit and assuming that the temporal vanation of f,;s is much

slower than that of (f:f), we have

4o ) =l et e )

= Jal 'Xal +'Ia2 'Xa2+Ja3Xa3 (68)

where we defined conjugate pairs of forces

Xa=-Vian, Xo=-VhT, X.=1T, (69)
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and fluxes

J,=T"= /d% (7.95)

*k xn

ez (|é
:WZM/CP farmb(w — wg — wpa — Ky ) w — wg — wl cla
k e B

Joo= = jds (22~ 2) (uvs)

= l¢k| ) /d3 ( ) famb(w — wg — wpa — kv )(w — wg — wm)eTBk xn
a3 = fd () fE) (U]in + Vous + Vm:urv)
2 {14, 12
> ﬁlﬁ j Pofarb(w — wg — wpe — ko ow — wg — L W w — we). (70)
k a

Here J 3 = I‘GA is the particle flux conjugate to the density gradient force X,; = —V Inn, and
is the same as the anomalous particle flux I['2"™ defined in Eq. (62). J,, = q2/7, is the heat
flux divided by the temperature conjugate to the temperature gradient force X, = —VIn7,
although it is different from the anomalous flux q3"°™ /7T, defined in Eq. (62). The flux J,5
is conjugate to the force X,3 = 1/7, and represents the rate of the energy transfer from the

electrostatic fluctuations to the particles moving along the guiding center orbits.

The positive definiteness of o2 is shown as

“WZ <l¢k|2

The relation between the fluxes and forces are given by

> ffvfaM(S(w — Wg — Wp =~ kH‘U")(w Wg — wm)z > 0. (71)

Jal Ltlzl L(Ilz I"t113 Xal
Jaz | = | LIz L5 L5 | 1 X2 (72)
Ja3 L33 L3s L] [ Xas
where
¢k I+m—2 T,
e — (I ") [ ( ) Fart8(w — w5 — wpa — kyyy) ( c ) (k x n)(k x n)
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e2 {|fuf? 3y
L= <T>“f d’v (mﬁ - 5) famd(w — wp — wpa — kU)(w — w)
k a

[

CZ; (k x 1)
Lis=7y ¢ (nglz) /dsvfaMé(w — wg — wpa — ko) (w — wr)? ({,m=1,2). (73}
k

Thus the matrix relating the fluxes to the forces satisfies the Onsager symmetry and the
positive definiteness although it is qualitatively different from the classical and neoclassical
transport matrices in that the former matrix depends also on the forces through the eigen-
frequencies, which are determined from the dispersion relation, and through the spectrum of
the fluctuation amplitudes, which is given by the nonlinear saturation. In order to elucidate
the origin of the Onsager symmetry and the positive definiteness satisfied by the anomalous
transport equations (72}, a general quasilinear formulation of the drift kinetic equation with
the electrostatic fluctuations is developed in Appendix A. There, we derive a symmetric and
positive definite five-dimensional diffusion tensor D4 which relates the anomalous fluxes to
the gradient forces in the drift phase space. ¥rom that phase space diffusion tensor, the
Onsager symmetry and the positive definiteness of the the anomalous transport matrix (73)
are derived.

The effects of the finite gyroradius can be derived from using the gyro-kinetic equation
and the results are easily obtained by including [Jo{k v, /,)]° into the integrands in the
matrix coefficients given by Eq. (73). As shown in Ref. 10, for stronger turbulent regime,
the delta functions in the integrands are replaced with the resonance functions derived from
the renormalized propagator which takes account of the turbulent resonance broadening.

In Ref. 9, Balescu derived the linear thermodynamic form of the anomalous transport
and discussed the broken Onsager symmetry and the difficulty lying in the transport coef-
ficients. The relation between his results and ours given in this section is shown in detail
in Appendix B. There we find that, in the linear themodynamic form employed by Balescu,

the Onsager symmetry is hidden and that it is essential to the Onsager relation of Eq. {72)
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to include J,3 and X,; as the flux and force, which are not treated as such in his linear

thermodynamic form.

VI. ANOMALOUS EFFECTS ON THE PARALLEL VISCOSI-
TIES

Now, let us find the solution of the averaged drift kinetic equation (52). Here, we consider
a large aspect ratio tokamak in order to derive the approximate solution for the plateau

regime, and, as shown in Appendix B, the solution is written as
(Fu)_ =Fa+7™ = (L) (D) + B, (74)

where we denoted the contribution of the thermodynamic forces by given by

= 21rfvlié?fa0#2v|1[ (2 5) ]_
Fa.l_"_ X, Qa 8'¢ _U%\a ‘/Sla_" xa-"2_ I/Za faO: (75)

the poloidal flow part by

7= 2

UTe

24, | =
IB [Uae + gp_: (23 - '):I faO! (76)

the part contributing to the parallel viscosity by

7, a 2 a 5 — 1 1
hom ey {2 g 322 (2 )] Toor [ 0]
. Jo

UTa a

X /ﬁm drsin(f — v 3¢rye 10 (77)

