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Abstract
Motion of a plasma ion gyrating around the separatrix of a field-reversed
configuration is studied. Numerical studies showed that action integral of a
particle changes abruptly when a particle passes through the vicinity of a field
null x-point.  This phenomena is understood as collisionless stochastic
scattering of pitch angle. In case of a particle with positive canonical angular

momentum F, , resultant correlation coefficients of action integral between before
and after the scattering appear to be stochastic in some cases. As action integral

increases for a particle with negative F, , its motion tends to be adiabatic.  If

negative P, of a particleapproaches to zero, a stochastic motion is observed.

1. Introduction

A field-reversed configuration ( FRC ) is one of the most promising confinement
system of plasma to bring out attractive characteristics in a D-He fueled fusion .
A high beta value (> 0.9 ) of an FRC © ¥ extremely reduces synchrotron radiation loss
from plasma with high temperature of around 100 keV which is required to burn D-’He
fueled plasma®?®.  The open magnetic fields surrounding burning plasma of an FRC
enable us to install direct energy converters with high conversion efficiency ®”. This
brings about a commercial fusion reactor with high plant efficiency. Because of low
neutron yield from D-"He fusion a commercial reactor is expected as intrinsically safe and
environmentally acceptable in view of disposal of radioactive waste ®.  These attractive
characteristics have been shown clearly on a conceptual design of a commercial fusion
reactor ARTEMIS ' on the bases of an FRC with D °He fusion fuel. In order to



advance fusion research toward this direction understanding of plasma in an FRC,
especially plasma transport, is one of the most important key issues. In this paper we
investigate behavior of particles near the separatrix of an FRC. Results from this study
give the physical bases to clarify loss mechanisms in an FRC.

A stationary and axisymmetric plasma in a field-reversed configuration (FRC) has
been described traditionally in terms of the Hamiltonian H and the canonical angular

momentum F, . Hsiao et al. (19 have discussed particle confinement in the edge region

of an FRC by introducing the accessible region expressed as a function of H and B, .
They assumed that a particle is confined within the separatrix of an FRC, if its accessible
region exists inside the separatrix. On the contrary, a particle will be lost immediately if

the associated accessible region is open to a magnetic mirror point. Their discussions

are based on Finn's paper(m or on the fact that some particles describe ergodic trajectories

in their accessible regions. Finn et al. have concerned orbits of ion rings and concluded
that the trajectories of ion rings appear to be stochastic as their energies increase. Since
an ergodic particle travels any point in the accessible region, loss characteristics of the

particle in an FRC are described by the variables H and F, through the accessible region.
This result is rather a restricted one, however, because the ergodic assumption will hold
only for a specialkind of particlés.

Itis insufficient to describe the particle motion in terms of only the accessible region
or variables / and F, , if the motion is non-ergodic. Indeed, in a case where a particle

exhibits a regular gyrating motion, an additional constant of motion such as the magnetic
moment is required to describe the motion, because it indicates the motion along the ling
of force and determinesthe particleloss through the mirror point.

The magnetic moment is a useful concept to characterize the particle trajectory in a
regular magnetic field. Nevertheless, it is not adequate to describe a motion of a particle
in an FRC because the magnetic field vanishes at an x-point. An adequate constant of
motion is, therefore, required to characterize particles in an FRC. A field-null x-point
locates at the edge region of an FRC, where behavior of a particle appears to be irregular
and the adiabatic mvariance will be violated. In this paper, behavior of a particle in the
edge region of an FRC will be studied to reveal the violating process in a certain constant
of motion.

The organization of this paper is as follows: In Sec.2, the accessible region near the
separatrix of an FRC is introduced. The action integral of a particle near the separatrix is
defined as an additional variable characterizing the motion, and its time behavior is
presented in Sec.3. Results from numerical calculations on pitch angle scattering and



related collisionless loss of plasma ions will be presented in Sec.4.  Sec.5 is devoted to

summarizethe conclusions.

