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IAEA-F1-CN-64/D3-6
BALLOONING MODES IN HELIOTRONS/TORSATRONS
ABSTRACT

The characteristics of the high-n ballooning modes and the corresponding
3 ( = kinetic pressure/magnetic pressure) limit are discussed in a planar-axis
L = 2/M = 10 heliotron/torsatron with a large Shafranov shift { L and M are
the polarity and toroidal pitch number of helical coils, respectively). The exact
incompressible high-n ballooning mode equation for three-dimensional equilibria
is solved in the covering space (¢, 7, ) where ¥ and « are the labels of the
flux surface and the magnetic field line, respectively, and n is the coordinate
along the magnetic field line (—o0 < 7 < o¢). In three-dimensional equilibria,
the eigenvalue generally depends on o w? = w?(1,8, ) with d; the radial
wave number. From the analyses of the local magnetic shear associated with
the toroidal force balance, the physical mechanism is clarified why the high-n
ballooning modes can be unstable even in the region with stellarator-like giobal
magnetic shear. Such high-n modes have strong o-dependece of w? for a peaked
pressure profile giving Mercier stable equilibria. In contrast, a broad pressure
profile allows high-n modes with weak a-dependence of w?. The relationship
between the high-n and low-n ballooning modes and the related 5 limit are also
considered through the a-dependence of w?.

1. INTRODUCTION

In currentless helical systems with a planar-axis, such as heliotron/torsatron
devices, the global rotational transform ¢ of the vacuum magnetic field increases
in the minor radius direction. Using a low-3 approximation, Shafranov(1] spec-
ulated that if the global shear is stellarator-like, then high-n ballooning modes
would not become unstable when the Mercier modes are stable. Using three-
dimensional equilibria, Cooper et al.{2] found high-n ballooning modes in the
stellarator-like global magnetic shear region of the ATF{3]; however, they did
not give the physical mechanism. The spectrum of ballooning modes in general
toroidal systems has been investigated by Dewar et al.[4] using a model tokamak
with toroidal field ripples in order to study the affects of symmetry breaking on
the ballooning spectrum. Recently, an examination similar to that in Ref. [4]
was carried out for high-n ballooning modes in an LHD[5] equilibrium with a
broad pressure profile, thus strongly Mercier-unstable[6]. In that work, a modi-
fied high-n ballooning equation is used, so that it was not clear how the kinetic
energy norm affected the eigenvalues so obtained.

In this paper, we will investigate the stability properties of ballooning modes,
both in strongly Mercier-unstable and completely Mercier-stable equilibria, for
an L = 2/M = 10 heliotron/torsatron system with a large Shafranov shift, with
the use of the exact incompressible three-dimensional high-n ballconing mode
equation([7].



2. GLOBAL EQUILIBRIUM CHARACTERISTICS

For the vacuum configuration, we will use the planar-axis I = 2/M = 10 he-
Hotron/torsatron configuration. Omnly currentless equilibria will be calculated
with the use of the VMEC code[8] for fixed boundary conditions, with the
boundary determined as the outermost flux surface of the vacuum field. Two
types of pressure profiles will be used in order to examine the relationship of
Mercier stability to that of high-n ballooing modes: a peaked profile[9] given by
P(¢n) = Py(1 — )%, and a broad profile[6] given by P(yin) = Po(1 — ¢ )2
Here ¥ = ¥/%edge i3 the normalized toroidal flux, with ry = /¥x the nor-
malized minor radius. Note that the peaked pressure profile is the profile that is
normally used in stability calculations for the LHD[9], and that peaked pressure
profiles similar to above one are observed in ordinary experiments in CHS[10].

Figure 1 shows the global rofational transform + and the Mercier criterion
parameter Dy as functions of ¢ 5 for both the peaked and broad pressure profiles
with three different central 5 values. For the vacuum configuration considered
here, the Shafranov shift is quite large, i.e., there is a substantial Pfirsch-Schltiter
current. Consequently, + and so the global magnetic shear s become highly de-
formed as (7 increases for both types of pressure profile. In particular, ¢ increases
near the magnetic axis, but decreases near the periphery. Because a region
of tokamak-like global magnetic shear appears near the magnetic axis and the
stellarator-like magnetic shear is increased near the periphery, a shearless region
occurs between them. As [ increases, the global magnetic shear becomes very
strong in the stellarator-like region near the plasma periphery.
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Fig. 1 :+¢ and Dy vs 9y The upper (lower) graphs are for the peaked (broad)
pressure profile. The dotted, dot-dashed, and solid curves correspond to By = 0,4,
and 8%, respectively. Dy > 0 implies Mercier stability.