and the definition of (v, £,)™! (-;D—(:22)) is described in Appendix B. Here, £ = v;/v denotes the
cosine of the pitch angle. Fluctuation effects on the solution are explicitly included through
(5&122)) in the third and fourth terms in Eq. (74). The third term —(Vaﬁa)_l(ffzz)) re-
sults from the balance between the collisional pitch angle scattering and the quasilinear
anisotropic deformation of the distribution in the velocity space. The fourth term h, Tep-

resents the distribution of the resonant particles (€] < 1). The anisotropic distribution
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(or £&-dependence) in the velocity space caused by the second term {poloidal flow)} and that
by the third term {(quasilinear effect) give the sources of the resonant particles that are re-
sponsible for the neoclassical and anomalous parallel viscosities, which are shown in Eq.(77).
Since the quasilinear term (D,) contains a delta function of £, all the Legendre function

(5222)) although its even parts

components with / = 2,3 4 ... homogeneously contribute to
with [ = 2,4, 6, - -- vanish in the integral f; (ﬁlzg))dﬁ Then, noting that only A, contributes

to the flux averaged parallel viscosities, we obtain

[(B V- w)] (ffvmavﬁB VE) -’
(B-V-0,) <fd3vm v" (:I: ——)B VE J

1
ﬁeznamawnBQ [} 123} [uae } [ }
2 Y 5 pe
i W,
ﬁeQn eMawr, BE i % f;gi_ o (78)
2 Tl_ 5 Pa W

where the anomalous contributions from the quasilinear fluctuation term are given by

. 4 =I>2)
oo D,
Yal = ﬁfznamawTaUTaTaaBoj dmae_f'-'g Ta / ( )
3/411.2J 2 0 Taaya.(za) E - _ fa.M

——d¢

4

Wal - VTaToa /00 dxae—xi Z,
Wag_ By 0 Taaya(xa)

,B{»z)

1— —z :l / ( Fanr (79)

2] .

where the quasilinear term D, =" is given by

— 1 1 __ 1
55222) = Da - _] Dadf - 3_€f &-Dadé-
2/ 274

— e2 (|fxf? )em
Do = lost Zk: 72 lkul

a

2 wacuw

< [(w—wE E)OE ~ ) — gl = = L) (1 2o o

reen ) - ) (a0
with

T _ -~ W — W — Wpe
W, = Wi [1 + Na (:E - _)] 3 Wacurv = k- Vacurv) o = T
il
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Here, if the anomalous contributions Y,, or W,, vanish, Fq. (78) reduces to the conventional
plateau parallel viscosities.

As seen from Eqgs. (61), (79) and (80), the anomalous effects are negligibly small when
the phase velocities of the fluctuations in the reference frame moving with the guiding center
particles are much larger than the thermal velocity, ie., |(w — wg — wp.)/kj| > vre. Thus
we now investigate the unstable modes with {{«w — wg — wpa)/ky| ~ v7, 1o give the detailed
expressions of the anomalous transport and the parallel viscosities. In the case of the electron
drift wave driven by the density gradient dn,/dy < 0 with n, ~ 0 and wp, = 0, the
anomalous effects are small since vy; € |(w — wg)/ky| € vz is required for the unstable
modes and the anomalous contributions K.,, Y, and W,, (j = 1,2) are all proportional to
K — wp — wee)fwie| = 383 p2(1 + Z,T./T.) € 1, where Z, is the ion charge number.

The most relevant fluctuations that resonantly exchange energy-momentum between the
jons and the fluctuation is the ion-temperature gradient driven turbulence. Numerous studies
of the stability and quasilinear fluxes from this form of drift wave turbulence are available.
For the small perpendicular wavenumbers satisfying ki p; < 1 or wp; < kyvr,, we obtain

the slab ion temperature gradient (ITG) driven modes'?®

where the instabilities with |(w —
wg)/ky| ~ vr; are found as shown in Appendix C. The relationship of the small wp; himit
to the strong toroidal regime of wp; ~ kyvr, is developed in Kim and Horton'” and Kim

et al.® When Z;T./T, = 1 and dT,/d¢ < 0, we can write the anomalous effects for ions

from Appendix C as

e2{la?)
Tz

13

T,
T (q, - V™" = 2.61 n,—= 3k x n- Vy|
6,;Bg k

e (16?)_
e

t

(B-Kip) = —130p.B, Y "o ky
k
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<|¢'k| )

Yzj - Cyje pszzTuBO Z szkli T (] - 1: 2)
V2. T o] )
W = C‘w; % Z ”k“_(FQ (J = 1,2) (81)
k 1

where 3’ represents the summation over the wavenumber region where |weeri:/ kyors| ~ 2
and o,, is the sign of the ion diamagnetic drift frequency. The dimensionless constants in

Eq. (81) are given by
Cpi=—3.05, C,3=085 Cu=194 C,,=—045. (82)

