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ABSTRACT

The periodic oscillation of the inhomogeneous rotation of the sun is studied by use of the MHD
dynamo theory. There exists a turbulent electromotive force which is driven by the vorticity of the
fltow (i.e., the v dynamo). In addition, its counterpart exists in the vorticity equation, that is, the
rotation is induced by inhomogeneous magnetic field in turbulent plasma. Based on this dynamo
theory, a periodic change of solar differential rotation with the period of 11 yr is theoretically
explained. The predicted amplitude is compared with observations.
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1. Introduction

Recent progress of the solar observation based
on helioseismology (Gough et al. 1996; Thompson
et al. 1996; Shibahashi 2002; Lang 2001) has shown
that the azimuthal rotation velocity is inhomoge-
neous in the convection zone as well as on the sur-
face of the sun. The rotation velocity changes in
the radial and polar directions. This inhomogene-
ity of solar rotation velocity is accompanied by
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a steep gradient, the solar tachocline. (See Lang
2001; Spiegel & Zahn 1992; Gilman 2000; Tobias
2003, for its comprehensive review.) In addition,
the inhomogeneity of rotation (zonal flow) changes
in time. It has been known that the rotational
speed of the solar surface has periodic change with
the 11-yr period. (See Ulrich 2001, and references
therein.) This 11-yr oscillation of azimuthal rota-
tion velocity has been identified even in the con-
vection zone {(Howe et al. 2000a; Vorontsov et al.
2002). This periodic oscillation shows a similar-
ity with the pattern of the solar magnetic activ-
ity. The phenomenological observation suggested



a causal relation between the periodic ¢hange of
differential rotation and solar dynamo cycle. Nev-
ertheless, origin of periodic oscillation of rotation
velocity remains unexplained.

The spontaneous generation of the radial and
poloidal inhomogeneity of the solar rotation ve-
locity has a similarity to the so-called transport
barrier phenomena of toroidal plasmas in labora-
tory experiments. The internal transport barrier
in toroidal plasma is such a phenomenon that the
turbulent transport coefficient changes abruptly
across-a certain magnetic surface (i.e., the barrier
as a spatial phase boundary). (See, e.g., Itoh, Itoh,
& Fukuyama 1999; Yoshizawa, Itoh, & Ttoh 2003,
for a review.) In the vicinity of the barrier, the
plasma rotation velocity, which is averaged over
a magnetic surface, has a steep radial gradient.
The solar rotation inhomogeneity and the trans-
port barrier in torcidal plasmas form at least a
pair of central issues in the structure formation of
nonequilibrium turbulent plasmas,

The inhomogeneity of solar rotation has heen
studied in conjunction with the sclar dynamo
problem {Gilman 2000; Tobias 2003; Parker 1993;
Yoshizawa et al. 2004). In the theory of dynamo,
it has been pointed out that the flow vorticity in-
duces the electromotive force, being named v dy-
namo, and that its counterpart exists in the vor-
ticity equation (Yoshizawa et al. 2004; Yoshizawa
1990; Yoshizawa et al. 1998). The inhomogene-
ity of the magnetic field can drive the flow. That
is, the driven flow tends to be aligned with re-
spect to the magnetic field. Based upon this -
dynamo theory, a mechanism of the internal trans-
port, barrier formation in toroidal plasma has been
discussed {Yoshizawa et al. 1998). In this article,
the influence of turbulent flow generation due to
the magnetic field in the solar convection zone is
studied. The inhomogeneous azimuthal rotation
velocity is shown to be induced by the dynamo
magnetic fleld in the sun. A theoretical model is
presented for the periodic oscillations of the differ-
ential rotations (torsional oscillations) in the con-
vection zone and on the surface of the sun. This
periodic change is induced by the solar magnetic
activity cycle which has the period of 22 yr. The
model explains the 11-yr oscillation of differential
rotation in the solar convection zone and on the
surface.

2. Mean-Field Equations

The dynamo theory of turbulent plasma has
shown (Gilman 2000; Ulrich 2001} that the flow
is governed by
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in the frame rotating with angular velocity wr,
while the corresponding magnetic field is described
by
%—? =Vx{uxB+ Er)+9VB. (2

Here u is the relative velocity in the rotation
frame, p is the pressure per unit mass with ef-
fects of microscopic pressure fluctuation included,
B is the magnetic field, J(= V x B} is the electric
current, v is the kinematic viscosity, and # is the
magnetic diffusivity. These equations are given in
the Alfvén unit, where the magnetic field is nor-
malized by \/figp and is measured in m s~ (p is
the mass density).

