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Electrophoresis of Charge Inverted Macroion Complex: Molecular Dynamics Study
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Charge inversion and mobility of a macroon 1n the presence of multivalent counterrons and monovalent coions
under an external electric field are studied by molecular dynamics simulations. The hydrodynamic interactions
are treated with the explicit use of neutral-particle solvent In a weak electric field, a complex of the macroion
with condensed counterions and coions drifts along the electric field, in the direction proving the inversion of the
charge sign. The electrophoretically determined net charge of the complex is smaller than that of the peak of
radial charge distribution, indicating that many co-ions along with counter-ions are involved in the drift. Very
large electric field disrupts charge inversion stripping the adsorbed counterions off the macroion, which happens at
the order of macroion unscreened electric field consistently with the correlation theory of charge inversion.
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I. Introduction

The concept of electrostatic screening is well known
to every physicist for three quarters of a century since
Debye and Hickel [1}. In recent years, it was under-
stood that screening by strongly charged ions may lead to
such counterintuitive phenomena as attraction between
like charged macroions [2,3] and inversion of macroion
charge [4]. As regards charge inversion, it was intensely
discussed in the experimental literature on colloids well
over fifty years ago {5], but its understanding is just form-
ing (see recent review article [6] and references therein).
In particular, in our companion paper [7], we reported
observation of charge inversion with a molecular dynam-
ics experiment.

What is charge inversion 7 Consider a strongly charged
macroion (see, e.g., Fig.1); to be specific, suppose its
charge is negative. It is surrounded predominantly by
positive counterions and, if the counterion charge Z is
large, their number turns out greater than necessary to
neutralize the macroion. Thus, the macroion with the
Z-ions form a positive complex. This is charge inversion.
Of course, a question immediately arises: the positively
charge inverted complex will now be surrounded predom-
inantly by negative lons, and ... we seem to be arriving
at a logical loop. In fact, as it was emphasized in Ref.
[8], only those ions should be counted as comprising a
complex that are bound with energles in excess of kg7
However appealing. this criteria is not easy to implement.

Meanwhile, experimentally {inding out the charge sign
is straightforward - it is determined by the direction
of the electrophoretic drift under an externally applied
electric field. This is precisely the procedure used long
ago to observe charge reversal for macroscopic coacervate
droplets [5], and it can be used now to observe charges of
much smaller ions [9-11]. We therefore undertake in this
paper to examine the external field bekavior of a charge
inverted complex. Qur goal is three fold. First, we would
like to confirm that the direction of electrophoretic drift
is determined by the sign of the inverted charge. Sec-
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ond, we want to check how the speed of the weak field
drift depends on the inverted charge and the Stokesian
friction. Third, it is interesting to see how large is the
field that disrupts a charge inverted complex and pulls
macroion in the direction determined by its bare charge.

The difficulty to simulate electrophoresis is in the im-
portance of hydrodynamic interactions. Indeed, naively
one may try to use the Langevin equation, assuming that
every ion in the system is subject to Stokesian friction
force —6wnav (in standard notations) and some white
noise random force balanced with friction through the
fluctuation-dissipation theorem. This approach, however
simple, is hardly justifiable. Indeed, if two balls stick to-
gether, neither their corresponding friction nor random
kick forces add to each other. One way to resolve this
problem would be to incorporate hydrodynamic interac-
tion forces using the Oseen tensor [12]. This is not easy
to implement in numerical simulations, because it pro-
duces complicated spatial correlations between random
forces. We, therefore, opt to address the problem by a
brutto force approach, explicitly adopting neutral solvent
particles in molecular dynamics simulation.