We should remark on the symmetry properties of the eigenfrequency and the fluctuation
spectrum with respect to the parallel wavenumber k. It is found that the eigenfrequency
given is an even function of ky, which results from our use of the Maxwellian distribution
with no flow velocity as an equilibrium. If we assume that the spectrum <|$k]2>em is also
even in ky, the parallel anomalous forces (B - K,,) and the anomalous effects on the parallel
viscosities ¥,, and W,, vanish. These are confirmed by noting that the wavenumber specira
of (B-K,,), Y,, and W,, are odd functions of k. Thus, in this case, the banana-platean
transport is not modified by the fluctuations. The kj-symmetry of the dispersion relation
is broken, for example, if we take account of sheared flows in the equilibrium distribution
function, although they are neglected here by the §-ordering.

Using me/m, < 1 and Eq. (21), we have (B-V - x,) ~ 0, from which we obtain the

poloidal flow velocity up = Bpuy, as

1 ¢ d7,
up= =3 +1.95¢q™ v%,;ﬂ,z Oy Skl Lene

|¢'k| )em
Tz

(83)

where Eqgs. (18), (20), (22), (78), and (81) are used. In the right-hand side, the first term
represents the ion temperature gradient driven poloidal flow in the plateau regime given by

the conventional neoclassical theory, the second is due to (B-Kj,) and Y, (or W,,). As
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previously mentioned, the second term vanishes if the spectrum <|$k]2)em is even in k). We
can see that first term contributes to the direction of the electron diamagnetic rotation with
dn./dr < 0 and dT;/dr < 0 assumed, while the sign of the second term depends on the
wavenumber spectrum. The ratio of the anomalous poloidal flow to the ion temperature
gradient driven flow has the same order of magnitude as the ratio of the anomalous parallel
current to the pressure gradient driven bootstrap current and that is estimated for the

plateau regime from Eq. (83) as

) e
A (5) 5 iy (19e)

neo |~ .meo ~ e(wr.T,) E Ok R———Lens 34

Up ]” Py " 1 ] T? ( )

where a dimensionless numerical constant is omitted and Ly, = |dInT,/dr|™! is used. When
we write the parallel wavenumber as that ky = (m — ng)/Rq with the poloidal and toroidal
mode numbers (m, n), Eq. (84) implies that the anomalous rotation and the anomalous
parallel currents have opposite signs on different sides of the mode rational surfaces as shown
by Shaing.® Asshown by Dong et al.,'® in the presence of the parallel shear flow which breaks
the radial symmetry, the peak of the fluctuating potential shifts radially. In that case, the
anomalous forces on the both sides of the mode rational surface do not cancel out and they
generate the net rotation and current. If we use o,;k R ~ 1 and 3 €7 (|$k|2)ens JT? ~ A% ~
§ ~ p./ L., the ratio in Eq. (84) reduces to ¢(wz;i7:) and we have ¢ < e(wy.7i) < e /2 for
the plateau regime. Thus, the anomalous contribution to the transport along the magnetic
flux surface is expected to become dominant in the weak collisional plateau regime. For
comparison, let us consider the anomalous contribution to the anomalous heat flux across
the magnetic flux surface. Using Eq.(81), the ratio of the anomalous to the banana-plateau

heat flux is estimated for the plateau regime as

q?nom N X;anom N l (@) Z’klReQ <|¢k|2>ens‘
gree X3 g\ ) T?

From the ordering ki /ky ~ A~! > 1, this ratio is much larger than the ratio given by
g I & g

(85)

Eq. (84) and reduces to A™1.
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VII. CONCLUSIONS AND DISCUSSION

In this work, we have investigated the neoclassical and anomalous transport in axisym-
metric toroidal systems with electrostatic fluctuations. The total transport is clearly sepa-
rated into the neoclassical and anomalous parts by using the kinetic definitions which give
the average fluid variables from the average kinetic distribution function. The neoclassi-
cal banana-plateau transport fluxes modified by the fluctuations were shown in Eq. (26),
where the parallel fluctuation-induced forces (B -K,,), (a = 1,2;7 = 7,¢) and the correc-
tions Y,, (or W,,) to the parallel viscosities due to the fluctuations appear in the definitions
of the modified thermodynamic forces and the parallel current. The anomalous transport
fluxes were defined by Eq. (32) or Eq. (62} in terms of the perpendicular components of the
fluctuation-induced forces K, in the similar way to the definition of the classical transport
fluxes by the collisional friction forces F,,. Thus, the anomalous fluxes are defined com-
pactly in terms of K,, in our treatment, which give expressions different from the anomalous
heat fluxes defined by Shaing and by Balescu. The parallel components of K,, produce
the Pfirsch-Schliiter like anomalous fluxes as given by Eq. (31) although they are negligibly
smaller than those in Eq. (32) for the fluctnations with &y < k..

