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Abstract

Quasi-axisymmetric stellarator { QAS) configurations are considered for improvement
of high energy reflected particle confinement. A reference QAS configuration with the
field period of M = 2 has been obtained by the optimization of the shape of the con-
finement region. A wide operational regime, coliisional {without net plasma current)
and collisionless (with bootstrap current) equilibria, have been examined. The magnetic
axis shift is rather large in collisional equilibrium in the reference QAS configuration.
On the other hand, in collisionless equilibrium, the bootstrap current is evaluated self-
consistently and its crucial role on reduction of magnetic axis shift is shown. The effects
of important boundary harmonics on the magnetic configuration are considered, in par-
ticular, plasma boundary control has been investigated for reducing the Pfirsch-Schlitter
current. Based on the plasma boundary control, we have obtained two QAS(-like) con-
figurations with reduced magnetic axis shift. The basic properties for these two config-
urations are also explained.

Key Words: Stellarator optimization, Quasi-axisymmetric stellarator {QAS), Shape
of the confinement region, Pfirsch-Schliter current, Bootstrap current, Boozer

coordinates, Magnetic spectra, Vertical elongation, Helical modulation, Triangularity.



1 Introduction

In order to optimize stellarators a difficult subject is the compatibility between high limit
of MHD beta and good confinement of reflected high energy particles or alpha particles
in a reactor. For obtaining the good confinement of reflected particles, several ways
have been already proposed. One is the inner shift of the magnetic axis in heliotrons [1]
such as Large Helical Device (LHD) [2]. The magnetic configuration with the magnetic
axis of 15 cm shifted inward from the geometrical major radius of the device has been
chosen as the standard configuration in LHD. There is no collisionless reflected particle
loss from r/a S 0.3 at zero beta in the standard configuration. Here r/a denotes the
normalized average plasma radius. On the other hand, in the W7-X [3], the dominant
contribution of the plasma is the diamagnetic effect due to the reduction of finite beta
induced currents such as Pfirsch-Schliter and bootstrap currents for keeping the good
quality of vacuum magnetic surfaces even in finite beta plasmas. The diamagnetic effect
improves the reflected particle orbit in finite beta plasmas [4]. Quasi-helically symmetric
(QHS) configurations [5] are another way to improve reflected particle confinement. In
QHS stellarator, the essential point for improvement of reflected particle confinement
is to eliminate toroidal effects and to restore helical symmetry for the magnetic field
strength in magnetic coordinates. The HSX [6] is an example of this concept.

The magnetic configuration can be controlled by the plasma boundary control be-
cause MHD equilibria can be specified by boundary value problem with given pressure
and current profiles [7]. Therefore, the magnetic configuration can be optimized to
have desired physical criteria based on the plasma boundary control {8]. The QHS con-
figuration and the W7-X configuration have been obtained by these procedures. The
different desired physical criteria have led to the two different magnetic configurations.
The quasi-axisymmetric stellarator (QAS) configuration is based on having the axisym-
metric property for the magnetic field strength [9]. The external coil geometry, on the
other hand, can be obtained by solving the magnetic field in the vacuum region as done
by P.Merkel [10].

Neoclassical transport theory predicts that the bootstrap current can flow in stellara-
tors as well as in tokamaks. The existence of the bootstrap current has been experimen-
tally demonstrated both in tokamaks {11] and in stellarators [12] and it is reported that
the bootstrap current is well described by the neoclassical transport theory [13]. More-
over, the bootstrap current has been recognized to play an important role in so called
"reversed shear” mode in ”advanced” tokamak operations [14]. Since the bootstrap
current flows along the magnetic field lines, it has an important role as a net plasma
current for MHD equilibrium and stability. Therefore, it is crucial to consider stellarator
configuration optimization including the consistently evaluated bootstrap current.

This paper is organized as follows. In Section 2, a reference QAS configuration is



briefly mentioned to clarify the basic properties. The effect of bootstrap current on MHD
equilibrium is also examined. Section 3 will be devoted to show clearly the effects of the
plasma boundary control on the magnetic configuration. The reduction of the maguetic
axis shift for obtaining higher equilibrium beta limit, {).,. will be emphasized. The
two QAS(-like) configurations with reduced magnetic axis shift are explained in Section
4. Finally, summary and some future works will be mentioned in Section 5.

