1SS 0915-633X

* NATIONAL INSTITUTE FOR FUSION SCIENCE

On the Two Weighting Scheme for
df Collisional Transport Simulation

M. Okamoto, N. Nakajima and W. Wang

(Received - July 21, 1999 )
NIFS-606 Aug. 1999

This report was prepared as a preprint of work performed as a collaboration (¥
reserch of the Nationa! Institute for Fusion Science (NIFS) of Japan. This document is {§
intended for infomation only and for future publication in a journal after some rearrange-
| ments of its contents. -

Inquiries about copyright and reproduction should be addressed to the Research
_Information Center, National Institute for Fusion Science, Oroshi-cho, Toki-shi,
Gifu-ken 509-02 Japan.

RESEARCH REPORT
NIFS Series '

NAGOYA, JAPAN



On the Two Weighting Scheme
for

éf Collisional Transport Simulation

M. Okamoto!?, N. Nakajima':?, and W. \’Va.ngl"‘L

! National Instrtute for Fusion Scrence

and
?Graduate Unwersity for Advanced Studies

322-6 Oroshi-cho, Toki, Gigu 509-5292, Japan

Abstract

The validity is given to the newly proposed two weighting & f scheme (Wang ef al., Ressearch
Report of National Institute for Fusion Science NIFS-588, 1999) for collisional or neoclas-
sical transport calculations, which can solve the drift kinetic equation taking account of
effects of steep plasma gradients, large radial electric field, finite banana width, and the
non-standard orbit topology near the axis. The marker density functions in weight equa-
tions are successively solved by using the idea of f method and a hierarchy of equations
for weight and marker density functions is otained. These hierarchy equations are solved by

choosing an appropriate source function for each marker density. Thus the validity of the

two weighting & f scheme is mathematically proved.
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1. Introduction

In recent fusion experiments, plasmas are often op-
erated in parameter regimes beyond the valid scope of
the conventional neoclassical theory[1] as seen in H-
mode and ITB (Internal Transport Barrier) mode, in
which assumptions for the neoclassical theory, p, <
L, and M, < 1, are no longer valid, where p, is

poloidal Larmor radius, L, is the radial gradient length

Two weighting scheme, éf method, collisional transport, neoclassical trans-

of plasma parameters, and M is the poloidal Mach
number. In such cases, effects of particle dynamics
with finite orbit width, strong radial electric field, fast
plasma rotation, large radial plasma gradients, and
non-standard orbit topology near the magnetic axis
are important for collisional transports. The works
by Lin, Tang, and Lee [2,3] have first shown that
the &f particle simulation [4-8], solving the drift ki-



netic equation, can be a powerful tool for such ex-
tended neoclassical transport calculations. However,

they used the nonlinear weighting scheme [7] in which

the distribution function f is used to fill the role of

the marker density ¢ in the weight equation. This
nonlinear weighting scheme was initially dertved for
nonlinear gyrokinetic equation with nondiffusive mo-
tion. However, 1t can not be directly extended to
the drift kinetic equation with diffusive motion due
to Coulomb collision processes. Chen and White [9]
have given a rigorous derivation of collisional §f al-
gorithm by treating the weight as a new dimension
of particle motion. The weight equation is closely re-
lated to how to add new particles to compensate par-
ticles lost through the diffusion process. However, the
question how to evaluate g for weight calculation re-
mained to be solved, although the precise estimation
of g is essential for the & f method.

Recently, Wang ef al. [10] have developed a new
&f method to solve the drift kinetic equation, in which
the collision scheme was much improved and the two
weighting scheme was employed. A linear like-particle
collision scheme, almost perfectly conserving the par-
ticle number, momentum, and energy has been given.
The benchmark calculation of neoclassical transport
using this collision scheme demonstrated increased ac-
curacy in results, and the collision scheme by them
seems to be most adequate for é f simulations. They
showed that the nonlinear weighting schente is ineffec-
tive and inaccurate for solving the drift kinetic equa-
tion because of a severe constraint that the relation
g = f must hold accurately in the simulation. Other-
wise, correct results can not be guaranteed. However,
it 1s generally difficult to impose this restriction on the

simulation. They proposed a new scheme in which ¢

is evaluated from its kinetic equation using the idea
of é6f method. The resultant weighting scheme con-
sists of two weight equations and is more effective and
accurate to solve the drift kinetic equation.