The fluctuation-induced forces K,, were defined by Eq. (10) in terms of the statistically
nonlinear term D, which appears in the ensemble-averaged kinetic equation and they were
calculated from the solution of the fluctuating part of the linear drift kinetic equation as
given in Eq. (55). The anisotropic distribution in the velocity space caused by the quasilinear
fluctuation source gives the corrections to the parallel viscosities Y, (or W,,), which were
obtained for the plateau regime in Eq. (79) from the solution of the ensemble-averaged drift
kinetic equation. Thus from K,, and Y,, (or W,,), we can evaluate the neoclassical and

anomalous transport fluxes when the fluctuation spectrum {|#x|?)_ . and the frequency wy

€ns

are specified. The results using the slab I'TG mode dispersion relation for the fluctuations

30




with the small perpendicular wavenumbers were shown in Sec. VL.

Neither Shaing nor Balescu described the anomalous contributions ¥, or W,, to the
parallel viscosities since they did not take account of the ensemble-averaged drift kinetic
equation with the quasilinear fluctuation term. The anomalous effects on the banana-plateau
fluxes appear through (B -K,,) and Y,, (or W,,). If {|¢k[*).,., is even in ky, (B-K,,) and
Y,, {or W,,) vanish. The spectra of K, are larger than those of K,y by an order of
ki /ky(>> 1) so that the anomalous effects on the perpendicular transport is much larger
than those on the parallel transport.

The entropy production in the anomalous transport process was given in Egs. (66}~
(68) and its positive definiteness was shown. Then, we identified conjugated pairs of the
anomalous fluxes and forces and found the Omnsager symmetry satisfied by the transport
matrix connecting them. This matrix is a highly nonlinear function of the forces such as
the density and temperature gradients through the eigenfrequencies and the fluctuation
spectrum.

The magnetic flux surface average of Eqs. (4) and (6) yields the basic equations used for
the particle and energy transport analyses. The results of our work suggest that the modified
neoclassical fluxes as well as the anomalous fluxes should be included in the total transport
fluxes and that the anomalous heat generation terms H, should be added into the energy
transport equations. The anomalous particle fluxes in Eqs. (31) and (32) are intrinsically
ambipolar due to the quasineutrality condition 3, e,fi, = 0 which is used for the disper-
sion relation. Thus, in the axisymmetric systems even with the electrostatic fluctuations,
the ambipolarity gives no constraint to determine the average radial electric field. In the
conventional neoclassical transport theory for the axisymmetric systems, the radial electric
field does not affect the particle and heat fluxes and it is not required for the transport anal-
yses. In our case, the radial electric field affects the anomalous energy exchange between

the electrons and the ions through the dependence of H, on the E x B drift frequency wg.
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However, the anomalous fluxes and the dispersion relations contain wg only in the form of
{w — wg) as seen in Eqs. (61) and (D1), which implies the Doppler shift and no explicit
dependence of the anomalous fluxes on wg. Further investigations for the determination of
the radial electric field and the fluctuation spectrum {|¢x|?)_,, are required. We are also
considering the direct extension of this work to the case of the nonaxisymmetric system with

the magnetic fluctuations, which will be reported elsewhere.
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APPENDIX A: DERIVATION OF THE ANOMALOUS ENTROPY
PRODUCTION FUNCTIONAL

In this Appendix, the anomalous transport equations given by Egs. (72} and (73) are
derived from general quasilinear formulation of the drift kinetic equation with the electro-
static fluctuations in order to elucidate the origin of the Onsager symmetry and the positive
definiteness satisfied by the matrix connecting the conjugate pairs of the anomalous fluxes

and forces.

We start from the drift kinetic equation given in Ref. 12:

af
hCEp
1y (A1)
where
-9 d . d .0
L:—Z-%——(Vg-—a'{-w%-i'ﬂa). (AZ)

Here, the subscript for particle species is suppressed and the collision term is neglected as in

Sec. V. The gyroangle-averaged distribution f is regarded as a function of the phase space

variable Z = (x, w, ;1) where the kinetic energy w = 2mv? is used as an independent velocity

space variable instead of the total energy £ = %m'u2 + e®. The detailed expressions of
7= (Vg 1, 1) are given from Ref. 12 and are not shown here. The Jacobian for the phase

space variable (Z, @) (¢: the gyroangle) is given by

dxv) o) _ B
Z,0)  B(w,pe) miyl

J= (A3)

The phase space flow Z depends linearly on the electric field and it is naturally dev-
ided into the ensemble-averaged part and the fluctuating part with respect to the turbulent

electrostatic field as

. . s {Vg(vg)'*'Yg
Z=(Z)+Z or { w={i)+w (A4)
(



where the subscript for the ensemble average is also suppressed as in Sec. V. The incom-
pressibility of the collisioless particle motion in the (x, v)-space or the Liouville’s theorem is
reflected in the following zero-divergence constraints for the guiding center motion

19 ;. 138 : 19 (.4
1O (18) = 3o (4(8)) = 5o (s2) =0 (45)