2. Accessible Regions
The Hamiltonianof a charged particle in an axisymmetricmagnetic field has the form

in the cylindricalcoordinates system:

PP +{P9—qw<r,z)}2

H
oM 2M 2r'M

(1)

Here, quantities M, g, andP, denote respectively the mass, the charge, and the canonical

angular momentum of an ion. We have ignored the scalar potential, for the simplicity, in
the present paper. An electrostatic potential plays an important role in the ambipolar

particle diffusion, however, that will be discussed in the subsequent paper.
The quantity (rz) is the magnetic flux function defined by / Bz rdr, and is obtainable

as a solution to the equation:

J (&éﬂ)+ Iy

rgr— S P =—p.r,. (2)
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As a solution to the Eq.(2), we will employ Hill's vortex' ™ inside the separatrix.

Accordingly, the current density J, in the azimuthal direction is proportional to the radial
position r from the z-axis inside the separatrix and zero outside the separatrix. The

vacuum magnetic field outside the separatrix is obtained by putting zero current density in
the Eq.(2) and by connecting to the inner Hill's vortex solution smoothly at the separatrix.

The boundary condition at the metallic wall ( » =r,,) for the solution to Eq.(2) depends

also on the mirror coils. The mirror ratio (maximum Bz(= ) / minimum Bz(=n. )) is
chosen as 4.0 in the present paper. Since the direction of the magnetic field outside the
separatrix of an FRC is opposite to the z-axis, the sign of the flux function outside the
separatrix is negative. We have to note, here, that our choice of the magnetic
configuration has no physical base. The physical discussion based on this configuration
seems, however, essentially valid even in a general case.

In a stationary and axisymmetric field, both the Hamiltonian H and the canonical
angular momentum P, of an ion are constants of motion. Then we are able to define an

accessible region, inside which an ion with a set of constants of motion exists. The

expression for defining the accessibleregion is:
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This equation is equivalentto the condition that the quantity P,2+Pz2 is non negative.

If a positive canonical angular momentum of an ion approaches to zero, the associated
accessible region is close to or mmvolves a part of the separatrix. In this case, the
accessible region extends toward the mirror point as is exhibited in Fig.1(a). In this
tigure, the typical value of the ion temperature is chosen as 100keV. Other parameters
are chosen as follows: The separatrix radius and the half length of the separatrix is
1.68m and 3.89m, respectively. The magnetic field at the separatrix on the midplane is
5.3T. The accessible region shown in Fig. 1(a) is characterized by a particle motion near
the field-null x-point that is similar to a magnetic cusp point. We call, therefore, this
type of accessible region as the cusp-like accessible region, or simply as the cusp-like
region. The cusp-like region has three branches. One is located around the separatrix
and away from the z-axis on the midplane (hereinafter referred to the separatrix-part).
The second branch is situated around the z-axis inside the separatrix. Since, the
direction of the field line in this area is opposite to the external magnetic field, we will
refer this branch as the reversal-part. The other branch extends toward the mirror end
(hereinafterrefer as the mirror-part).

On the other hand, in the case that a particle has a large negative canonical angular
momentum, one watches a different shape of the accessible region. We can find a
typical shape of this accessible region in Fig.1(b). In this case, we find no accessible
region near the z-axis inside the separatrix. A particle in this region is always off-axis
and gyrating, similar to that in the simple magnetic mirror. We will call the accessible
region of this type as the mirror-like accessible region, or simply as the mirror-like region
in the present paper.

As is discussed previously, we have to find a parameter convenient to characterize the
axial motion corresponding to the pitch angle or the magnetic moment of an ion in a
magnetic mirror. An FRC will be immersed in a magnetic mirror and the magnetic field
is uniform near the separatrix on the midplane or near the mirror point. ~ Accordingly, we
are able to describe the behavior of ions in terms of the magnetic moment as well as the
Hamiltonian and the canonical angular momentum at these regions. Unfortunately, the
magnetic moment is unable to define near an x-point where non-adiabatic motion is
dominant in the dynamics. As a result, it is better to introduce another variable to
characterize the axial motion of an ion:  The action integral that will be discussed in the

following section.