The purpose of the present paper is to give the
mathematical basis for the validity of the two weight-
ing scheme proposed by Wang ef al. [10] for § f simu-

lation studies of neoclassical or collisional transports.

2. Formulation of weight equations

The drift kinetic equation for a guiding center dis-
tribution function f(Z,#,t) in phase space (Z,7) is
given by [1],

a
—%Hﬁwﬁd)-w:cwﬂ, (1)

where o is the velocity parallel to the magnetic field.
¥y 1s the guiding center drift velocity, and C is the
Coulomb collision operator. By separating f into two
parts f = fo 4+ fi with | fi [« fo, the drift kinetic

equation (1) becomes

i Vh-Clhf) =0, ()
fi | o, o .
§'+(vll+vd)'vfl“c(flaf0) = —ug-Vio+C(fo, fi ).

(3)
The collision operator C( f1, fi) has been neglected. A
steady state solution to equation (2) is, for example,
a Maxwellian distribution, fy = far. Since the drift
term is retained, equation (3) can take the effect of
finite orbit width into account.

We consider to solve the linearized equation (3)
utilizing the éf method which differs from the full- f
method only by considering particle weights to effec-
tively treat the “source” term on the right hand side
of equation (3). The conventionally used definition

for the particle weight is w = f/g, where g is the



stmulation particle distribution function {or marker
density) evolving in phase space {7, ¥} [7.8]. This def-
inition works well for nondiffusive particle motion in
the Hamiltontan system, but causes difficulty in de-
riving the weight equation when particle motion is
diffusive or stochastic due to, for example, Coulomb
collisions {9]. In Ref.[8]. the weight is treated as a
new dimension of particle motion. in addition to the
usual dimensions of (F,7) phase space. Simulation
particles or markers are described by a marker distni-
bution function, Fae(F. 0, w, 1), n the extended phase
space (£, 7. w).

The marker distribution function Fas obeys, in
phase space (T, ¥, w, ), the following kinetic equation

D

a . - -
EFM + %(“'FM') = Spi{F 0w, 1), (4)

where the notation [}/ denotes, for an arbitrary

function fa,

D

Ef.«a = 84 + (v + ) - Via—C(fa, fo).  (5)

at
Since markers diffuse and some of them escape out of
the plasma region or the simulation domain, a source
S, for markers should be introduced to control the
marker population. The relation between f; and Fis
1%

FUZE,5,1) = /wFde. (6)
The marker distribution function or marker density

in phase space (£, ¥) 1s given by
g(f.0.1) = /FM(E,E:"w,t)dw. (7}

The weight equation is determuined by requiring that
equations {3), (4) and (6) are consistent with each

other. The weight equation is determined as [9]

’bi«': % [_/u)SMduJ— 'E”d Vfg-%—C(fO»fl)] 1 (8)

I
—g = | Sydu.
DY / mdu (9)

Note that equation {8} has been derived under the as-
sumption that @ does not depend on w itself. Equa-
tion (8). along with equations of motion in original
phase space. represents the basic formalism for the &f
method It 1s noted that equations {8) and (9) clearly
show the close relation between the weight w and the
source Syr. Therefore, how accurately to evaluate g
in equation (9) is the key point in the é f method.

If the banana width Ay 15 negligible compared to
radial gradient lengths of plasma parameters, we can
neglect the drift velocity 7y compared to @) in equa-

tions {3} and (5). Equation (3) becomes

o .

W““l’]['\—'fl—c(flafo) = —vg Vfot+C(fo. ). (10)
This equation provides the starting point for con-
ventional neoclassical transport analysis [1], in which
pp € L, and M, <1 are assumed. In this case, par-
ticles will remain on the same magnetic surface all the
timne as that of their initial locations. The particles
never escape out of the simulation domain and new
particies are not needed to be supplied Therefore,
Sy = 0 and we can set g = fy if g(f = 0) = fy, since
g and f; obey the same equation.

However, if we retain the drift velocity t in equa-
tions (3) and (9), particles diffuse out of their initial
magnetic surface due to the drift motion and Coulomb
collisions. Particles crossing the plasma boundary
(the separatrix or the outermost closed surface) are
fost out of the simulation domain. To keep the well
populated particles in the plasma. new particles must
be added into the plasma region or the simulation do-
main. In this case Sy # 0 and g and f obey different
equations (Note that Df /Dt = C{fo, f1) # [ Smdw).