I1. Simulation Method and Parameters

We consider the following model, assuming a, e, and m
the units of length, charge and mass, respectively. Spher-
ical macroion with hard core radius Ry between 3a and
6a and negative charge (Jy between —15e and —60e is
surrcunded by some N7 counterions of positive charge
Ze each and N~ =~ 300 colons of charge (—e) each. The
system is overall neutral, Qo + Nt Ze —~ N~e = 0, which
determines Nt for every Z. Counterions and coions are
spherical, with hard core radius a. There are also some
N, neuiral particles; they are spheres of hard core radius
a/2 each. The mass of macroion is M = 200m, masses of
co- and counter-ions are m, and masses of neutral parti-
cles are m/2. The system is confined in the simulation
domain - & cube of the size L = 32a, with periodic bound-



ary conditions in all three directions.

Calculation of the Coulomb forces under such condi-
tions involves the charge sum in the first Brillouin zone
and their infinite mirror images (the Ewald sum [13]).
The sum is calculated with the use of the PPPM algo-
rithm [14]. We use (32)° space meshes for the calcula-
tion of the reciprocal space contributions to the Coulomb
force, with the Ewald parameter « = 0.262 and the real-
space cutoff royy = R; + 10a, where R, is the radius of
the i-th ion. Uniform electric field F is applied in the
z-direction.

The number of neutral particles is about 8000; it is cho-
sen such that there is volume (32a/21)* per each one of
them inside the simulation domain excluding the place
occupied by the macroion and other ions. On top of
Coulomb forces, all particles interact through the re-
pulsive Lennard-Jones potential ¢r; = 4e[(g/r,;)12
(o/ri)¢] for r; = |r; ~ r;] < 2Y%¢ (0 = 2a) and
¢ = —€ otherwise. We choose € = kgT = €%/5a.

To start molecular dynamics simulation, we prepare
initial state by randomly positioning all ions and neutral
particles in the simulation domain and choosing their ini-
tial velocities from the Maxwell distribution correspond-
ing to some temperature Tin;s,. We integrate Newton
equations of motion with the use of the leapfrog method
[15], which is equivalent to the Verlet algorithm. In
the absence of the electric field E = 0, our system is
closed, and its energy is conserved. After the initial tran-
sient phase, the distribution of velocities becomes again
Maxwellian, suggesting equilibrium sampling of the mi-
crocanonical ensemble. This new Maxwell distribution
corresponds to the temperature T' which is somewhat
higher than Tihitar, because of the release of potential
energy due to screening - local balancing of charges. We
adjust Tiniiat such that kgT = e. This sets ¢ as the
unique relevant scale of energy and, accordingly, we put
T = @y/m/ec as the unit of time. We use At = 0.017 as
the integration time step. The simulation runs are exe-
cuted up to 1000r. Given the value of ¢ chosen above,
our temperature corresponds to e?/akpT = 5.

When an external electric field is present, it performs
some work on the system (although it should be empha-
sized that there is no momentum transfer into the sys-
tem, because the system is overall charge neutral). Cor-
responding energy, which is Joule heat, is transferred to
background neutral particles through collisions with ac-
celerated ions. To simulate the electrophoretic bath be-
ing kept at a constant temperature, we re-scale velocities
of all neutral particles once in every 1007 returning tem-
perature to T. This procedure maintains temperature
stable to within 5%.

II1. Simulation Results

The resulis of our simulations are summarized in
Figs.1-5. Figure 1 is the bird’s-eye view of all the ions

{a) and the vicinity of the macroion (b}. Counterions
are shown in light blue, and coions in dark blue. In
this figure, macroion charge is @By = —30e, its radius
is Rg = 3a, counterion valence is Z = 3, and the elec-
tric field is £ = 0.3¢/ea. It is seen that the macroion is
predominantly covered by counterions. This is the same
situation as the one observed in the absence of electric
field in our previous work [7]. As in the no field case,
the radially integrated charge has a sharp positive peak
at the distance about ¢ from the macroion surface. Of
course, this peak is due to positive counterions adsorbed
ont the macroion surface. The value of peak charge un-
der the conditions of Fig.l is Qpeax = 1.6/Qp|. Is this
value the right characteristics of the charge inversion ?
In other words, do these counterions drift with macroion
in electrophoresis, and, at the same time, do any coions
drift with this complex 7