The Reynolds stress F;; and the turbulent elec-
tromotive force E'r, which express effects of micro-
scopic velocity and magnetic field, are given by

R.,'j = (uiu} - B;B;)
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where w = Vxu, primed quantities express mi-
croscopic (fluctuating) parts of velocity and mag-
netic field, and {-) denotes the averaging over a
global scale. The coefficients o etc. are closely
linked with the statistical properties of micro-
scopic velocity and magnetic field, and are written
as

a=CytnH, b= CngK, 7= C-miW: (5&)

7 7
vr =g ma= gy {5b}
Here the turbulent residual helicity H, the turbu-
lent energy K, and the turbulent cross helicity W

are defined by
H={(-v-w'+B-J, (6)



K=<-——"’2ZB'2>, (7)

W = {uB'), (8)

respectively. Moreover C,, Cg, and C,, are numer-
ical factors, and 7, is a characteristic time scale
of microscopic velocity and magnetic field.

We substitute equation (4) into equation (2},
and neglect the molecular maguetic diffusivity
as compared with the turbulence counterpart 3.
Then we have
0B

B = Vx{uxB+aB - 3J+~(w+ ZwF)]'.
(9)
Under the approximation of dropping ux B, the
quasi-stationary state of B may occur through the
condition

J= %[aB+’y(w+2wF)}. {10)

This approximation will be later shown to be plau-
sible.

We substitute equation (10) into equation (1)
and neglect. the spatial variation of o etc. We take
the curl of the resulting equation, and have
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The source of the torque UTVQ('yB/ﬁ) in equa-
tion (11} is the counterpart of the y-related term
in the right-hand side (RHS) of equation {9).

3. Investigation into Rotation Velocity

Equation (11) describes an interesting effect. of
the magnetic field on the generation of global vor-
ticity. The terms which have the coefficient v in
the RHS of equation (11} are induced by the mi-
croscopic turbulence. The term V X Vi is the
well-known turbulent viscosity term, i.e., the local-
ized vorticity decays in time. It tends to eliminate
the inhomogeneity of the vorticity. (For instance,
the tachocline is weakened by this term.) On the
contrary, the term V xp V*{yB/ ) generates the
vorticity so that the velocity u becomes parallel to
B. If the localized magnetic field exists, then this
dynamo term generates the localized flow profile.

A stationary state of equation (11) may occur
for
u=1B (12)
B
From equation (12), we study that the response of
the toroidal velocity appears against the change of
the magnetic field B. When the change is slow in
compariscn with the diffusion time,

|8 [0t] < |r V|, (13)

the response of the relative velocity w in the pres-
ence of the temporal variation of B, du, is given
from equation (12) as

bu = %B. (14)

When we apply this result (14) to the case of
sun, the modulation of the toroidal velocity by
the dynamo magnetic field is deduced. Here we
use polar coordinates (r,{,8), where r is radius,
¢ is the azimuthal angle (longitude), and # is the
polar angle (latitude). The dynamo magnetic field
is known to have a strong toroidal magnetic field.
This magnetic field is localized in the mid- and
low-latitude regions. Equation (14) shows that
the azimuthal velocity in the rotation frame is
stronger in the mid- and low-latitude regions. This
localized azimuthal flow has an up-down symme-
try. The polarity rule of solar dynamo is well
known: the sign of dynamo magnetic field is oppo-
site between northern and southern hemispheres.
It should be also noticed that the dynamo coefli-
cient v is a pseudoscalar while 3 is a scalar. That
is, the ratio v/# changes the sign in the north-
ern and southern hemispheres. From these facts,
the induced modification of the velocity du has an
up-down symmetry. This symmetry property of
the induced velocity du, together with the local-
ization in the latitude, is common to the profile of
the solar rotation velocity.

We next estimate the magnitude of the induced
velocity du. The strength of the magnetic field is
evaluated as about 1 T or less in the convection
zone of the sun. The location r/Ry ~ 0.8 — 0.9
may be relevant as the representative value in
the study of the inhomogeneous rotation velocity.
As the mass density in this region (Yoshizawa et
al. 2004; Yoshizawa, Kato, & Yokoi 2000; Priest
1982), we adopt the number density of hydrogen



as O(10%8) m™® or p ~ 10 kg m™®, which gives
that
|B| ~ 300 m s~! (15}

for |[B| =1 T in the Alfvén unit. The turbulence
theory has given the bounds of the ratio v/3 as

7] & W1
’E}_ <L . (18)

(See eq. [5a]).

Combining the estimate (15) with the rela-
tion {16}, we calculate the induced change of az-
imuthal velocity. An estimate of the ratio of
|v/8] = {1072) = G(10~!) has been given for the
study of the v-dynamo mechanism for the gener-
ation of solar magnetic field {Yoshizawa, Kato, &
Yokoi 2000). If one employs the mean value of the
range in this estimate, |v/8] = 3 x 10~2, we have
an evaluation of du as

|62| ~ 10 m s~ {17)

This is a few percent of the differential rotation
velocity in the solar convection zone.