Accordingly, the nonlinear weighting scheme seems



difficult to be applied. This difficulty has been clearly
illustrated in Ref.[10].

3. The hierarchy equations

We apply the idea of &§f method to solving equa-
tion (9) for g. Splitting g = go + ¢1 with | g1 |< go,

we separate equation (9) into following two equations.

Cigo, fo) = 0. (11)

a -
g +(b|j+vd -Vg1—C(91. fo) “—‘—1fd'V9'o+/5de‘

(12)
These equations are solved under the condition that
go = foand gn = 0 at ¢ = 0. We introduce an-
other weight w, and a marker distribution function
G4 (£, 7. w1, 1) in extended phase space (£, w). Let

Gf,.if) obey the kinetic equation

_Q_G(I) + ('u/ G(l))

5 QUNE 7w 1), (13)

with initial condition GYy'(t = 0) = foé(w:), and re-

late to g; through the following relation
91(Z,7,1) = / w G dw, . (14)

Here a source term QS‘,II), like S5 in equation (4), is
introduced to eontrol the marker population. From
the requirement that equations (12}, (13) and (14) are
consistent with each other, the equation for weight w;

is determined as

1 -
= m-')— [—/wlﬂg‘})dwl — V4 - Vfo + /S‘Mdu'} B
(15)

where the distribution function A1)(F, 7.1) is defined

by
1,
h(l) = /Ggw)(;r,

7w, £)dwy. {16)
and satisfies

%h(l) = /Qg})dwl. (17)

To determine the function A'Y), we again employ the
&f method to solve equation {17). Successively, we

obtain, for k = 2,3,4,---,

Dt E‘;} + —(w G k}) = Q(k)(n: ¥, wg,t), (18)

. 1 o -
Wy = —— [w/wkﬂg?dwk — -V + /ng' i)dwk_.]_:l s

h(%)
{19)
R®) EfGE‘Z)dwk, (20)
D
Eh(k) :/Qﬁ‘i)dwk. (21)

Note that wg is independent of wi . Together with sets
of equations (8}, {9) for w and g, (15} and (17) for 2y
and h'*?, infinite sets of equations (19) and (21) for
kE=2.3,4,--- form a hierarchy of weight and marker
density equations. To obtain the objective weight w,

it is necessary to trancate the chain of the hierarchy

or sum up all the equations of the hierarchy.

4. Weights for markers

In the simulation, equation (4} for the distribu-
tion function Fys is solved by using a finite number of
simulation particles or markers. The numerical rep-

resentation of Fas Is

Fy(Z T w, t)-Zﬁ(:E Z,())6( 77, (8))8(w—1w, (1)),

(22)
where the index j represents the j-th marker. Each
marker is pushed in extended phase space along the

characteristics

d&; . dE . dw, | .
_E;L:rj' E:vj, and ——éi—u’_, (23)

From equations (6) and (7), f; is numerically repre-

sented as

h(Z,8.8) = ij(t F-3H0)6(@—-5,(). (24)



For the y—th marker. equation {24} can be expressed
by
fl_; = u,g;- (25)

Here fi; and g, are defined by
fiy = Fl& (1), 5,(8),1), (26)

4, Eg(fj(i),i‘:,(t),i). {27)

It should be noticed that equation (25) 15 different
fromw = f; /g in continuous phase space (I, ), which
ts the original definition of the weight used in the
Hamiltoniar system. From equations (14) and (16),
the relation g,, = wljhgl) holds and the marker den-

sity g, for the j—th marker can be written as
- \ (1)
g, = go; T ﬂ*‘l;hj ) (28}
Likewise, for k =1,2,3.. ..,
2 k k .
R = B oy, BT, (29)

According to the assumption, go, = hgif-) = fo; for all

k. From equations (28) and (29), g, can be written as

Il

9 Foi + w1, (fo; + washS)

I

(14 wij) fo; + wijwa;(fo; + wsj-hf’))

I

(1 4wy + wyywe, + wjwajws; + - ) foy
+w1_7u:2jw31 s h;m) (30)
Now we pay attention to the fact that the source
terms QE&) 's can be chosen arbitrarily. On the other
hand, the source term Sjr should be selected so as to

satisfy physics requirements under consideration. We

choose QSS)’S as, fork=1.2,. -

/u‘kﬂﬁ)dwk =0, (31)