3. Behavior of the Action Integral
An introduction of the action integral J defined by:

1
= 4
5 EFPr dr 4)

will help us to describe the axial motion of an ion in an FRC. Integration by rin Eq.(4)
has to be completed over a whole cycle of radial displacement of the ion. An ion with a
larger J has a larger radial motion, or in other words a smaller axial motion. If an ion
has a sufficiently small J , it will reach the axial end, and eventually, it suffers from a
particle loss through a magnetic mirror. From this viewpoint, the quantity J can be
applicable even for the analysis of the particle loss in a magnetic mirror, instead of the
magnetic moment. The magnetic moment can be defined only in the relatively uniform
magnetic field. In the edge region as shown in Fig. 1(a), the magnetic field of an FRC
satisfies this condition except for at the vicinity of x-points. When the magnetic moment

p of an ion can be defined, it relates with the action integral J by the formulas:

J= M I, for off-axis gyrating particles
&)
2
J= (EJ M u. for encircling particles
P) 4

The gyro-radius and the radial distance of the gyrating center from the z-axis of the ion are
denoted by p and d, respectively. The first equation of (5) describes the relation of an

off-axis gyrating ion. On the other hand, an ion with positive P, moving around the z-

axis at the mirror end is encircling, and the relation between J and the magnetic moment

for this ion is described by the second equation.
The action integral J can be applicable to discuss the particle loss of an FRC, because
its definition holds valid even near a field-null x-point. The loss criterion of particles in

a magnetic mirror with vanishing electrostatic potential is i <u,,, where the quantity Y,

denotes the critical magnetic moment for the mirror loss. This criterion is valid for an

off-axis gyrating ion but not for an encircling ion. Encircling loss ions can not be
characterized by a smaller ¢ but a smaller /.  Thus, the criterion u <u,, is insufficient to

describe loss of ions in an FRC. Application of the action integral gives a simple

formula for the particle loss, i.e., the action integral of an encircling ion that is attainable



at the mirror point is a smaller one (small ), that criterion is held even for an off-axis
gyrating ion whose actionintegralis proportional to the magnetic moment.

The action integral will be constant if an ion is traveling at a uniform magnetic field.
While, it changes as the ion passes through the domain of an x-point. An example of the
time history of the action integral for an ion (Fig.2) verifies the phenomena. This
behavior of the action integral advocates its applicability for the kinetic theory to be a
useful tool. An abrupt step-like change in the action integral, however, is observed
when an ion goes through the domain of an x-point. The trajectory changes
instantaneously from off-axis gyrating to encircling betatron or figure-8 trajectory, and
vice versa. Accordingly, linear integration J along the trajectory might suffer from a
rapid change.  Since the amount of the change depends on the gyrating phase of the ion,
the change in the action integral J is understood as stochastic. Quantitative discussions
on the stochastic motion of an ion in the edge region of an FRC will be given in the next
section. If an ion gets a small action integral at the mirror-part after suffering a change in
the action integral, the ion will be lost through the magnetic mirror.

4. Collisionless Pitch Angle Scattering in the Vicinity of an X-point

In the previous section, we have shown an abrupt change in the action integral J.
The action integral J keeps its value when an ion is traveling in a uniform magnetic field,
while, it changes abruptly when the ion passes through the region where the magnetic
field is weak such as in the vicinity of a field-null x-point.  The process of this scattering
was studied by using numerical calculations.

At the first subsection, we will discuss dynamics of ions in the cusp-like region. In
the following subsection, we will discuss adiabaticity of an ion in the mirror-like region.
Anon in the cusp-like region goes toward a branch in the three directions from an x-point.
The typical appearance of the trajectory changes between an encircling betatron or a
figure-8 trajectory and an off-axis gyrating one, depending on the branch. On the other
hand, an ion in the mirror-like region is always off-axis gyrating. In this section, the ion
is assumed to be a 100keV deuterium nucleus in the same configuration discussed in
Sec.2. The particle loss associated to collisionless pitch angle scattering will be
discussed in the last subsection.

4-1. cusp-like region

An ion in a cusp-like region has an action integral which is practically constant in
respective branches, i.e., the separatrix-part, the reversal-part, and the mirror-part.
Approaching to an x-point, however, the ion suffers from a certain change of the action



integral abruptly. This ion sometimes changes its branch after passing through an x-
point.  For example, it transfers from the separatrix-part to the mirror-part. We call this
process where an ion transfers from a certain branch to another branch as the branch-
transfer.