2 Reference QAS configuration

Figure 1 shows the magnetic surface cross section of M = 2 QAS configuration at three
different poloidal cross sections: ¢ = 0, ¢ = (1/4)(27/M) and ¢ = (1/2){2x /M) with M
the number of the field period and ¢ the geometrical toroidal angle. The plasma aspect
ratio, A,, is about 4.2 and it has a vacuum magnetic well of 0.6%. The magnetic well
is defined by (V'(0) — V'{(7))/V'(0), where V is the volume enclosed by the magnetic
surface corresponding to the toroidal flux t7 and the prime denotes the derivative with
respect to ¥r.

We have used the fixed boundary version of the VMEC {13] to calculate the finite
beta MHD equilibria. The pressure profile is assumed as

P = Py(1—vr)?. (1)

It is noted that this pressure profile is frequently observed in CHS experiments [16].

We will consider a wide operational regime such as (1) collisional plasma without
the net plasma current corresponding to high density, low temperature plasmas, and (2)
collisionless plasma with bootstrap current corresponding to low density, high temper-
ature plasmas. In collisionless plasmas, it is crucial to evaluate the bootstrap current
self-consistently and examine its effect on the MHD equilibrium and stability. In the
present study, we calculated the bootstrap current by following Watanabe et al. [17],
where the connection formula was developed to evaluate the bootstrap current in the
whole range of collisionality.

The major radius of the device, R, is assumed to be 2 m and the average magnetic
field strength on the magnetic axis is to be 2 T in the following calculations.

Figure 2.1 shows magnetic surface cross sections of the reference QAS configuration
at (a) (8) = 1.15% for collisional equilibrium and (b) (5) = 1.18% for collisionless
equilibrium. The rotational transform ¢ and magnetic well depth (%) for both equilibria
are shown in Fig/ 2.2 (a) and (b), respectively. The rotational transform and magnetic
well depth for zero beta are also shown for reference. When we define the magnetic axis
shift by A/a, where A denotes the difference of the average position of the magnetic axis
in major radius direction, Rqg, from its value at zero beta, A/a ~ 37% for collisional
equilibrium at (8) = 1.15%. This large magnetic axis shift implies a low {J)eg; the
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magnetic well is significantly enhanced as shown in Fig. 2.2(a) due to the large axis
shift.

The investigation of MHD stability has been restricted only to ideal Mercier mode
[18] to have a first insight. This collisional equilibrium is stable against the ideal Mercier
mode at least up to this beta value. For the calculations of bootstrap current, we have
assumed that the plasma is composed of only electrons and protons and they have the
same femperature and density with the profile as

ne(¥r) = ni(vr) = 10°(1 —¢r) m™®, T.(¢r) =Ti(¢r) =151 —¢¥r)keV, (2)

where the subscripts e and ¢ denote electron and ion, respectrively. It is noted that the
contribution of the radial electric field to the bootstrap current [19] vanishes because
electrons and ions have the same collisionality for the assumed density and temperature
profiles. The calculated total bootstrap current is about 150 kA for collisionless equilib-
rium, which increases the rotational transform except for the region near the magnetic
axis. The magnetic axis shift is relatively suppressed (A/a ~ 17%) compared to the
collisional equilibrium. This fact implies the improvement of {§)., with bootstrap cur-
rent. The magnetic well enhancement is not so large as shown in Fig. 2.2(b) due to the
smaller magnetic axis shift; however, this magnetic well is sufficient to keep the ideal
Mercier modes stable at least up to this beta value. It is noted that the ¢ profile is the
same as the safety factor ¢ profile with the reversed shear in tokamak operation with
the large fraction of the bootstrap current [14].

Figure 3 shows the magnetic field spectra in Boozer coordinates [20] for (a) zero beta
and (b) {8} = 1.15% for the collisional equilibrium shown in Fig. 2.1. The magnetic field
strength B is expressed as

B =Y Buy(r)cos(mfp — nM(p), (3)

where 8g () is the poloidal (toroidal) angle in the Boozer coordinates and r denotes
the average radius with m (n) the poloidal (toroidal) mode number. Here it is noted that
the toroidal mode number is devided by M = 2. The Byg curve denotes the difference
of By between at 7 and at the magnetic axis, Bo(r) — Bgo(0). All other components
are normalized with Bgy(0). The Bjy and By are the axisymmetric components and
symmetric breaking terms with n # 0 are well limited within 1% even at the plasma
edge at zero beta as shown in Fig. 3(a). As beta is increased, axisymmetric component
By and Bgg are enhanced with keeping symmetry breaking components relatively small.