Here we find that (Z) and % satisfy the zero-divergence conditions separately. (It is noted
that the phase space flow contained in the drift kinetic equation {42) satisfies this type
of zero-divergence constraint only approximately since the higher order correction to the
parallel velocity and the temporal variation of the magnetic moment described in Ref. 12 are
neglected in Eq. (42).) According to the division of Z in Eq. (A4), the differential operator

L is devided similarly as

L=1Lo+1 (A6)

where

9z JOZ
R 2 f 10 4
=Z —=—-—=—"- .
i 7= 7957 " (A7)

Noting that the distribution function f also consists of the ensemble average and fluctuating
parts as
f={H+f (A8)

we obtain from Eq. (A1) the ensemble-averaged drift kinetic equation

(- 20) 0 = (0. (A9)

Here, (E f ) does not completely coincide with P defind in Sec. II which is easily seen from
the fact that the velocity space integration of the latter exactly vanishes while that of the

former does not. The fluctuating part of the drift kinetic equation is given in the linearized
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form as

(%—Lo)f:f,(f). (A10)

Using the initial condition f(t=—00) =0, fis given by

fay=- [ _are-mi(rz)- 2 z)

= —j:o dr e’L"é(t —1,7Z) %(t —1,7Z)

=~ /0 " dr 2t -, Z(-1)) - %[t —1,2(-7)] (A11)

where Z(t) is defined as the solution of the ordinary differential equation

— =(2)(@) (A12)

with the initial condition Z(¢t = 0) = Z. Here we assume that, within the correlation time
of the electrostatic fluctuations, (8 (f) /0Z)[t — 7, Z{~7)] in Eq. (A11) varies only slightly
and is replaced by (3(f) /0Z)(t,Z). (This assumption is questionable if {f) contains the
gyroangle dependence through which {f){t — 7, Z(—7)] has the time scale comparable to oz
shorter than the fluctuation time scale. For this reason, we started from the drift kinetic
equation.) Then the nonlinear (or quasilinear) term in the right-hand side of Eq. (A9) is

written as

(if)= 5 (472) (A13)

where the anomalous particle flux J2 in the Z-space is given by

1360) = (20)f))
= /ow dr <i(t, Z)i(t -7, Z(—r))) . %(i, Z)

= (f)D}-X; (A14)
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which are regarded as the anomalous transpori equations represented in the Z-space. Here

the Z-space gradient force X; and the Z-space anomalous diffusion tensor D% are defined

by
X, = —al;éﬂ (A15)
D4 = [ ar (V(O)V(n)
V(r) = Z[-r, Z(~7)] (A16)

where the stationary electrostatic turbulence is assumed to eliminate the explicit time de-
pendence of D4. Futhermore, assuming the spatially homogeneous turbulence within the

tubulence scale length, we have
(VeyV(e+7)) = (VO)V(n). (A17)

Then we find that, for an arbitrary vector a = (¢,),=1..5, the Z-space anomalous diffusion

tensor D4 satisfies

a-D4-a= lim —<( f d'rV('r) ) (A18)

from which we obtain the positive definiteness of the anomalous entropy production locally

defined in the Z-space as
o8 =34 -X;={f)X;-Dj-Xz >0. (A19)

For the stationary and locally homogeneous electrostatic turbulence, we can define the cor-

relation fuction £ for the fluctuating scalar electrostatic potential $ as
Flty —t,% —Xg) = (Gz’(fl, %1)6(tz, X2)> = F(ty — 1, %3 — X1) (A20)

from which we find that

62F(t1 — tg, X)
oxIx

(92F(t2 - th X)
dx0x

X=X)—X2 X=X2~X1

= (B(t2, %) B(t1,x1)). (A21)

(E(tlg Xl)]:](tz,x2)> S
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This symmetzy property leads to

(V(OV(0)) = (V(O)V(r)) (A22)

which in turn reduces to the Onsager-type symmetry of the the Z-space anomalous diffusion

tensor D

(D2)" =D3 (A23)

where the superscript 7' denotes the transpose of the tensor. The symmetry (A23) and the
positive definiteness (A19) of the anomalous diffusion tensor due to the particle-fluctuation
interaction are the analogy to those of the linearized collision operator used in the classical
and neoclassical transport thories.

The anomalous effect due to (L i ) on the temporal evolution of the macroscopic entropy

Sy = —J v {f)In{f) defined in Sec. V is given by

— [ @)+ {EF) = [ @oTnts) + D (433)

3}
= — .J44+ 04
oy Jito (A24)
where J# is the anomalous entropy flux given by
¥=- ] v (In(f) + 1) ( fﬁg) (A25)

and ¢4 is the anomalous entropy production defined as
aAE/d%a;:/vag-Xzzo. (A26)

The local functional ¢* in the x-space is given by the velocity space integral of ¢4 and is
the same as given in Sec. V as is seen later. The anomalous entropy production arises {rom
the resonant exchange of energy-momentum between the particles and the fluctuations as

we now make clear.
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In order to compare the formulation here to the results in Sec. V, we use the Maxwellian

distribution function fur as (f). Then, we have @y /0u = 0 and Eq. (A26) is rewritten as