[start up of the calculations]

Every ion in the cusp-like region goes through the vicinity of an x-point, because the
Lorentz' s force acting on a gyrating ion is directed to the x-point along a line of force.
Therefore, in order to observe the changes in the action integral around an x-point, we
will follow the motion of an ion, which starts at a certain point in the cusp-like region.

The starting points and initial velocities of ions are given tentatively as follows:
1) A position z, is tentatively chosen near an x-point.
ii ) Radial positions r, of respective particlesare randomly chosen so as to be consistent
with a given set of the Hamiltonianand the canonicalangular momentum.

iiiy The azimuthal component of velocity v, is determined from the definitionof the

canonical angular momentum as:

__r
rM

1

(P, - qy(r..2,)), (6)

Vo

and the initial valuesof v, and v, are

v, =y2H-v, sina,
v, =+2H —v, cosa.

The quantity ¢ is the angle between the direction of the starting velocity and z-axis on the

)

(r, z) plane. These velocity components v, and v, are given by giving the angle &, and
then the values of corresponding action integral J can be obtainable.

In this calculation, ions are tentatively started at a given position z. Consequently, a
value of the action integral J takes a restricted one, because the obtainable maximum value
of the action integral J depends on the axial position z, Nevertheless, after suffering

stochastic pitch angle scattering, ions will lose their initial memories except for the
Hamiltonian and the canonical angular momentum and the eventual distribution of the
action integral will be random. Thus the initial distribution of J can be seen as random,

if we put the initial values of (r,z) and (v, v, v,) by those after pitch angle scattering.



[pitch angle scattering]

An ion with a positive canonical angular momentum is off-axis gyrating in the
reversal-part and the separatrix-part of this cusp-like region. On the other hand, this ion
is encircling in the mirror-part.  Accordingly, if the ion suffers from a branch-transfer
from the separatrix-part to the mirror-part, its trajectory also changes from off-axis
gyrating to encircling.  Since the action integral is a linear integral of the radial motion of
the ion along its trajectory, it is inferred that the action integral changes due to the branch-
transfer. In order to study the process of the branch-transfer quantitatively, we will
calculate the correlation coefficient of the action integral between before and after the
scattering.  The correlation coefficient R of samples X s is defined in terms of the average

X and the dispersion V as:

X —X)Xr-X,)
JViVy '

The quantities with suffix 7 and f represent the quantities at the initial and final state,

R

®)

respectively.  After an ion goes through a scattering region where the magnetic field is
weak, the action integral J will keep their value at the new one. Values of J before and
after the scattering are illustrated in Fig.3. Figures are separately presented by respective
branch-transfers. The horizontal and the vertical axes are the action integral before and
after the scattering, respectively.  Since the maximum values of the action integral at the
entranceto a branch differ in each branches, the range of axes are different in each figures.
Based on these data, the correlation coefficients R of the action integral are obtained.
The strong correlation of the action mtegral is observed when ions move from the
separatrix-part to the same branch or from the reversal-part to the same branch.
Negative correlation is found if an ion transfers its branch from the separatrix-part to the
mirror-part or from the reversal-part to the separatrix-part. The strong correlation in the
branch-transfer indicates that ions pass through an x-point without suffering from any
appreciable stochastic pitch angle scattering.

The histograms of J after the first scattering and the second scattering are shown in
Fig.4. The graphs show how many ions with a certain J will be presented in the
subinterval after the scattering. If ions are subject to scattering isotropically, the
distribution of J for off-axis gyrating ions after the scattering will be:

1
F(H,P,,J) e .
’ '\/(H_IQSPBI)/M_IQSIJ

&)




The quantity Q. is the gyro-frequency of the ion at the exit of the scattering region. From

the comparison between the histograms and analytical curves expressed by this equation,
it appears that pitch angle scattering can be safely understood as the isotropic scattering
process.