3. LOCAL EQUILIBRIUM CHARACTERISTICS

—-92_



A. Local magnetic shear

Equally spaced {1.8) meshes in the Boozer coordinate system (3. . {) for
the peaked pressure profiles with three different central 5 values are shown in
Fig. 2 on horizontally and vertically elongated poloidal cross sections.

In the feld Line coordinate system or covering space (. n, ). which is related
to the Boozer coordinate system (9. 8, {Jasn =6, a = ( — ¢/¢ with a the
label for the magnetic field lines, the local magnetic shear § can be expressed in
terms of the global magnetic shear s and its oscillatory component 3, as follows:

P I 211’9‘«;;0} f”. _ 2Y 96
§=s5+35 s= e a0 5_67?{-_999 . &dn = s(n—0) + P (1)

where g, = 8,7 - 8,7, (i,5 = ¥,8,() and & is the radial wave number. In the
coordinate system used here, § = 0 or 5 = 0 corresponds to the outer side of the
torus. Almost all the information about the local compression of the poloidal field
appears in the behavior of the poloidal angle f, as can be seen in Fig. 2. As the
value of By increases, there appears a turning surface (i.e., where gyg = 0), which
reflects the properties of the local magnetic shear through §. Near the magnetic
axis, the global magnetic shear s is tokamak-like (s < 0} for the peaked pressure
profile or very small {8 ~ () for the broad pressure profile; this property can be
seen in Fig. 1. Therefore, the local compression of the poloidal field increases
radially outward in order to maintain toroidal force balance: gyg ~ csinf with
¢ > 0, which leads to the situation with s S 0and 5 > 0. In comtrast, near
the plasma periphery, + exceeds unity and s is strongly stellarator-like (s > 0).
The local compression of the poloidal field decreases radially outward, due to
the large poloidal field on average: gys ~ csin® with ¢ < 0, which leads to the
situation with s > 0 and 5§ < 0. In both regions, § is reduced.
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Fig. 2 : Equally spaced {¢,0) mesh in the Boozer coordinate system for Gy =
0%, 4%, and 8% from left-hand to right-hand graph.
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The reduction of the stabilizing effect of the local magnetic shear in the
region with stellarator-like global shear (¢ = 0.36) is exhibited in Fig. 3(a)
for the p%a.ked pressure profile with Sy = 8%, where the integrated local shear,
[ / K §d7}] , for § =0, is plotted along a field line with a = 0: on a horizontally
elongated cross section, this field line passes through the outer midplane of the
torus. For reference, the average integrated local shear (s1)2 is also plotted in
Fig. 3(a}). We can understand that as § increases, the stabilizing effect of the
local magnetic shear near = 0 is significantly reduced. The vanishing of the
(integrated) local magnetic shear at the outer side of the torus does not strongly
depend on either the type of pressure profile or the magnetic field line label «,
except that the critical § value at which the local magnetic shear vanishes does
depend on the pressure profile.
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Fig. 3 : Varition along o magnetic field line of (a) [ [ édn] , with the reference
(sm)? (thin curve); (B) |Vep|/ (20 By), with the reference |Ve|2/ (29 By) = 1 (thin
dotted curve); (c) |k 1 |*; and (d) ™. These quantities are shown at Yx = 0.56,
0 =0, and o = 0 for an equilibrium with o peaked pressure profile with By = 8%.

