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ABSTRACT

“Double-well” potential structure (virtual cathode formation) is studied in a spherical inertial electrostatic confinement
(SIEC) device using non-linear Poisson’s equation. Particle densities are derived from a kinetic equation equivalent to
Vlasov’s equation. Velocities of collision-free electrons and ions at the edge of the configuration will be almost aligned
towards the center; however, they have small divergences. Analyses show appearance of a virtual cathode potential well

relevant to burn fusion fuels near the center of SIEC.
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1. INTRODUCTION

Spherical Inertial Electrostatic Confinement (SIEC)
provides one of the simplest candidates among various
fusion approaches for controiled fusion [1]. Fig.1 shows a
cross section of a single-grid spherical IEC. It has no
externally applied magnetic field and ions are focused
using an electrostatic field to accelerate ions towards the
spherical center of the unit. Consequently a very high-
density core of fuel ions is produced in the center region,
significantly enhancing fusion reactions. The resulting
high density of ions produces a high potential hill, which
could decrease the kinetic energy of incoming ions.
However, electron effects will theoretically change the
potential shape in such a way as to reduce or avoid this
problem [2]. For a fusion device, the predicted appearance
of a deep potential well inside the potential hill is
beneficial in the sense of creating a “trap” for ions where
a high fusion rate would occur. Discussions on this virtual
cathode, however, are continuing since Hirsch only
considered a simple case where the charged particles are
monoenergetic and have no angular momentum. Analyses
including angular momentum have been reported [3-71.
but these studies introduced various limiting assumptions
or have been completely numerical such that the

Fig.1: Cross sectional view of a spherical IEC

underlying phenomena were obscured.
In several recent experiments, a virtual cathode
structure inside of the potential hill has been observed



adding confidence in the existence of these important
phenomena [8,9]. (see Fig.2). It is the purpose of this
paper to further clarify the mechanism of the virtual
cathode and to find out the conditions for its formation.
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Fig.2: Potential structure develops in the non-neutral plasma,
creating virtual cathode

We will discuss the steady state where electron
coilisions are so rare that a collision-free kinetic equation
can be used. Ions are collision-free t00 and their velocity
vector is allowed to diverge away from the center by a
small angle (i.e. we have “angular momentum”).

2. DISTRIBUTION FUNCTION

Consider a charged particle located at (;o ,;o) on the
6-dimensional phase space at the time £, and (;,;) at
the time £. Since we are prospecting for nuclear fusion,
the mean Kinetic energy of particles is assumed so high
that collisions between particles can be ignored in
determining their motion. Then, collision-free Viasov's
equation for the distribution function is relevant to
describe the spherically symmetric plasma in a steady
state:
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The subscript s and | denote species of particles and the
components perpendicular to the radial direction. In our
stationary state, the total energy and the canonical angular
momentum conserve. The veloeity is expressed in terms
of the radius r. The left hand side on the Eq. (1) takes,
accordingly, a form of a total deferential with respect to
the radius r;

Ed—fs(r’vr’v.i.)=0. (2)
i

The subscript s represents the species of particles.

With these constants of motion, the particle motion
connects the two particle distribution functions at the
different radius. Consider a charged particle located at
r=r, and r=_r.By use of the constants of motions,
the total energy H and the angular momentum P, ,a
particle’s radial velocity v, and perpendicular velocity
v, attheradius r can be denoted by corresponding
velocities v,, and v, at 7,:
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Here ¢(r) and ¢, are the electrostatic potentials at
positions r=r and r=r,, respectively. The equation
states that the particle density keeps its value as constant
along the trajectory on the 6-dimensional phase space.
Therefore, we have:

fs(r,V,,vi)=f,(rg,v,0,vm). )

Combining equations (3) and (4), the distribution function
at a position r is given in a simple form:

This approach is equivalent to the formula given by
Nevins [10], where the distribution function is represented
in terms of constants of motion such as the total energ
and the angular momentum. Expression (4), however,
connects the distribution function rather explicitly to that
of grid region.

3. STEADY STATE SOLUTION

In experimental devices, ions are generated by a plasma
discharge outside the spherical grid, which is negatively



biased. Thus ions are accelerated by the grid and pass
through it going towards the center. Ions arrive at the
central region and then turn back to their birth potential,
where they stop and are re-accelerated back towards the
center. The spherical symmetry of the electrostatic field
near the grid region is, however, perturbed due to the
discrete structure of the grid. This asymmetric electric

field near the grid gives the ion beam a certain divergence.

To represent this effect, let the divergence of the ion
velocity vector from the radial vector be A4, at the grid.
The distribution function of ions at r = @ will be
assumed to be the form:
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where a is the radius of the inner grid. The quantity V|
denotes the particle velocity of s-species at the inner grid.
Using characteristics of delta-function, the distribution
function at # = r is found as:
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This result shows that the divergence of the ions is larger
near the spherical center than at the grid region. providing
that electrostatic potential effects can be ignored.

The ion density profile is obtained by integrating this
equation over velocity space, giving:
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Discussions so far presented are applicable in a limiting
case where particles suffer no collisions. The collision
frequency between electrons is generally much larger than
that of ions. Thus within a SIEC in a present laboratory,
the electrons might suffer from a large self-collision.
Throughout the present paper, however, we will discuss a
case in which particle collision is negligibly small and
consequent ion distribution functions are given by Eq. (6).

An electrostatic potential of this steady state is
determined by Poisson’s equation:

1 d [
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*dr

This equation is supplemented by the equations for
particle density given in equation (7) as a function of the
electrostatic potential. The quantity Z stands for the
charge number of the ion and we will henceforth put it
equal to unity for the simplicity. Equation (8) and
supplemented Eq. (7) for the particle density are a couple
of complicated nonlinear differential equations and we are
disable to obtain the analytical solution. A certain
numerical calculation is, therefore, needed to study the
detail of the virtual cathode.