4-2. mirror-like region
An ion in the mirror-like region has a simple trajectory compared to that in the cusp-

like region. lons are always off-axis gyrating around a flux surface described as F,
=qyAr,z), where azimuthal component of the velocity is zero. In other words, a gyrating

center of an ion is on the flux surface characterized by the value F;. The situation 1s
similar to that in a magnetic mirror system. Particle confinement in the magnetic mirror

is generally described by using magnetic moment. Stochastic changes in magnetic

moment will, however, often take place, as is predicted in many papers(lé”m for a case of

a large mirror ratio.  According to Chirikov"'”, the adiabatic boundary on the J space
depends on the mirror ratio, the gyro- radius, the pitch angle, and so on, and an analytical
boundary for a case of a parabolic magnetic field was given analytically. Inan FRC, on
the other hand, the magnetic field along the gyrating center is quite different from that of a
magnetic mirror and hard to obtain an analytical expression for the boundary. We
employ, therefore, numerical studies to obtain the adiabatic boundary.

[calculation procedure]

The guiding center of ions moving m the mirror-like accessible region is on the
surface described as P, =g/ (r,z) : vy =0. That is, the trace of the guiding center will
change with the canonical angular momentum. As the absolute value of the canonical

angular momentum | P, | increases, the trace of guiding center will gradually shifted from

an x-point.  In this situation, the point of the minimum magnetic field on the trace of the
guiding center is located far from an x-point, and consequently, the ion motion will be
approximately adiabatic. We will investigate the value of the action integral forming the
adiabatic boundary and their dependence on canonical angular momentum. The energy
of an ion is typically assumed to be 100keV in these calculation. The numerical
calculations have been carried out as follows:

i ) Several ions with the same canonical angular momentumF, are started to
calculate the ensemble average.

i) Initial positions and velocitiesare given as follows.  Allions in the mirror-like



region pass through the point of the minimum-field, therefore, we put the start point of
ions at the place where the magnetic field is minimum. The magneticfield along the

guiding center B (1) is already known, and we find the axial position Zy (» where
dB (z(p¥dz =0. Several starting points are chosen near this point.

iiiy The pitchangle (= tan'(v,/v ) ) hastobe given. The azimuthal velocity v, is
already determinedby Eq. (6), once the starting position of particleis given. Tons which
start with a small pitch angle will be adiabatic. Therefore, we will investigate the
adiabaticboundary from a particle moving perpendicular to the magneticline of force
and the pitch angle will be increased successively. When the position and the pitch

angle of ions are fixed, then the radial and the axial components of the velocity are

determined.

iv) The difierences of action integrals AJ for ions with the same pitch angle are observed.

With these results, we are able to calculatethe ensemble square average <(AJ/J )2>.
Note thatif the value J is large or the motion is adiabatic, then the value of the ensemble
square average <(AJJ )2> is small.
If the ensemble square average is equal to 1 /¢* , then we will define the corresponding
action integral as the adiabatic boundary. If the ensemble square average is larger than
this value, the process can be understood as stochastic.
[adiabatic boundary]

The difference of the action integrals between the initial value of J and the one as it
returns to the starting point are studied. We will consider a class of particles with the

same pitch angle, and the ensemble mean square of AJ/J are calculated with respect to

these particles. The ensemble mean square <(AJ/J ¥> as a functions of J is presented in
Fig.5. When ions have a comparatively large action integral J , the ensemble mean
square <(AJ/J ¥> is small and the motion is adiabatic in this case. Adiabatic boundary is
presented in Fig.6. One has to notify that extensive stochastic region is shown at small

absolute value of F,, however, this region decreases as | P, | increases. It indicates that

an ion exhibits a stochastic behavior when gyrating center is located in the vicinity of an
x-pomnt. On the other hand, an adiabatic behavior appears when gyrating center is
located slightly away from an x-point. In this region the ratio of ion gyroradius to the
separatrix radius is about 0.06.
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4-3. collisionless loss of plasma ions

For an ion in the cusp-like region, if it suffers from pitch angle scattering and
transferred into the mirror-part, it can be lost out of the end throat depending on the final
value of J. According to the numerical calculations presented in this section, a fraction
of ions transferred into the mirror-part is approximately30%.

When ions suffer from scattering to the mirror-part, ions are not always going
through the mirror end. Some of these 1ons are reflected on the way to the mirror point,
if they carry the larger action integral than the critical one for escaping. The criterion for
an ion escaping through the mirror point can be given by the inequality:

jo H .5

9B, |4B.]