Figure 2 demonstrates the time history of the ”peak”
charge (a) and macroion drift speed (b) for the param-
eters of Fig.1. There is a short transient phase during
which a charge inverted complex is formed through ad-
sorption of counterions to the macroion and condensation
of ¢olons on the counterions. This process is reflected in a
rather quick rise in Qpesx, as is shown in Fig.2(a). At the
time ¢ = 107, we "switch” external electric field on. After
the transient phase, we observe a drift of the macroion
in the positive direction, along the applied field. The fact
that drift velocity is positive, as Fig.2(b) indicates, for
the negative macroion bare charge (Qy < 0), is the di-
rect manifestation that counterions are so strongly bound
that they pull the macroion with them.

Note that the drift velocity shown in Fig.2(b) is small
compared to vg - thermal velocity of neutral particles:
{Vz) ~ 0.05v9. Under this condition, exchange of mo-
mentumt between macroion and neutral particles is stow,
and requires many collisions {compare consideration of
the similar system in Ref. [16]). Therefore, in terms of
hydrodynamics, we are in the linear regime, and should
expect average drift speed to be given by the force bal-
ance Q*F — vV, = 0, where Q" is the effective (net)
charge of the complex and v is the hydrodynamic fric-
tion coeflicient.

We measured this friction coefficient in an indepen-
dent simulation, by observing an exponential decay of
the macroion velocity starting from 0.5v5 for the case
without the electric field. We found v = 7.2m/r for the
neutral ball of the radius Ry = 3q. In fact, relevant fric-
tion may be larger because macroion drifts as a complex
with counter- and co-ions which contribute to its effective
size. Measurement of friction coefficient for an artificial
particle in which co-and counterions are firmly attached
to the macroion in a typical configuration produced dur-
ing our simulations ylelds v = 14.0m/7.

Using the latter value of the friction coefficient, we
find effective charge Q* = v (V) /E = 4.7e for the case
of Fig.1. In other words, this result means charge inver-



sion ratio of Q*/1Qq! = 0.16. This 1s roughly a quarter
of the value corresponding to the peak of charge distri-
bution, (Qpeak — {Qol)/|Q0o| = 0.6. This discrepancy rells
us about the important contribution of colons which are
adsorbed on counterions and thus cup the charge inver-
sion.

Figure 2 shows also significant temporal fluctuations
of the drift speed. Inspection shows that the fluctuations
are larger than what one would expect due to random
kicks of neutral particles. In fact. these fluctuations indi-
cate that the counterions are not permanently attached
to the macroion and coions not to counterions, but that
they are being swamped, or replaced from time to time.

The electric field dependence of the average macroion
drift speed Vgun is shown in Fig.3. Let us first discuss
the small feld, linear drift regime.

At small fields, Vg increases linearly with the field.
This regime corresponds to regular Ohm’s Jlaw. In this
regime a macroion drifts together with its jonic atmo-
sphere as an unperturbed complex, with the net charge
of the complex insensitive to the electric field. In other
words, electric field is not strong enough to affect bind-
ing of counterions with the macroion. Small fleld regime
is characterized with the mobility, & = (V) /E. Assum-
ing friction coeficient is a constant, mobility is directly
proportional to the net charge of the complex.

The dependence of the macroion mobility © on the
valence of counterions Z in Fig.4 is physically interest-
ing and also important for application purposes. To be-
gin with, note that mobility is negafive for monovalent
counterions at Z = 1. This means that charge inversion
does not happen in the solution of regular monovalent
salt, which is consistent both with our previcus molec-
ular dynamics study [7] and with the understanding [6]
that charge inversion is entirely due to correlations be-
tween strongly charged ions. At 2 > 2, charge inversion
does take place, as manifested by positive mobility. The
mobility first increases with the valence, but saturates
at Z > 4. This can be understood by noticing that af
large Z, monovalent negative ions start to condense on
the positive Z-ions, effectively reducing the charge of the
latter. This is consistent with our previous ohservations
[7} showing massive adsorption of monovalent coions on
Z-ions for high valences.

