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Abstract

The effect of weak dissipation on drift orbits has been investigated making use of a simple
mapping model in a helical magnetic field. It is found that, after many mapping iterations, any
orbit tends to an artractor froming a vortex line even with very small dissipation. The
convergence is faster for larger dissipation,i.e., the number of iteration Nto converge withina
certain distance from the attractor is inversely proportional to the amount of the dissipation.
Altougth the behavior of orbits completely change, the basic stability charactenistics of the
system doesnot change, i.e., the coordinate of the attractors are determined by  the siable fixed
poiats in the area preserving system because the dissipation is very small. Since wide range of
orbits are concentrated arround the attractors after many toreidal circulations, a pinch effect is

created by asmall dissipation. Application of this pinch effectto fusion plasmas is disscussed.

Keywords: dift orbit mapping for electron, weak dissipation, attractor, basin, nonlinear

initial value problem , concentration of plasma, pinch effect.

§ 1. Introduction

Trajectory of a charged particle in an electromagnetic
field has usually been investigated in the area preserving or
Hamiltonian system. In any actual physical systems,
however, there must be a certain dissipation which may be
very small in some cases. The conservattve system and
the dissipative system are, however, entirely different
worlds, and therefore, they are studied in entirely different
manners. The behavior of trajectories are also different: A
regular trajectory in acomservative system forms “surface”
around a stable fixed point. When the tmjectory becomes
unstable or chaotic, the Poincare mapping of the trajectory
becomes ergodic or fill uniformly in certain area. While in

a dissipative system, a regular trajectory converges 0 an

attractor. In the chaotic stare, it converges to the strange
attractor.

No matterhow small the dissipation is, if it is introduced
in a Hamiltonian system, the trajectories should converge
to attractors in the dissipative system. The purpose of the
present paper, therefore, is to investigate how the  orbits
in the Hamiltonian system may change and tend to
attractors in the dissipative system when a small
dissipation is introduced To investigate the
convergence of orbits to atiractors, we will employ a
simple two dimensional mapping derived previously.™’
We found that the number of iteration necessary 1o
converge within certain distance from the major attracter

is inversely proportional to the amount of the dissipation.



§ 2. Mapping Model

To investigate the effect of weak dissipation on the drift
orbit mapping, we constder the two dimensional mapping
in the phase space (8,x) derived previously*":

Xam={1-cp x,+K sin /0,

0., =0 +1(1-8 X, , (1
where x is the normalized mdial coordinate, 8 is the
poloidal angle, ¢, is the dissipation dueto resistivity in the
generalized Ohm law, 1, is the rotational transform of the
helical magnetic field, and K is proportional to the
amplitude of the helical field. The mapping (1) is similar
to the dissipative standard map™ .

In the derivation of the mapping (1), we have assumed
that the EXB drift and curvature drift replaced by the
diarnagnetic drift motions in the poloidal direction can pe
neglected, and the helical field amplitude is uniform with
respect to the radivs r which may be applicable to the /=1
helical field For the /=1 helical field, however, the
magnetic axis becomes a helix. The mapping (1) does not
includes this helical axis effect, and may be applicable for
a small helical amplitude or in the region away from the
axis. In spite of many approximations, the mapping (1)
still should have essentially important characteristics such
as basic orbit configuration and its transition to chaos.

Since ¢, is very small, the period cne fixed point of the
map {1) is determined as
and 9=0. 2)

The stability of the fixed point is determined by the

x=-1fs

eigenvalue A of the tangent map for Eq. (1):
A=1-2R+2(R(R-1))'* 3)
where R is the residue™ given by R = (2-Tr(T))/4 = (c,-
Kist,)/4. The fixed point is stable when O<R<1. In this
case the eigenvalue may be expressed by A=exp(ip). From
Eq.(3), the argument p is expressed by cosp =+
t . Ks/2 or
p =cos'(1+1 Ks/2) {4)
where the dissipation ¢, has been neglected, because it has

been assumed to be very small.

o

§ 3. Numerical Resulis

First we start with the area preserving map (c,=0).
The Poincare mapping of Eq.(1) for 64 orbits after 5000
iterations are presented in Fig.1 where last 500 points are
plotted for the case of K=0.3, 1,=2.123, s=-1, and ¢,=0. As
in the typical area preserving case, the chaotic region is
limited near the separatrix, which may be induced by

interaction of small scale islands.