(r)j| Zen(rj—en,(r). (8)

4. NUMERICAL RESULTS

In carrying out numerical calculations, we will employ
the following model:

(a) The electrostatic potential ¢, at r =a (aisthe
radius of spherical grid ) is approximately the same as the
voltage -V, applied to the spherical grid. This
condition gives us one of the needed boundary conditions
for obtaining a solution to Poisson’s equation.

{b) lons are first produced outside the grid region where
the electrostatic potential is zero. The total energy of ions
is therefore zero.

(c) Concerning electron birth, we are considering two
opposite cases. In the first case, electrons are completely
collision-free and their births are at r = @ with a small
radial velocity £eV, . Then the total energy of electron is
eV, (¢ +I) . The ratio of electron density to the ion
density at the grid region is a controllable variable.

{d) The divergenceA of ions is 0.2 at the grid region.

The boundary conditions for Poisson’s egnations are:

(o(a):—Vg

‘e ©)
29 ()= [[n( p)-nsp)] o dp.
dr & %

We introduced an approximated formula for the integral

in Eq. (8):
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which simplifies the calculation significantly. A set of
integral-differential equation is reduced to a differential
equation.

Results of numerical calculations are exhibited in Fig.3
to Fig.7 for a various densities of ions and electrons at the
grid region. The solid lines and broken line denote
respectively the number density of ions and electrons.
Densities and potential are normalized by quantities

ea’n,(a) /e,V, and V., respectively. The scales of the
horizontal axis are multiplied by a factor 1000.

The potential hill is low in a ¢case of low edge density
and ions and electrons form easily a peak at the center.
(Fig.3). As the density at the edge increases, the potential
hill develops and focusing of ions decreases. (Fig.4). Ina
case of edge density being nearly 0.8 X ¢,V /ea Z
potential hill near the center is almost V, and rejected
ions form a second bump out of the central area.
Throughout calculations under the condition that the
electron number density at the edge n;(a) is equal that
of ions n,(a); well depth of the potential at the center is
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Fig.3: Radial profile of density (a) and potential (b} for low

edge density [afaj= (.2x&,V, /ea’ > ne(a) =nila)}
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Fig.4: Radial profile of density (a) and potential (b) for intermediate
edge density [nfa)= 0.5xz,V, /fea’ > ne(a) =ni(a)]
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Fig.5: Radial profile of density (a) and potential (b) in a case of
high cdge density [n(a)= 0.8xz,V, /ea’ » ne(a) =10 ni(a)]

nappreciable. In a case of edge number density being



Fig.7: Radial profile of density (a) and potential (b} in a case of

larger than &,V /ea® , we have no real solution, i.e.
high edge density [nf{a)= 08xe,V, Jea’ . ne(a) =6.0 ni(a)]

solutions take complex value and extremely sensitive to

the boundary condition.

In cases of a higher edge density, no potential well
appears, and a second hill of the ion density profile

@] (a):lon Density : appears out of the center. It is shown that the situation
} Electron Density: changes, however, once one provides a larger edge
i density of electrons compared with that of ions. In Fig.6
" P where the electron edge density n,(a} is 2.5 times the ion
Tl edge density n{a), one finds the ion density increases near
\._/\ a the center and evidence of a potential well at the center.
\ We are able to obtain a real solution for a steady state up
\\._,___ S to the case of electron edge density to be 6 times of ions.
e (Fig.7). The second bump of ion density is eliminate and

an appreciable potential well appears at the spherical
center. We have no real solution also in the case of an ion

(b): Potential
edge density higher than the value ¢&,V, fea’ .
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2.2 5. CONCLUSIONS AND DISCUSSIONS
700 509 800 800 1o We have studied double structure or virtual cathode
formation of a spherical inertial electrostatic confinement.
Fig.6: Radial profile of density (a) and potential (b) in a case of The study concerns particle’s distribution with
high edge density [n(a)= 0.8xe,V, /ea’ > ne(a) =2.5 nifa)] divergence A of the direction of the velocity around the

center and addition of edge electron density.

(a) Small angular momentum of both ions and electrons

o } {(a): fon Density : / creates a certain virtual cathode in a potential hill near
J Electron Density: the spherical center of SIEC.
‘ (b) The potential hill is, however, small if the density
o P
| parameter en,.aaZ/eng is much smaller than unity.
\

(c) If the density parameter enmaz/ang approaches

to unity, the potential hill becomes appreciable. This
S, TV ¢ causes the large second bump in the density profile. No
a8 40 &0 a0 0 potential bump or virtual anode, however, appears
associated with the ion bump.

2 s (b): Potential (d) Increa}sed electrm? density a’t the grid TegIOfl c?'eates an
r: appreciable potential well (virtual cathode) inside the
o3 potential hill.
£es {e) No ion hole appears in the potential well, but ion

.3
;_2 r/a density peaks at the potential well.
N Conclusions of these studies are applicable only over a

200 Lo d] 00 84C ool

Parameter enfaaz/ang is larger than unity, no real
solution to the nonlinear Poisson equation has been



obtained.

It becomes obvious that the electrons play an
important role in creating a virtnal cathode. Nevertheless,
detailed studies on the electron distribution function are
needed to estimate precisely the laboratory SIEC. The
development of a method that provides enough electron
density at the grid is inevitable.

The density limit: en,a°/&,V, <1 forareal
steady solution might restrict the power level of the
steady SIEC unit to a lower one. In this paper, we ignored
all inter-particle collisions. However, further studies on a
collisional equilibrium state of related fueling and ioss
processes are essential to understand and evaluate the
complete picture for a SIEC.
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