Figure 5 shows that the mobility of the macroion first
increases linearly with the macroion bare charge and be-
comes nearly independent for large macroion charges,
where the radius Ry is kept constant. Thelinear regime is
again consistent with our previous observations [7], and
the saturation regime is attributed to neutralization of
the compilex by condensed coions.

Let us now return to Fig.3 and discuss the regime that
is nonlinear in ihe applied field. As the figure indicates,
at large electric field the charge inverting shell around
macroion is destroyed. Furthermore, the figure itself
leads us to the estimate of the critical field at which this

happens. The field in the abscissa in Fig.3 is normalized
to 1Qq/RE Therefore. the figure indicates that the crit-
ical value of ERZ/'Qql is independent of the macroion
size, yielding the cnitical field

E, =~ 0.35|Qql/R] - (1)

This result is very interesting. Indeed, |Qq|/R% is the
electric field created on the macroion surface by the
macroion bare charge. Why does the critical field not
scale with net charge of the complex instead of bare
charge of the macroion 7 The reason is due to correlations
between screening ions. We noted while discussing Fig.2
that the counter:ons on the macrolon surface are being
replaced from time to time. Consider, therefore, how one
Z-ion can depart from the macroion surface. Since this
ion is surrcunded by a correlation hole on the surface,
its departure will require work against the unscreened
bare electric fleld of the macroion surface as long as its
distance from the surface is smaller than the distance
between adsorbed Z-ions. Therefore, when the external
field becomes competitive to this unscreened field of the
correlation hole, departure from the surface becomes es-
sentially barrier-free, and at such field the charge inverted
complex is no longer stable.

The critical electric field in realistic situations is esti-
mated to be quite large. For the parameters Ro =~ 204,
Qo =~ 30e, the critical electric field becomes as large as
E, = 0.35Qq/eR2 ~ 50V/um, where we took into ac-
count the dielectric constant of water, € = 80 [18]. There-
fore, in practice the applied electric field is not expected
to disrupt charge inversion.

IV. Summary

In this paper, we directly proved the occurrence of
charge inversion and measured the net charge of the
macroion complex by electrophoresis of a macroion im-
mersed in electrolyte solvent. The weak electric field did
not disrupt the charge inverted complex, but pulled it
in the direction determined by the inverted charge. Al-
though academic, the larger fields regime in which elec-
trophoresis is strongly nonlinear was interesting because
the field stripped screening counter-ions off the macroion.
Consistent with the correlation theory, this happened at
the order of unscreened macroion field.
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Figure 1. The bird’s-eye view of (a) all the ions in the simulation
domain, and (b) the screening ion atmosphere within 3a from the
macroion surface. Macroion with charge Qo = —30e and radius
Ry = 3a is a large sphere in the middle; counterions (Z = 3)

and monovalent coions are shown by light and dark blue spheres,
respectively. The arrow to the right shows the direction of the
electric field (z-axis), with E = 0.3¢/ea.
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Figure 2. The time history of (a) the "peak” charge Q,, and
(b) macroion speed V; normalized by thermal velocity of neutral
particles vg. The macroion complex drifts positively along the
external electric field for E > 0, which directly proves the

inversion of the charge sign.
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Figure 3. Dependence of the macroion drift speed Vg on
the external electric field E for the macroion of three different
radii, Ry = 3a (filled circle), Rg = 4a (open circle) and

Ry = ba (square). Other parameters are: macroion charge

Qo = —30e, and the valence of counterions Z = 3.
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Figure 4. Dependence of mobility of the macroion ¢ on the
valence of counterions Z, where po = vo/(1Qq|/R3). The
parameters are Ry = 3a, Q¢ = —30e, and F = 0.3¢/qe.
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Figure 5. Dependence of the macroion mobility i on the
macroion charge Qo, where po = vo/(|QY)|/R2), and the
parameters are Q{()O) = —30e, Ry = 3a, valence Z = 3,

E = 0.3¢/ae, and €*/akgT = 5.
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