Figure 4 shows the contours of B on the magnetic surface corresponding to r/a = 0.5
and the variation of B along the magnetic field line on that surface for (a) zero beta and
(b) {8) = 1.15% in collisional equilibrium. It is noted that the oblique line starting from
(0,0) in top figures in Fig. 4 denotes the reference magnetic field line for one toroidal
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period. There is little deviation from axisymmetry at zero beta as expected from Fig.
3(a) and -he enhancement of the axisymmetric components at finite beta makes the
flattening of the variation of B in wide 65 region as can be seen in Fig. 4(b}. It implies
that the niagnetic configuration becomes close to omnigenous (21] on the inside as beta
is increased, and this fact suggests that the particle drifts have a tendency to coincide
with the magnetic surfaces on the inside.

3 Magnetic Configuration Control With Plasma
Boundary Control

The basic properties of the reference QAS configuration are described in Section 2. The
QAS properties are maintained even in the finite beta plasmas: however, the magnetic
axis shift is rather large especially in collisional equilibrium. Therefore, the reduction
of the magnetic axis shift or the Pfirsch-Schliiter current is important to obtain higher
(B¢, for wide operational regime. The Pfirsch-Schliiter current depends on the magnetic
field topoiogy for quasi-axisymmetry as [19]

e ) 2

Therefore. in order to reduce the Pfirsch-Schliiter current in finite beta quasi-axisymmetric

Ips
B

equilibria. it is crucial to obtain higher ¢ and/or to reduce the modulation of B on the
magnetic surface. In this section, these approaches are explained based on the plasma
boundary control.
The plasma boundary can be Fourier decomposed in the cylindrical coordinates
(R,0,Z) as
R(5,8,() = D Ruma(s)cos(mb — n(),

Z(s.8,() = §Zmn(s)sin(m6’—-ng),

where s is the label of the magnetic surface and # (¢) is the poloidal (toroidal) angle in
the VMEC coordinates [13].

Tn the following, the effects of the important boundary harmonics on the magnetic
configuration are described. We chose the exact axisymmetric configuration described
by Rgo = 2.0 m. Rjg = 0.4 m, Zpy = 0.0 m and Z;p = 0.6 m as the basic configuration.
This configuration corresponds to the tokamak configuration without plasma current,
and therefore, the rotational transform is exactly zero. The vacuum magnetic well depth
is about 0.7%.
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3.1 vertical elongation: 7,

Increasing the vertical elongation is effective to decrease the plasma aspect ratio without
increasing the toroidicity in the magnetic field spectra as listed in Table I. The Byg/{a/R)
is the ratio of the toroidicity in the magnetic field to the geometrical inverse aspect ratio.
When the vertical elongation is increased, this ratio decreases, which implies that the
toroidicity in magnetic field is effectively reduced.

The vertical elongation is also effective to decrease the modulation of B on the
magnetic surface. Figure 5 shows the mod—B contours and the outermost magnetic
surface for Zip/R1p = (a) 1.5 and (b) 2.0. It is noted that the magnetic surfaces have a
tendency to coincide with mod— B contours for larger Zj5/ Ry case as shown in Fig. 5.

3.2 helical modulation: R, 211

When we put the helical harmonic Ry; with Ry;/Ryp = —0.5 on the basic configura-
tion. the magnetic surface cross section changes as shown in Fig. 6.1(a). The rotational
transform increases up to ¢ ~ 0.1 with enhancing the vacuum magunetic well up to about
1.3%. It can be seen in Fig. 6.2(a) that the bumpy or mirror harmonic with By is
significantly enhanced with the opposite sign to By due to the flux conserving for the
changes of the magnetic surface cross section.

As for Zy; with Zy1/R1p = 0.5, ¢ ~ 0.05 and the vacuum magnetic well is significantly
enhanced up to 6.9%. The bumpy harmonic By, is substantially large with the same
sign as that of Byg as shown in Fig. 6.2(b).

Therefore, one can expect that the fine combination of Ry; and Z;; control allows
to obtain the QAS configuration with higher rotational transform.

3.3 triangularity : Z

The harmonic Zy; can modify the triangularity (m = 3 component) due to the combina-
tion with Ry and Zyy. Since adding Zs) on the basic configuration causes little change
in the magnetic properties, we increase the ratio of Zs;/Rjp on the reference QAS con-
figuration described in Section 2. Figure 7 shows the magnetic surface cross section with
twice larger Za1 / Rip with keeping all other R,,,s and Z,,,s the same as those in reference
QAS configuration. It can be seen that the cross section becomes more tear-drop like
shape on ¢ = (1/4)(2r/M) and more triangular on ¢ = (1/2)(2x/M) compared to Fig.
1. The vacuum magnetic well is enhanced from 0.6% in reference QAS configuration to
4.1%. Therefore, it can be said that Zs) is effective to control the magnetic well depth.