. 61 any 01
:_/ds { nfM+<fw> ;JM]:JI.X1+_]2.X2+J3X3 (A27)

which is found to be the same as Eq. (68) by noting that

[,\ alﬂfM A_BlnfM
- |Vg- +w

Ox D } = VE [Xl + ($ - —) Xg] + eE (U”n + Vyp + ch_‘_v) XS-

(A28)
The forces (X1, X2, X3) and the fluxes {J;,J,, J3) are defined in Sec. V and are related to

the forces Xz and the fluxes J é as

X
[0 fufox] _[1s (22— 2) 0] |
[alnfM/aw]“[g( 0 J 2 (A29)

I Is 0 _)‘E{)
L= [ | (=2 0] |V, A30
Lj / ( 0 ) 1 hf“’” A0

where l; denotes the 3 x 3 unit matrix. The anomalous transport equations in the Z-space

are written as

fﬁg = aj8ln fM/c?X
[%fw;} ~ b [aln fM/aw} (A31)

where DZ is the 4 x 4 matrix reduced from D% and is also symmetric and positive definite.

Then we obtain the anomalous transport equations for the forces (X;, X3, X3} and the fluxes

(Jl,Jz,Jg)aS
Ji X;
L =14X, (A32)
A X;
where
A 3 2|33 X A l:3(502“‘2)'30
L =]dvfM (2~ %) 150 Df {0 . 1] (A33)

0 1

which shows that the matrix L# preserves the Onsager-type symmetry and the positive

definiteness of Df.
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Using the Fourier representation for the fluctuations as in Eq. (57) and the approximation

that ®(—7) =~ x — (yym + Vg)7 within the correlation time of the fluctuations, we have
(B0, x)B(—7,%(-7))) = % Kk {|di?) cosl{w — wp —wp — kyy)r]  (A34)
and
Df =7 (|ul?) 6(w — wi — wp — kyey)

()" G xm)(lxm) 5k x n)efwp + by | (A35)

X
e(wp + k) sk xn)  e*(wp + kyyy)’

Substituting Eq. (A35) into Eq. (A33), we obtain the same expressions as in Eq. {73).
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APPENDIX B: RELATION BETWEEN EQ. (72) AND THE
LINEAR THERMODYNAMIC FORM OF THE ANOMALOUS
TRANSPORT IN REF. (9)

Here, we derive the linear thermodynamic form of the anomalous transport equations (72).
For that purpose, we use the drift wave dispersion relation for the eigenfrequency in Eq. {73)
and linearize Eq. (72) with respect to the density and temperature gradient forces in the
same way as in Ref. 9. (Since k;p; ~ A € 1 in our ordering, the anomalous fluxes by the
electron drift wave is small as discussed in Sec. VI although here its dispersion relation is
used for comparison to the results of the linear thermodynamic transport in Ref. 9.) We
should note that, as in Ref. 9, we still treat the fluctuation spectrum (|5k|2) treated as
given, and that we do not regard X,; = 1/T, as a thermodynamic force here. (X,3 = 1/7,
measures a velocity space gradient of the kinetic distribution function and really causes the
ancmalous entropy production although it is difficult to take the imit of X3 — 0 in the
linearizing procedure since it still exists even for the spatially uniform Maxwellian distri-
bution which is a complete equilibrium state for the collisional (classical and neoclassical)
processes.) Assuming the large-aspect-ratio system, we neglect wp, and use the following

frequency ordering
o —wp|  [kylor

|kl vTe lw — wg]

~ AL (B1)

Using the quasineutrarily condition, we obtain the dispersion relation to the lowest order in

A as
T,

eB
WhEI'E AQ = I\Q/[}. + 6(1 - ro)], FO = e-bfg(b), M = b[l - Il(b)/fo(b)], b = k_zL’U%Z/ZQ?,
8 = ZT.[T,, Z, is the ion charge number, and 7, (b) are the modified Bessel functions. Here

w—wg = Ag(l— Mn)w.. = Ao

(k x 1) - (X — MX33) (B2)

the finite gyroradius effect is retained through the i-dependence.
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First, we consider the anomalous fluxes for the electrons. To the lowest order in A,
§{w —wg — wpe — kyvy) in Eq. (73) for the electrons is replaced with §(kjvy). We also find
that J.; does not enter the linear thermodynamic transport equations since it is O{X?)
where X denotes the order of the density and temperature gradient forces: X,; ~ X, ~ X.
As mentioned before, X ;3 = 1/7, is not regarded as a thermodynamic force so that X, is
O(X°). Then, we obtain the linearized form of the electron anomalous particle and heat
fluxes as
Xet

X—e2
Xe 2

[Jcl] — [Lii L;% L?Ejl (BS)

ee ee er
J e2 |-21 I—22 |—22

where the transport coefficients are given by

G,k =1,2). (B4)