From this estimate, -several conclusions are
made. First, the turbulent torque generates a
localized azimuthal flow through the generation of
global magnetic field. The pattern of the periodic
change of differential rotation follows the pattern
of the solar magnetic cycle. The magnitude of
this induced velocity is given by equation (17}.
Second, this flow is predicted to oscillate in time.
The solar magnetic field shows a quasi-periodic
change with the period of about 22 yr. As a result
of this periodic change of B, the induced velocity
du is also subject to the (quasi-)periodic change.
Two cases can be considered depending on the
changeability of the sign of 4/8. If the sign of
~/3 is not altered by the change of the polarity of
the magnetic field, then du changes its direction
and magnitude with the period of 22 yr. In the
opposite case, i.e., v/3 changes the sign together
with B, then du changes its magnitude with the
period of 11 yr. It is therefore plausible that the
periodic oscillation of differential rotation is com-
posed of the component with the 11-yr period and
the one with 22-yr period. Third, the perturbed
velocity du is larger near the surface and smaller
near the bottom of the convection zone. The ra-
dial profile of du is determined by the profiles of
the mass density, magnetic field, and the dynamo

coefficient v/5. All of these three change radially,
but the density variation may be stronger than
otlter two. This suggests that du is larger near
the surface. Fourth, more rapid changes of the
rotation are possible to occur. The generated flow
du changes following the toroidal component of
the dynamo magnetic field. Each magnetic flux
tube of the solar dynamo magnetic field is consid-
ered to move in the convection zone of the sun.
Associated with this motion of the flux tube, the
toroidal velocity changes as well.

These theoretical predictions are compared
with observational results. First of all, the re-

semblance of the spatic-temporal patterns of the

periodic change of rotation and of the magnetic
activity is understood naturally. Second, the am-
plitude of the periodic oscillation is in a range
of observation: the amplitude of oscillation of
1 — 5 Hz has been observed in the upper convec-
tion zone. The radial profile of the amplitude of
oscillation is reported in Vorontsov et al. (2002),
and du is shown to have larger amplitude near
the surface. The main elements of the observation
on the periodic change can be explained by the
y-dyuamo theory.

The difference of rotation rates at two radii
across the region of the steepest gradient of
tachocline has heen reported to change in time:
an year-range evolution is reported in, e.g., Lang
(2001); Vorontsov et al. (2002); Howe et al.
(2000h). This annual oscillation of velocity differ-
ence may be attributed to the motion of toroidal
magnetic flux tube.

4. Concluding Remarks

In this work, we studied the influence of the
turbulent torque which is coupled with the mag-
netic field. This torque has been predicted as a
counterpart of the v dynamo, ie., the turbulent
electromotive force associated with the vorticity.
This process is applied to the solar dynamo, and
the strong azimuthal magnetic field in the sun is
predicted to induce the azimuthal velocity which
is localized in the mid- and low-latitude regions.
This" velocity has oscillation period of either 22
yr or 11 yr, depending on the change of the +-
dynamo coeflicient, v/8. The amplitude of oscil-
lation is predicted as equation (17). The spatial
pattern, period, and the amplitude of the periodic



change of solar rotation in convection zone can be
explained by this theoretical model. Further study
of the correlation between the flow and the mag-
netic field will provide a test for this model.

Relation (14) holds when equation (13) is sat-
isfied. Observational data {Ulrich 2001} seetmns to
support this assumption, i.e., the phase difference
between the patterns of velocity change and mag-
netic activity is not large. The phase difference be-
tween du and B is another important issue that
gives an information about the turbulent viscos-
ity. Whether equation (13) holds for the temporal
oscillation with the period of 11 yr (or 22 yr) or
not depends on how large the turbulent viscos-
ity »r is. An estimate of v has been discussed,
showing that vrL~? is several times 1078 57!
where L is the thickness of the convection zone
{Yoshizawa, Kato, & Yokoi 2000). The frequency
of 11-yr {or 22-yr) oscillation of solar magnetic
field, wemr ~ O(10°3) 57!, is smaller than this
evaluation of 7L ~2. The approximation of equa-
tion (14) is not bad, but this oscillation rate wgy
gives rise to the phase delay of the induced flow
du against the source magnetic field B as

Bdelay = arctan {wynerp ' L¥) (18)

By measuring the phase delay of the 11-yr and 22-
yr variation of the inhomogeneous rotation of solar
convection zone against the solar magnetic activ-
ity, one can obtain an estimate of the turbulent
viscosity.

One might wonder whether this induced veloc-
ity itself is an origin of the solar differential ro-
tation and tachocline. At this moment, it is not
yet conclusive. In order to conclude about this
process, the back interaction of du on the solar
magnetic field must be taken into account for the
determination of the dynamo magnetic field. (See,
e.g., Dikpati et al. 2004) The magnetic field and
inhomogeneous rotation must be solved simultane-
ously. We leave this problem for the future analy-
sis
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