One more important matter regarding to the magnetic field spectra is that B,
depends on average radius generally as [22]

Bun o (r/a)™ (3)
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as shown in Fig. 8 It can be seen that Bp,s with low m have a larger amplitude
than By.,s with higher m around r/a ~ 0.5 where plasma density is relatively higher
compared to the plasma edge region. Therefore, B,,s with low m should be converted
t0 Bmns with higher m to realize the quasi-axisymmetric property around r/a ~ 0.5 by

controlling R,.s and Z,,,s with higher m number. One example is the control of Ry.

4 Examples of QAS Configurations Based on Plasma
Boundary Control

In this section, we will describe two examples of QAS(-like) configurations obtained by
the plasma boundary control explained in Section 3.

Figure 9 shows the magnetic surface cross section of the example 1 with higher
rotational transform. It has been obtained by changing mainly R;;, Z1; and Zy; from
the reference QAS configuration. The cross section on ¢ = 0 is highly deformed by
changing R;; and Z;; from Fig. 1 and the increase of Z3 makes the more tear-drop and
triangular cross section on ¢ = (1/4)(2x /M) and ¢ = (1/2){27/M). respectively. The
vacuum rotational transform is ¢(0)/¢{a) = 0.42/0.47 and this is about twice larger than
reference QAS configuration. The vacuum magnetic well is also enhanced up to 3.4%
due to the increase of Zs;. It is noted that the plasma aspect ratio is almost the same
as reference QAS configuration. The magnetic axis shift in the collisional equilibrium
is about 8.6% at (3) ~ 1%, which is significantly smaller than 37% in reference QAS
configuration due to the higher rotational transform. This configuration is stable against
ideal Mercier mode at least up to {8) ~ 1%.

The vacuum magnetic field spectra in the Boozer coordinates, the contours of B and
the variation of B along the magnetic field line at r/a = 0.5 are shown in Fig. 10. The
steep gradient of Bgg corresponds to the deep vacuum magnetic well. From these figures,
this configuration can be said to be close to QAS configuration, although there is a little
deviation from axisymmetric variation of B due to the non-axisymmetric components
as shown in Fig. 10(c).

In example 1, a fairly narrow cross section appears around ¢ = 0 and this seems to
be unfavorable for experiments. Therefore, we increased Ry to increase the width of
the plasma cross section, resulting in the increase of the plasma minor radius or in the
decrease of the plasma aspect ratio. In this case, the By increases and it becomes easier
to cover or mask the non-axisymmetric contributions and to realize QAS configurations.
This consideration has led to the example 2. We have reduced the modulation of B on
the magnetic surface by vertically elongation Zig, and Ry is controlled to convert By,,s
with m = 1 to Bp,s with higher m number.

The vacuum magnetic surface cross sections of the example 2 are shown in Fig. 11.



The strong bean shaped cross section arises from the increase of Rag. It should be noted
that the plasma aspect ratio of this configuration is about 2.7 because of the large Ry
and Zig. The vacuum rotational transform #(0)/+(a) is 0.25/0.29 with almost the same
vacuum magnetic well as reference QAS configuration.

Figure 12.1 shows magnetic surface cross sections of example 2 at (a) {3) = 1.22% for
collisional equilibrium and (b) (3) = 1.26% for collisionless equilibrium. The rotational
transform and magnetic well depth for both equilibria are shown in Fig. 12.2. The
calculated total bootstrap current is about 250 kA for collisionless equilibrium with
the electron and ion density and temperature profiles, egs. (2). The behavior of the
rotational transform and well depth as beta is increased is almost the same as that in
reference QAS configuration. The magnetic axis shift A/a is about 23% and 15% in the
collisional and collisionless equilibrium, respectively, which are smaller to some extent
than those in the reference QAS configuration. The ideal Mercier modes are evaluated to
be stable in both equilibria except for the narrow edge region in collisionless equilibrium
where the magnetic shear is rather weak as shown in Fig. 12.2(b).