(10

for a positive P, , where the quantity B,, and {2 are the magnetic field and the gyro-
frequency of ions, respectively at the mirror point. Example of escaping ions with
positive canonical angular momentum F, from the magnetic mirror is exhibited in Fig.7.

If an ion has negative canonical anguiar momentum, on the other hand, the condition for

the mirror loss can be represented by:

H

J<——0,
l4B..|

(11)
that is identicalto that for a mirror loss, if one employ Eq. (5) for an off-axis gyrating 1on.
The boundary of the mirror loss is shown in Fig.6. The confinement or loss of ions is
more complicate due to the electrostatic potential produced by the different behaviors
between ions and electrons. We will discuss those problems in the subsequent paper.
We have discussed collisionless stochastic pitch angle scattering of ions only. Since
electrons have extremely small mass, their inertia are negligible and the stochastic

behavior or the related  electronloss can be ignored.

5. Conclusions
Ion motions in the edge region of an FRC have been studied. Numericalcalculations
showed the following conclusions:

i ) The action integral of an ion keeps its value as constant in a regular magnetic field.
When the ion passes through the vicinity of an x-point, however, the action integral
changes instantaneously. This process can be understood as collisionless stochastic
pitch angle scattering.

11



In the present paper, the process of this pitch angle scattering has been examined. For

an ion moving in the cusp-like region, the following results were obtained:

ii) The scattering might be isotropic, since the distribution of the action integral J after
the scattering tends to be the one expected analytically.

iy Correlation coefficients of actionintegral between before and after the scattering
clarifiedthat the branch-transfer from the separatrix-partto the reversal-partor to the
mirror-part and their inverse transfer appear to be stochastic.

For an ion moving in the mirror-like region, we have the following results:

iv) Asthe actionintegral J increases, then the ion motion tends to be adiabatic.

v) Non-adiabaticions are observed, if their canonical angular momentaapproach to
zero. Onthe other hand, as the absolute value of canonical angular momentum
increases, ions move regularly since their guiding center locate far from an x-point.

As aresult, one has to take into account the effect of collisionless stochastic pitch
angle scattering, that can be appreciablefor an ion located near the edge layer of

an FRC. A similarphenomena of an electronare safely ignored.
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Fig. 1

Fig. 2

Fig. 3

Fig. 4

Fig. 5

Fig. 6

Fig. 7

Figure Captions

Examples of accessibleregion for 100keV deuteron with relativelysmall canonical
angular momentum P 0 in an FRC. (a) For the positive P g 2.62 X 10 23 [Joule -
sec], the particlebehavior near the field-null x-point is similarto a magneticcusp
point. Therefore we refer this accessibleregion as the cusp-like region. (b) For the
negative P g 262X 10'21 [Joule - sec], the particletrajectoriesin this accessible

region are off-axis and gyrating which is referred as the mirror-likeregion.

An example of time history of the action integral J to particlemotion in the cusp-like
region of an FRC.

Correlation diagrams of the action integral between before () and after (Jp) passing
the scattering region in the cusp-like region. These are indicatedseparately for each
transfer,i.e., (a) from separatrix-partto the same one, (b) from separatrix-partto
reversal-part, (c) from separatrix-partto mirror-part, (d) from reversal-partto
separatrix part, (e) from reversal-partto the same one, and (f) from reversal-partto

mirror-part. The correlationcoefficientsR are also indicatedin these diagrams.

The histograms of the action integral J: (a) after the first scattering and (b) the second
scattering in the cusp-like region of an FRC. The solid lines show the distribution
scattered isotropically:Eq.(9).

The ensemble square average <(AJ/ J)2> versus action integralJ for deuterons in
the mirror-likeregion of an FRC. The totalenergy and the canonicalangular

momentumare 100 keV and 2.62 X 10'23 [Joule - sec], respectively.

Boundary values of the action integral J versus canonicalangular momentum P g- A
particle with larger J than the boundary value plays adiabaticbehavior. The boundary
of the mirror-loss obtainedby Eq.(11) is also indicatedby solid line.

An example of escaping particlefrom the system. This particlepasses through an x-
point once again, therefore it is subject to the pitch angle scattering many times. Its

action integral satisfies the mirror loss criterion eventually, and then it losses.
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