B. Local shape of flux surfaces

At the outer side of the torus, the flux surfaces are locally compressed, be-
cause this is where the compression of the poloidal field varies radially. This
situation is reflected in the local shape of the flux surfaces at the outer side of
the torus, as expressed by [Vi| = B,/gsg. As shown in the poloidal cross sec-
tions with By = 8% in Fig. 2, the variation of |V1| in the minor radius direction
significantly changes across the turning surface on the outer side of the torus. At
the outer side of the torus, adjacent Aux surfaces become progressively nearer to
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each other in radius as the turning surface is approached. In other words. the
Aux surfaces become more and more compressed. Once the turming surface is
crossed, however, the flux surfaces become less compressed radially. The local
compression of the flux surfaces at the outer side of the torus causes the flux
surfaces to be locally uncompressed at the inner side of the torus due to toroidal
Aux conservation. Thus, the change of the local shape of a flux surface |V
along a field line is quite noticeable as is shown in Fig. 3(b). Since it is caused by
toroidal force balance (i.e., the Shafranov shift), the local compression or decom-
pression of the fux surfaces becomes most noticeable as the value of 3 increases;
however. it is independent of ¢, the magnetic field line label

The variation of the local shape of the flux surfaces |Vy| plays an important
role in the stabilization of high-n ballooning modes for equilibria with large
Shafranov shifts. The reasor for this can be seen from the expression for the
perpendicular wave number &L

- 9 B2 T2 n 12
Rl = oot * o |/ ] )

The secular stabilizing term s( — 6%)| V| is amplified through |V¢| each time
the field line transits the outer side of the torus, near 1 = 2p7w with p an integer,
leading to an enhancement of its stabilizing effect. On the other hand, each
time the field line transits the inner side of the torus, near n = (2p + 1)x, the
secular stabilizing term is diminished through |V#|, leading to the reduction of
its stabilizing effect. The characteristics of the local shape of the flux surfaces as
expressed by |V1)| are universal, at least for L = 2 heliotron/torsatron systems.

In Fig. 3(c), |E +|? is plotted along the same field line as that for Fig. 3(a).
This graph shows that the field line bending stabilization effect on high-n bal-
looning modes is strongly modified as § is increased. Within one poloidal period
along the field line (|n{ < =), this stabilizing effect is significantly suppressed,
both because the local shear associated with the poloidal field which is com-
pressed at the outer side of the torus vanishes (Fig. 3(a)) and because the flux
surfaces on the inner side of the torus are decompressed (Fig. 3(b)). On the
other hand, this stabilizing effect is significantly enhanced farther out along the
field line (J7j ~ 27) due to the local compression of the fux surfaces at the outer
side of the torus (Fig. 3(b}}. This sort of modification is universal in L = 2 he-
liotron/torsatron systems with a large Shafranov shift and is almost independent
of both the magnetic field line label and the pressure profile, except for the 3
value at which the modification becomes significant.

C. Local magnetic curvature

The local magnetic curvature in heliotron/torsatron systems consists of two
components. One component is due to toroidicity, just as in a tokamak plasma.
This mainly comes from the vacuum toroidal field and hence has no depen-
dence on «. The other component is due to helicity (i.e., of the helical coils),
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which mainly arises from the saddle-like profile for the magnetic field strength,
reflecting thaf in a straight helix. On every poloidal cross section, the outside
of the torus corresponds to locally “bad” magnetic curvature, and the inside to
“good” curvature, in terms of the toroidicity contribution. In terms of the helic-
ity contribution, however, the regions between the helical coils correspond to the
locally bad magnetic curvature in each poloidal cross section, and the regions
under the helical coils to locally good curvature. The variation of the magnetic
field strength due to the helicity is comparable with that due to the toroidicity.
Therefore, the local magnetic curvature is worst at the outer side of the torus
in a horizontally elongated poloidal cross section (cf. upper graphs in Fig. 2).
At the outer side of the torus in a vertically elongated poloidal cross section {cf.
lower graphs in Fig. 2), the locally bad magnetic curvature due to the toroidicity
is canceled by the locally good magnetic curvature due to the helicity. Thus, the
local magnetic curvature at the outer side of the torus strongly depends on «,
the label of the magnetic field line in the covering space {1, 5, a). This situation
is completely different from that in a tokamak plasma. In a tokamak plasma,
the local magnetic curvature is independent of the field line label « because of
the toroidal symmetry.

In Fig. 3{d}, the contravariant normal magnetic curvature ™ = 2¢&-Vip/|Vi|?
is plotted along the magnetic field line. The phase due to the toroidicity and
that due to the helicity are both quite evident. At the outer side of the torus,
where n = 2p7 with p an integer, locally unfavorable magnetic curvature occurs
near 7 = O and 4w, but locally favorable curvature at n = *2x. Because of
such behavior, the local magnetic curvature is expected to have a strong depen-
dence on the magnetic field line (i.e., on «)}. This sort of strong magnetic field
line dependence (a-dependence) of the local magnetic curvature is a universal
feature in heliotron/torsatron systems with appreciable helical ripple.