The vacuum magnetic field spectra in Boozer coordinates, the contours of B and
the variation of B along the magnetic field line on r/a = 0.5 are shown in Fig. 13. For
reference, the plasma minor radius of the reference QAS configuration is shown by the
arrow in Fig. 13(a). It is noted that r/a = 0.5 corresponds to the aspect ratio of about
5.4 in this configuration. There is very little deviation from axisymmetric variation
of B as shown in Fig. 13(c) due to the large toroidicity Bip in magnetic field spectra
and relatively small non-axisymmetric components. The non-axisymmetric components
such as By and By have larger amplitude near the plasma edge due to the large
plasma minor radius or small plasma aspect ratio. These components can be converted
to Bn,s with higher m number; however, this configuration is not so far from the
QAS configuration by considering that the outermost magnetic surface of reference QAS
configuration corresponds to r/a ~ 0.64 in this configuration.

5 Summary

In order to improve the reflected particle confinement in stellarators, we have considered
the quasi-axisymmetric stellarator (QAS) configurations with field period of M =2. A
reference QAS configuration has been obtained by optimization of the shape of the
confinement region. The plasma aspect ratio of the reference QAS configuration is
about 4.2 and (0)/¢{a) = 0.23/0.28 at zero beta. We have considered a wide operational
regime such as (1) collisional equilibrium (high density, low temperature) without net
plasma current and (2) collisionless equilibrium (low density, high temperature) with
self-consistently calculated bootstrap current. The bootstrap current has an important



role to increase the rotational transform in a wide plasma region, resulting in a reduction
of the magnetic axis shift for obtaining higher {{3).,. Therefore, the bootstrap current
is crucial in considering the optimization of QAS configurations.

However, the magnetic axis shift is significantly large in collisional equilibrium with-
out net plasma current, and this implies that ()., is rather low in this equilibrium.
Therefore, we have considered the plasma boundary control for suppressing the Pfirsch-
Schliiter current, that is, obtaining higher rotational transform and/or reducing the
modulation of the magnetic field strength B on the magnetic surface. The effects of the

important boundary harmonics are summarized as follows;

e vertically elongation: Z;y — reduction of plasma aspect ratio without increasing
| Big| and reduction of modulation of B on magnetic surfaces,

e helical modulation: Ryj, Zi1; — increase of + with significant enhancement of bumpy

component By,
e triangularity: Zs — deepening of the vacuum magnetic well.

Since B, generally depends on r/a as B, x {r/a)™, it is also important to convert
B,,,s with lower m to Bp,s with higher m to realize the quasi-axisymmetry for a wide
plasma core Tegion.

Starting from the reference QAS configuration, we have obtained two QAS(-like)
configurations. The example 1 has higher rotational transform (about twice larger than
reference QAS configuration) with the plasma aspect ratio A, ~ 4.5. The magnetic axis
shift is significantly reduced even in the collisional equilibrium (1/4 of that in reference
QAS configuration) based on changing Ry, Zy; for higher rotational transform, and Zy;
for deeper vacuum magnetic well. As for the example 2, A, decreases to about 2.7 due
to the increase of Ry and Zyp for the reduction of the modulation of B on the magnetic
surface. The B,,,s with m = 1 are well converted to B,,,s with higher m by Ry control.
In this configuration, the magnetic axis shift reduces to about 2/3 of that in reference
QAS configuration in the collisional equilibfium.

It is expected that QAS configuration can be obtained with A, ~ 3 and much less
magnetic axis shift compared to menticned three QAS configurations by combining the
plasma boundary control used to obtain example 1 and 2.

Finally, some future works are mentioned briefly.

We have examined MHD equilibria only up to {§) ~ 1% and only ideal Mercier
modes are considered as the first insight to MHD stability for comparison of several QAS
configurations. Therefore, we should investigate (5)., and {3} in detail by considering
also the resistive Mercier modes and ballooning modes.

We have used only the fixed boundary version of VMEC to obtain MHD equilib-
ria; however, the plasma currents such as bootstrap current may change the plasma
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boundary. Therefore, we should also investigate free boundary equilibria. Moreover,
the existence of the nested magnetic surfaces are assumed a priori in VMEC. The ro-
tational transform has a weak shear in these M = 2 QAS configurations, and therefore,
the behavior of magnetic islands should be examined. We will apply the HINT code
[23] for this problem and clarify the effects of magnetic islands on MHD equilibrium and
stability.

The experimental realization of QAS configurations, that is the external coil geom-
etry, also should be considered by NESCOIL code, which also relates closely to the free
boundary equilibria.
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