/Qg’;)dwk =(1 +6k)/Sde. (32)

Here. we will assume that ¢) £ es £ - - and [ e, | 1
for all k. By choosing Qf,j"s as 1n equation (32), the

marker densities can be approximated by
R = B (e — e )™M = B+ (g — ) o, (33)

where h'!? of the second term on the right hand side
was replaced by fo. since the dominant term of A1
is fo. Taking account of equation (15) for w;, we can
approximate uy, for £ = 2,3,--

(19} to

, glven by equation

we = wi + (€ — e ) fFwn + ek_l}%/Sde+ O(e%).

(34)
We estimate the third term on the right hand side
of this equation. because this term may increase with

time. For example, we choose Sy as
Su = v(t)s(Z) fo( ¥)é(w — war ), (35)

where v(t) is the injection rate of new markers, s{Z)
is the spatial distribution of new markers, and fo(%)
1s the velocity distribution function for new markers.
The markers are injected with the weight was. In this

case, the second term in equation (34) is given by

€k}1;]‘jSde = epu(t)s(F). (38)

The time development of this term is roughly e vsT,
where T, is the simulation time. Since Sir has the
same dimension as vfy, s(£) is of the order of unity
and we can make vT; of order unity, because v corre-
sponds to the loss rate of the plasma or collision fre-
quency at the steady state. Now it is anticipated that
the third term 1n equation (34) remains small during
the simulation if | €¢ | 1 and that wi, = w; + O(eg)
for k=2.3,---.

Now we apply considerations above to the hierar-

chy equations. Equation (34) can hold for the j—th



marker and wg; = wy, + O(¢g) for the j--th marker.
The second term with h_g.m) on the right hand side in
equation (30) vanishes because | wg; [< 1 for all k. If
we take, for example, ¢ = (—1)*"1/k with [ ¢ < 1
(Note that 3 po (—1)¥71/k =log2), the series with

fo; in equation (30) can converge to yield

g; = (1+w15+w%j+w§j - Moj+0(e) = %‘FO(&“)'
~un,
(37)
In the same way,
R = _Joi oy, 38
J 1 —_ wlj + (E) ( )

In the lowest order (we can choose £ as small as possi-
ble), we recover the previous two weighting equations

[10] ;

Ei'J = 1___...1.1.21. [—ijde — fj.d - Vfg +C(f0f1)} ,
fU] j

(39)

wy; = 1 ﬁo“;b'u [—f"d -Vfo+ ./Sde] E (40)

i
Thus, the validity of the two weighting éf scheme

[19] for peoclassical study has been proved. Equa-
tions (39) and (40) represent z general and accurate
weighting scheme. Now each simulation particle is
assigned two weights, and the second weight w; 1s in-
troduced to evaluate g (exactly saying, ;) accurately.
The new scheme elucidates the close relationship be-
tween the weight calculation and the way how to add

new markers.

5. Summary

We have given a mathematical proof to the valid-
ity of the newly proposed two weighting scheme [10]
for the collisional §f method by considering all the
hierarchy equations. It should be remarked, however,
that there may be other possible weighting schemes if

QS‘? ’s are differently chosen.

Using the two weighting scheme and the new coll-
sion operator, Wang et el [10] developed a &f simula-
tion program code named “FORTEC” (Finite ORbit
Transport study by an Extensive Code}. In FORTEC
they used a convenient choice for the marker source
Sur = v{t)s(7) fod(w). Then the weight equations are
simplified to

foj

1-— W j
foj
Using FORTEC, they found [10,11,12] that the ion

W = (41)

(=¥ Vfo+ Clfa, i),

‘I.'Ulj = (42)

[_60! Vot stOIj -

thermal diffusivity and parallel flow are largely re-
duced near the plasma center due to the non-standard
orbit topology. It has also been shown that the ion
thermal diffusivity decreases significantly when the
density gradient becomes steep and the particle flux
due to 1on-ton like collisions, which vanishes in the
conventional neoclassical theory, increases with de-
creasing density gradient scale.

Investigations on collisional or extended neoclas-
sical transports are m progress considering effects of
strong radial electric field, fast plasma rotation, and

large gradients of density and temperature profiles.
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