Fig.1:Poincare mapping of orbits in Hamiltonian system

To investigate how these orbits may change with the
dissipation, we introduced a weak dissipation (c,=0.0001)
in the system. Results for the same pammeters and the
same orbits as in the case in Fig. 1, is presented in Fig.2
where the iteration number N=500, and the last 500

points are also plotted for each orbit.

Fig.2: Poincare mapping of orbits with sinall dissipation
As seen in Fig.2, with the smali dissipation, each surface
seemns to have "thichness" and looks chaotic. It is not
necessarily chaotic. ! Also we notice that the sizes of
islands shrink. Increasing the number of iterations, each
island shrinks and tends to the center of axis or the attractor,

which can be seen in Fig.3 where N is increased to



50000. Each orbit convergesto the center of near by island
which can be considered as the attractor of the dissipative
system. Increasing the number of iterations all orbits
converge to the corresponding attractors. This also means
that even an initially cbaotic orbit near the separatrix is
stabilized and converges to the attractor with a smail
dissipation. Since many orbits may converge to the
limited area near the attractors after many iterations, and
since the number of iterations means the number of
toroidal circulations of the orbit, the plasma may be

condensed and form filamentary shape in the final steady

state.
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Fig.3: Poincare mapping after 50000 iterations
To see how these orbits converge to the attractor, we plot
the last 2000 points with N=B000. As presented in

Fig.4, the orbit forms vortex, the top of the each vortex
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Fig.4. Convergence behavior of orbit near attractor

line comverges rotating around the attractor as we increase
the iteration number N. The number of vortex lines may
depend on the rotation number at the attractor The
rotation angle p given by Eq.(4) in the caseof Fig.4, i.e,,
1,=2.123, s=-1 and K=0.3, is p=0.821rad. If the orbit
approximately closes by itself after m and n rotations in
the poloidal and toroidal(axial} directions, respectively, we
have p/2m=m/n, and find m=3 for n=23 as seen in Fig.4.
The convergence radius formed by the top of the vortex
lines depend strictly on the iteration number N and also on
the dissipation c,, We calculated the convergent radii for
various values of ¢, and N. In Fig.5, the last 46 points of
the x-coordinate are plotted as a functioa of the dissipation
¢, for N=3000 and 5000, We cansee that fora fixed N, the

convergence is faster for larger c,.
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Fig.5 Variation of convergent radii versus c,.

In order to see the convergence of these top of the vortex
lines, the x-coordinate of the last 30-points are also
plotted as a function of Nin Fig. 6, where the comparison
is also made for two different dissipations. One will see

clearly in Fig.6 that the convergence is much faster for
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Fig.6 Convergent radii versus N for two values of ¢,



larger dissipations. From Fig. 6, we may obtain 2 rough
scaling of the iteration number N versus ¢,; Since the
convergence radius r, at N=1000G0 for the case of
¢;=0.0001 is nearly the same as the radius r, at N=50000
for the case of ¢,=0.0002, we may , therefore, presume N-
c,~10 = counstant, i.e., the mumber of iteration N is
inversely proportional to c; for the convergence to the
same radius r, N~10/c,, which means that the
convergence is faster for the larger dissipation. Without
the dissipation, ¢,—~0, any orbit cannot tend to the attactor
in the dissipative system in a finite number of iteration N,
which is physically reasonable.

Since the comvergence scaling is important, we
calculated more precisely the convergence radus r, as a
function of the iteration number N and the dissipationc,.
To evaluate the convergence radius r., we first evaluated
the center point {attractor coordinate) by averaging the top
points of the vortex lines. The convergence radius is, then,
evaluated as the mintmum of the distances between the top
points and the center coordinate, When we calculated the
radius r, by the single precisionin a FORTRAN program,
it tended to a finite value and never approached to zero due
to the numerical trnncation error. We employed, therefore,
the double precision, and obtained the results as presented

in Fig.7 for two different values of ¢,
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Fig.7: Variations of convergent radius versus N

To have the more accurate scaling, the number of
iteration N to comvergeto a éiveu radiusr, is calculated for
various values of ¢, which are plotted versus ¢, in

logarithmic scales in Fig.8. As seen in Fig.§, the
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Fig.8: Variation of InN versus Inc, for r,=0.0001.
variation of InN is clearly linear with respect to Inc,, and
can be expressed by InN=2.750-1.003 In ¢, or N= 15.64
¢, "% which is close to the rough scaling obtained by the
imspection in Fig. 6.