Here, limx_; stands for the limit of X_;, X, X;2 — 0. Using the dispersion relation {B2),

the anomalous transport matrix in Eq. (B3) is written as

[Lﬁ Leg L;’g} _ o, (cTe)z 5 {1y 1

Lsi Lss Lsh eB/ 47 T2 |kylvze

[ (1 — Ap)(k xn}(k xn) —i(k xn)(k xn) ApM(k x n)(k xn)
| —1(1 - Ao)(k x n)(k x n) ${k x n)(k x n) —1A.M(k x n)(k x n)

(B5)

which is in complete agreement with the electron anomalous transport equations in Ref. 9
to the lowest order in X while it should be noted that the definition of the heat flux in Ref. 9
is different from ours. Now, we find that the symmetry L$5 = L33 is no longer valid since the
nonsymmetric additional terms (1/7.)(8L5;/0X ) enter these coefficients. Thus, the broken

symmetry in the linear thermodynamic anomalous transport coeflicients claimed by Balescu

has been confirmed again. We also see that the neglect of J.3 in the electron anomalous
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entropy production o = J.; - X + Je2 - Xae + Je3 X3 breaks its positive definiteness since
all of Jg - Xe1, Je2 + Xeo, and Je3Xea is of the same order O(X?) while Ja(= O(X?)) is
necessarily neglected in the linear thermodynamic anomalous transport. In order to ensure
the positive definitess of the anomalous entropy production, it is indispensable to retain the
energy transfer from the turbulent fields to the particles represented by J.3 which however
has been rarely taken account of in conventional anomalous transport theories.

Next, let us consider the anomalous ion fluxes. The anomalous ion particle flux is given
from the anomalous electron particle flux as J,;, = Z7'J_; which results from using the
quasineutrality condition as the dispersion relation. To the lowest order in A, §{w — wg —
wp, — ko) in Eq. {73) for the ions is replaced with §{w — wg) = §(Ao(1 — Mn)w,.). From
this term, it is difficult to obtain the linear thermodynamic form of the anomalous ion heat
flux even to the lowest order in A. Futhermore, the &k, -spectrum of this anomalous ion heat
flux has a singularity at M (), = 1 (b = k3jv3,/29Q7). These difficulties about the linear
thermodynamic form of the anomalous ion heat flux using the approximation (B1) are the

same as clarified by Balescu in Ref. 9.
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APPENDIX C: SOLUTION OF QUASILINEAR EQUATION IN

THE PLATEAU REGIME

Here, we find the solution of the averaged drift kinetic equation (52). Putting

<T°1>ens = Fal + 7.

where

— 25l vy 8f 0 20 5 —
Falz— i fO_ z[l ]:I/ia+($3—§)v2a:lfa0'

X Q, 0% va,

Equation (52) is rewritten as

. _ af,
yn - Vg, — CI(7.) = —lﬂ'czvll-"ﬂﬂ;([ma—}_,j;J

+CHFH)+CF 4+ D,

(C1)

(C2)

(C3)

where CT and CF are the test and field particle parts of the linear collision operator, respec-

tively. The ! = 1 part in the Legendre polynomial expansion of <?a1)

is written in the 13M approximation® as

— (=1 ZUH 2 Qlia 5 -
(o) = 2, [Uua TS (mi - 5) fao

and that of g, is given as

= 2 2 5 -
—(1=1) i} Gad ( 2 )
gy, + =222 -z
al Uza g 5 . a 9 ] faO

We find
- 1t
(U"I]. -V ga.)a—O) = 5];1 df’t)”n ) cga = 0.

Then the [ = 0 part of Eq. (C3) is given by

_ Cg‘(g{,:=0)) — ﬁf:ﬂ) 4 Cf(l=0)-

a

Subtracting Eq. (C7) from Eq. (C3) yields

o - VG, — ValaFa = EF (v, 4, 8) + CH2D 1 TP
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where v, L, denotes the pitch angle scattering part of the collision operator and
C,=C.(3,) +C] —v.L.7,. (€9)

The superscript (I > 2) represents the sum of the Legendre polynomial components with
i > 2. Here F(v,v,0) is an isotropic function in the velocity space and its functional form

will not affect the results of the following analysis.

Let us put

7. = 79D — (L) (D) 4 By (C10)

where (v,L£,)" represents the inverse of the pitch angle scattering operator. Here 7{=1 and
(vaL£2)"H D27} do not contribute to the parallel viscosities. Neglecting C%22) compared

to the pitch angle scattering term in Eq. (C8), we have

3 10klnB W0 T, 0 3 O 1 —
[ 5 "2 a8 "6)35‘ 2 ag(l_‘f )ag} fa
_OlnB [1-38%2z, 2Ga0 { o 5\| = 1 4 >y
T { 2 o’ [““‘”Lgp_a (”’“_E) f“""ZL(D‘* o
+ (wraz) ™ {D - (B2
2v, 2 4. Y| =
+£ {(wTaza)_lF — U; z.B [Uae + gﬁ (3:3 — 5)] aO} (C11)
where
- —1TaeVa(Ta)
Vo = (wTaTaa) z,
X’ UTa

