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Abstract

The non-axisymmetric linear stability of the spherical Couette flow is investigated
numerically when the ratio of gap width to inner sphere radius (R; — R;)/ Ry = 0.5.
The basic flow becomes unstable at Re. = 1245 and the associated azimuthal
wavenumber is n, = 5, which agrees excellently with the experimental results by
Egbers and Rath [Acta Mech.-81 (1990) pp.3-38|. The marginal mode is oscillatory
and has the distinct wavy structure around the equator and the spiral structures
extended in each hemisphere. Sufficiently large spatial resolution is found to be
required in order to avoid a spuriously unstable eigenvalue that causes serious
underestimation of the critical Reynolds number.
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The spherical Couette flow has attracted many researchers not only from the
industrial or the geophysical viewpoints but from the purely theoretical interest in
its typical configuration. The system has variety of solutions though it has only
two control parameters, the aspect ratio of the gap width to the inner sphere radius
B = (Ry— Ry)/Ry where Ry, R, are the radii of inner and outer sphere respectively,
and the Reynolds number Re = QR}/v where {2 is angular velocity of the inner
sphere and v is the kinematic viscosity of the fluid. {The outer sphere is assumed
to be fixed here.)

One of the interesting features which have been echerimenta]ly observed is that
the transition from the basic laminar flow to the secondary one is qualitatively
different according to the aspect ratiofl, 2]. When the gap is narrow {3 < 0.24]2]).
the first transition results in the formation of the secondary Taylor vortex around
the equator and the axisymmetry of the flow is not broken. For wide gap cases
(8 > 0.24), on the contrary, the first transition is caused by a non-axisymmetric
disturbance and a wavy spiral flow structure is formed.

Theoretical studies of the spherical Couette flow have been carried out mainly
for the narrow gap cases and few have been done for the wide gap ones. Munson
and Joseph studied the instability for the wide gap case in terms of the energy
method and obtained the critical Reynolds number Re, = 90 and the azimuthal
wavenumber n. = 1 of § = 1[3|. This result is, however, far from the experimentally
observed value, Re. = 450 and n. = 4, for the same value of beta by Belyaev and
Yavorskayai4].

Our present scope is to bury this discrepancy between the experimental and the
theoretical results of the instability problem for the wide gap case. In this report

we restrict our attention to the case for 8 = 0.5. At this aspect ratio the transition



to the spatially periodic non-axisymmetric flow is experimentally observed[1l]. The
critical Reynolds number is Re. = 1244 and the azimuthal wavenumber 1s n, = 3.

The basic flows that are axisvmmetric and satisfy the incompressible stationary
Navier-Stokes equations are obtained by the Newton-Raphson iterative method
together with the collocation method. Velocity field U(r) is expressed in terms
of the Stokes solution and the stream functions[5], which are expanded in the
series of the modified Chebyshev polynomials (1 — z2) T, (z) and (1 — z2)? Tr,(z)
in r-direction and the derivative of Legendre polynomials sind (d/dd)P;(cosd) in
d-direction.

The time dependence and -dependence of disturbance is assumed as u(r, t) =
u(r, ) exp(At -+ iny) where A is a complex number and n is an assigned az-
imuthal wavenumber. The disturbance u(r) is expressed in terms of the toroidal
and poloidal vector fields[6]. The stream functions are expanded in the series of
the modified Chebyshev polynomials given above and the Legendre bipolynomi-
als Pf*(cos?). The double QR method together with the collocation method is
adopted to solve the eigenvalue problem.

In the present study we examined the cases with the Reynolds numbers Re =1100,
1200, 1300, 1400 and 1500 and with the wavenumbers 1 < n < 8. The neutral
Reynolds number for each n is determined by interpolation of the obtained growth
rates data. The critical Reynolds number Re. and the associated wavenumber n,
are given by the lowest of these neutral values and its wavenumber.

It should be remarked that the basic flow is symmetric with respect to the
equator so that the linear stability analysis can be carried out separately according
to the symmetry of the eigenmodes with respect to the equator. Hence we carried

out the calculations using only the expansion functions with assigned symmetry in



¥-direction. In the following we use the notation (M,N) to denote the truncation
number in - and ¥-directions respectively where N is the number of expansion
functions with assigned symmetry. It is found that the basic flow is stable against
all the equatorially symmetric disturbances when Re = 1500. Thus we report the
results of the equatorially antisymmetric disturbances in the following.

Convergence of eigenvalue is checked by increasing (AM,N) of the eigenvalue
problem while (M, N} of basic flow is fixed to {17,129). The values of the numer-
ically obtained growth rates Re(X) for assigned (M,N) are listed in Table.1. It
is verified that the convergence of the growth rates is guaranteed upto two digits
when (M, N) is larger than (17,65). The smaller the truncation number becomes,
the larger the growth rate becomes remarkably, therefore, the more seriously the
critical Reynolds number is underestimated. In this study calculations are carried
out with the truncation numbers (17,129} for the basic flows and {17,65) for linear
stability analysis. The eigenvalue problem with (17,65) truncation modes requires
about 340 MB memories and it costs about 1000 seconds CPU time in NEC $X-3
supercomputer for a set of parameters, Re and n.