We now comsider how many orbits starting from the
various initial positions in the phase space converge to the
area inside the radiusr,, 77,2, The problem may be solved
by evaluating the basin for the radius from the major
attractor in the phase space. We evaluated the distance
from the major attractor after N iterations for 300x300
orbits starting from the initial positions in the phase space,
O0<x<2, -w <B<mw.Two dimensional graphics of the
distance forc, =0.0001 and N=5000 is presented in Fig.9,
where the black portion means the distance is  close to

zero,while the white portion corresponds to a
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Fig.9: Two dmensional graphics of distance from

attractor after 50000 iterations for ¢,=0.0001



large distance from the major attractor. We see that almost
all orbits except near the secondary islands inside the
separatrix tend to the major attractor. In order to see more
clearly the basin boundary for orbits which converge
within radius r, around the major aitractor, we devided the
setin Fig.9 into two group, the one with the distance from
the attractord < 1, (black), and the other with d> r, (white).
The result is plotted in Fig.10 for r,=0.2. The orbits
starting from black region should converge within the
radius 0.2 from the attractor. We can see that many orbits

even out side(upper portion) of the separatrix  tend to the

region near the attractor.

Fig.10: Basin of orbits which converge within r,=0.2.

The white holes in Fig.10 may be considered as the
secondary islands. The orbits inside these holes may
converge to their own attractor ( the center of the island).
If we limit the conmvergent radius 1,=0.05, the basin
changes as shown in Fig.11, i.e., the orbits starting from
the black region converge within the distance 0.05 from
the attractor after 50000 iterations. We can see fine scale
holes also in Fig.11, which may be fine scale islands.
As we have seen, the evaluation of the basin boundary is
equivalent o solving the nonlinearinitial value problem.
As will be discussed in the next section, the width of the

basin of the convergent orbits is very important for the
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Fig.11: Basia forr,=0.05 and c,=0.0001.

evaluation of the compression ratio of a plasma density.

§ 4. Summary and Discussion

Making use of a simple mapping model for electron drift
motion, we found that orbits obtained by the area
preserving map are completely changed by a small amount
of dissipation. Each orbit tends to the attractor forming
voriex line encircling the attractor in the dissipative
system. Although each orbit changes significantly, the
basic characteristics (stability) of the mapping does not
change, i.e., the stable fixed o-point or the island center
does not change, because the amount of the dissipation
introduced is very small. These stable fixed o-points in the
area preserving system, therefore, become the attractors in
the dissipative system. Any orbit starting from any point
in the phase space converges to one of these atiractors after
many iterations. This means that injtially uniformly
distributed orbits may change to filamentary set of orbit
around the attractors.

Mathemarically, we have solved a nonlinearinitial value
problem for the two dimensional mapping with a  very
small dissipation by calculating the convergent radii and
basin boundaries.

As presented in the previous section, particles within the



separatrix may be concentrated near the center (attractor)
after N time circulating in the toroidal direction. If the
areaofbasinis S, aud the concentratedareais S, =mr,?,
the initial particle density n, inside the basin may be
increased by R=S/S, after N circulations. The time for
one toroidal circuration is given by the n'?msit time ©=2
®/(k | v), the time t, neccesary to concentrate to S, is given
by ty=28N/(k, v), where k| is the pararel wave number
and v is the thermal velocity.

If we assume ¢,=0.0001, S_=r (with the radius 1), r,=0.5,
N=25000 and t=1MHz, then the concentration ratio
becomes R=4 and t,=0.025 s, i.e., the particle density may
increase by a factor4 in 0.025 s. This numberN is reduced
significantly by increasing the amount of the dissipation
as presented in the previous section. This concentration of
density may be considered as a pinch effect due to the
nonlinear dissipation. The density peak observed away
from the centerin Stellarators™ might be related to this
phenomenon.

The concentration of orbit due to the dissipation may be
important for the edge plasmas because the effect of
dissipation may be significant in the peripheral regions.
Since the dissipation may be controlable to some extent
from out side, we may controle the configuration of
plasmas by changing the amount of the dissipation.

Although our mapping model may be too simple, the

concentration of orbits with a small dissipation has also

been observed in numerical solutions of nonlinear
differential equations™. The results obtained in cur mode!,
therefore, must be universal.

Construction of mapping equations in more realistic
configurations, development of the mapping theory itself,
and the relation between discrete mapping and the system
of nonlinear differential equations are remained to be
studied.
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