4. STABILITY PROPERTIES

Pressure profiles have a strong influence on high-n ballooning modes through
the Mercier criterion. The broad pressure profiles create the highly Mercier un-
stable equilibria with the maximum pressure gradient within the Mercier unstable
region. In such equilibria, the high-n ballooning modes are easily destabilized
at a relatively low-G value, which leads to the situation that high-n ballooning
modes become unstable before the stabilizing effects within (near) one poloidal
period along the field line are suppressed (enhanced) enough by the Shafranov
shift. Thus, high-n modes have a tendency to have an extended interchange-like
structure along the magnetic field line. The high-n modes occuring near a flux
surface giving the marginal stability have the extended interchange-like structure
as is shown in Fig. 4(a). The extended structure so relaxes the a-dependence
of the destabilizing term that near the marginal stability high-n modes become
tokamak-like modes with the eigenvalue w? ~ w?(¢,6;). Away from the flux
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surface giving the marginal stability. high-n modes have fairly localized sfruc-
ture that a-dependence of w? becomes strong. Thus, in (3. ;. o) space. the
spheroidal level surfaces of w? of lacalized modes are surrounded with the cylin-
dorical level surfaces of w? of extended modes. Although the growth rates of
those tokamak-like extended modes are smail, those are dangerous since those
may lead to low-n modes.[6] '
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Fig. { : Highn ballooning mode eigenfunction (o) ®(¥n = 0.39,0, = 0,0 = 0}
for a strongly Mercier-unstable equilibrium with the broad pressure profile with
8o = 4% ond (b) ®{¥y = 0.36,0, = 0, = 0) for a completely Mercier-stable
equilibrium with the peaked pressure profile with fo = 8%.

In contrast to it, in the slightly Mercier unstable or completely Mercier sta-
ble equilibria, created by the peaked pressure profiles usually used in standard
stability analyses[9] and obtained in ordinal CHS experiments[10], the high-n
ballooning modes are destabilized after the stabilizing effects within (near} one
poloidal period along the magnetic field line are suppressed {enhanced) enough by
the Shafranov shift. Thus, these modes are highly localized within one poloidal
period as is shown in Fig. 4(b), which leads to such a strong a-dependence of
the eigenvalues that the level surfaces of w?(¢, 6, @) {< 0) become topologi-
cally spheroid in (¢, 0, ) space as shown in Fig. 5. The area indicated by the
thick closed curves corresponds to the contours for the negative eigenvalues of
high-n ballooning modes, and the area indicated by the thin unclosed curves
to the contours for the positive eigenvalues of high-n TAE modes. Note that
the unstable region in 8 is very narrow. Those highly localized modes with
the spheroidal level surfaces of w? never lead to the low-n modes and are inher-
ent to three-dimensional equlibria. Note that the tokamak-like modes leading
to low-n modes appear only near the marginal stability in highly Mercier un-
stable equilibria. Although those inherent high-n modes with the spheroidal
level surfaces of w? may be considered to give S-limit to completely Mercier
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stable equilibria, we should notice that those modes are considered to be so
highly localized in each toroidal pitch of the helical coils in the configuration
space that the expected toroidal mode numbers n would be quite large, i.e.,
T~ Tomin, Pman + M, Tomin +2M, nppin +3M, -+ -, where nn, 18 at least the order
of M. Therefore, in order to evaluate the §-limit due to these high-n modes
inherent to three-dimensional equilibria, kinetic effects due to an ion diamag-
netic frequency and Finite Larmor Radius stabilizing effects must be evaluated
along with them. Such kinetic effects on these high-n modes inherent to three-
dimensional equilibria and the relation to ones in other devices will be addressed.

10 : - : 20
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Fig. 5 : (o) The 0;, and y-dependence of O, with a = 0, and (b) the 8y and a-
dependence of the most unstable Q2, with ¥ = 0.56, both for the peaked pressure
profile with B¢ = 8%.
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