The most unstable eigenvalues have complex values for all the calculated pa-
rameters. The values of growth rates for cach Re and n are plotted in Fig.1. The
numerically obtained critical Reynolds number is Re, = 1245 which is surprisingly
close to the experimentally observed value Re. = 1244. The associated wavenum-
ber is n. = 5 which also coincides with the observed value.

In Fig.2 the phase velocity normalized by the angular velocity of the inner
boundary, w =Im(A)/{n(2), are plotted. It is remarkable that the normalized phase
velocities almost depend on neither the Reynolds number nor the wave numbers

when n > 3. In Fig.3 the values of nw, which represents the frequency of a spiral



arms observed at a fixed point, are plotted by white circles for n = 5. Solid
circles in the same figure are the experimentally observed values for n = 5[1]. The
agreement of the experimental data and the numerical results is very good. These
numerical results are also consistent with the following experimental observation:
the frequency of spiral arms changes after the transition to the state with different
number of spiral arms and the frequency is proportional to the numbers of spiral
arms.

The numerical results obtained here explain the experimental data quite well
though present analysis is the linear stability theory. This suggests that the ob-
served spiral flow is well approximated by the sum of the basic axisymmetric flow
and the weak unstable disturbance. Therefore the bifurcation is expected to be
the supercritical Hopf one.

It is interesting that the basic flow U(r) has two distinct flow structures (see
Fig.4{a)). One is the strong radial shear near the inner boundary. The other is
the strong meridional shear localized in the equatorial region. We will call these
structures as the inner boundary layer and the equatorial jet respectively. The
region outside these two structures is tentatively called as the outer layer.

The thickness of the inner boundary layer is about 20 % of the gap width and
it does not depend on the latitude when the thickness is defined in terms of the
amplitude of the angular velocity U, /(rsin¥).

The equatorial jet is formed around the equator. Because the meridional "stag-
nation” flow conveys outward the angular momentum which the fluid in the inner
boundary layer carries (see Fig.4(b)).

The outer layer has relatively uniform angular velocity. The amplitude of the

angular velocity in this region is about 20 % of that of the inner sphere. It is



mteresting that this value is close to the phase velocity of the unstable disturbance.

In Fig.4(c) a section of the azimuthal component of the unstable disturbance is
depicted. The unstable disturbance has a distinct wavy structure which is almost
confined in the equatorial jet region. Another distinct structure is found in the
outer layer. As is seen in Fig.5 this is a spiral structure which corresponds with
the experimentally observed one. There is a structure inside the inner boundary
layer and its amplitude is relatively small. Thus these structures of the unstable
disturbance can be divided into three parts which almost correspond to those of
the basic flow.

These flow structures seem to be generated as follows. The equatorial jet be-
comes unstable and a Tollmien-Schlichting wave is excited on it as the Reynolds
number increases. This localized wave vibrates the fluids in the outer layer so that
the excited motion obliquely propagates at an angle 58° from the equator like a
Rossby wave. Thus the spiral arms which are experimentally observed is generated.

We are now working on the quantitative analysis of both the basic flow and the

unstable disturbance.
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(M,N) n=1| n=5
(9,33) 460.182 | 178.601
(10,39)| 386.006|120.853
(11,41)| 300541 |64.7601
(12,45)| 204.294|3.43202
(13,49)| 111.839|2.65884
(14 ,53) 17.3107 | 2.51514
(15,57 )| —9.30994 | 2.77549
(16,61 )| —11.4163|2.79538
(17,65 ) || —12.0544 | 7.76952
(18,69 )| —12.3066 | 7.73299
(19,73) | —12.4292 | 7.76631

Table.1. Convergence of the growth rate as the truncation number of the disturbance
increases. Parameters are Re = 1500 and n = 1, 5. Truncation number of
the basic flow is (17,129).



Figure Captions

Fig.1. Growth rates of disturbance Re(X) for assigned n’s. Symbols denote az-
imuthal wavenumber; X :1, O:2, A:3, U4, @:5, &:6, B:7, +:8. The
thick line is obtained by linear least square fitting for the data of n=5. The
double circle is the critical Reynolds number obtained by the experiment [1].

Fig.2. Normalized phase velocities for assigned n’s. The same symbols as Fig.1 are
used to assign the wavenumbers.

Fig.3. Ratio of the frequency of spiral arms observed at a fixed point to that of
inner sphere rotation nw=(Im(A)/Q) for n = 5; O: numerical results, @:
experimental data from Ref.[1].

Fig.4. Meridional sections of the flow when Re = 1500 and n = 5: (a) U, and (b)
the meridional stream function of the basic flow, (¢) a meridional section of
u,, of the unstable disturbance. Increment 1s 10 % of each peak value.

Fig.5. Horizontal section of u, of the unstable disturbance at r = (R; + 3Ry)/4.
Increment is 20 % of the peak value.
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