=— " oy~ _ (
Wre Qﬂ_B‘/E'UTa— Rq (C12)

Here the collision frequency 7,, and the energy dependent collision frequency v,(z,) are

defined in Ref. 2, and we have used the Jacobian /g = (V¢ x V8- V)™, the major radius

R = |V¢|™" and the safefy factor ¢. In the large aspect ratio system, we have 8In B/889 ~
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esin § with the inverse aspect ratio € and we also assume that {_’5(02 — (ﬁ1>2))} / (1—5&122)) ~

¢. For the plateau regime /2 & (wr,7.)™? <€ 1, the ordering £ ~ 71/® < 1 and the
perturbation expansion with respect to ¢/7%/3 are used® to solve Eq. (C11) and the lowest

order solution is given by

T 1
ha=ez7;”3{%3[uae+§%f~ (x 5)} Tt — <“‘*F”>d5}

Vg

/ drsin(8 — 77 3¢r)e 15, (C13)
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APPENDIX D: ANOMALOUS EFFECTS BY THE ITG MODES
WITH (w — wE)/k”UT,' = O(l)

The dispersion relation for ion-temperature gradient (ITG) modes given by Eq. (48) is
given in Kim et ol here we simply analyze the limit of small wp/ kyvr;. Assuming that
the response of the electrons to the electrostatic fluctuations is approximately adiabatic,
the drift kinetic equation and the quasineutrality condition yield the following dispersion

relation
ZT,
T,

Wee

1+

20+ 5=+ 2O+ 2 e (¢ -5) 20] =0 oy

kv, kyor:

where Z(() is a plasma dispersion function and { = {w —wg}/kjvr;. Furthermore we assume

that the density gradient is small w,, =~ 0. From the above dispersion relation, we find that

instabilities occur when
12
WeeTh /

s

(D2)

z;T.
> 2(1 L)
{1+

2

The adiabatic response of the electrons, which is assumed in the dispersion relation in
Eq. (D1), yields no anomalous contributions to the heat generation rate, the particle and
heat transport fluxes and the parallel viscosities for electrons. Then the ion particle flux
also vanishes according to the ambipolarity resulting from the quasineutrality. Thus, we
treat the anomalous contributions to the heat generation rate, the heat flux and the parallel
viscosities for ions only.

For |w,.m; [kyvr:| > 1, we obtain the typical slab ITG mode instability with
w —wg = [kfcwam| (0. + V33) /2. (D3)

Here ¢, = (Z,T./m;)"/? denotes the ion sound velocity and

__wan _ kxn-Vy 9T/3¢
U lwand  kxn-Vy||0T /0y

(D4)
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the sign of the ion diamagnetic frequency. Then, we have |(w—wg)/kyvr,| > 1 and therefore

the fluctuation-induced forces K,; and parallel viscosities Y,, (j = 1,2) for ions are small.

Now, let us consider the unstable modes with |(w — wg)/kjvri| = O(1). These modes exist

near the marginal point |w..m/kyors| ~ [2(1 + ZT./T:)]"/* and their real frequencies are

given by

w—wp {1 ( Z,-Te)r"2 ¢
~ Ty | = Talp-
[kyfvrs 2 T, ’

Then, from Egs. (61) and {79), we have {H;) ~ 0 and

T (g V)™ = —arl 2

7T & %P (-¢&)

' 1 72 BT,-/&/)
X —|lkxn-V
zk: <B| n lpl <I¢’kl )em> Iaﬂ/a¢i

<

(B-Ky) = —27/2 ”;62 G exp (=G) X "o (RyB{|&l*)_ )
k

Ya 2122 / % 1
[KZ} € P,C:JT,'T“BQ CO dﬁ," € 7-;,,1/2(:8,) ( ?_ %)

2T e2 (16x[*)
! *lk :-7 + ! It‘) 2 ens
X Ek: Oik) [y1 (z:, o) 7T ( CO)] T

3

3 1.2
Wa _ "')T;Tn CO/ dre” 22 % (_§+ Emi)
VViZ Tuyt(zl)

(1 - %m?)
o e (1u?)

. *ék 2, o (23, ens

xzk:a u[‘yl( o) + ZTy( QO)] T2

1

(D5)

(D6)

(D7)

(D)

(D9)

where ' represents the summation over the wavenumber region where |w,..n:/kjvr] ~

2(1+ Z,T,/T.)]*/? and the functions y; and y, are defined by
(z )—i-é(:c—— )+—1—(4 z—6v —3H(z - v)
n(,7) = gbla =) + g5tz — 6y ¥
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ya(z,7) = % (72 - -;-) 5(z =)

1
+ ——{~(82% — 20z} — (129 + 6)z” + 30* + 9}H(z —~).  (D10)

1622

When Z,T./T, = 1, we obtain Eq. (81) from Egs. (D6)-(D9).
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