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Unified Linear Response Function for the Stationary Zonal Flow and the Geodesic Acoustic Mode

T.Watari, Y.Hamada, A.Nishizawa, J. Todoroki, K.Itoh
National Institute for Fusion Science, Toki, 509-5292, Japan

Abstract

This paper presents a formulation of linear response function of electrostatic
potential to the nonlinear drives, which is important in considering the
self-regulation of the turbulence. There are two well-known branches, stationary
zonal flow and Geodesic Acoustic mode, which are known to have weak damping
rate and therefore have been believed to regulate the turbulences. Since the fre-
guencies of these modes are in so different regimes, these branches have been
analyzed separately with proper approximations. This paper gives unified expres-
sions of these response functions. Drift kinetic equation is integrated along parti-
cle orbits by expressing particle orbits in Fourier series expansion. The obtained
formula disclosed some interesting aspects of the response function, for example,
the existence of a low frequency Geodesic Acoustic Mode and the harmonic
resonance effects of individual particles.

I. Introduction

The stationary zonal flow and the Geodesic Acoustic Mode (GAM) are gathering attentions, for
they are supposed to have weak damping and therefore potentially regulate the turbulence and re-
duce the associated anomalous transports. Winsor et al. [1] pointed out possible existence of GAM
and many theoretical works followed it. However, the frequency range of validity is limited for they
are mostly based on the MHD equations, and applied primarily to tokamaks. In our previous paper
[2-3], the theory of GAM oscillation was extended to helical systems. Drift Kinetic equation was
used there in order to incorporate the kinetic effects. However, since parallel velocity was assumed
constant in these works, some kinetic effects were not properly incorporated. Recently, the station-
ary zonal flow response function was extended to helical systems by Sugama et al.[4] by use of the
gyro-kinetic equation. The response of the plasma flow to the nonlinear drive is in itself interesting
subject of research and therefore, some works are dedicated to clarification of the transient re-
sponses by use of drift kinetic equation [5] and gyro-kinetic equation [6-7]. Particularly, the latter
two papers suggested that damping is small for the stationary zonal flow and the residual flow sur-
viving through the damping is interpreted in terms of neo-classical polarization screening.



This paper presents a formulation that unifies these previous works. Since extension of the
GAM theories to helical system has been dealt with in our previous work [2], we limit the scope
of this paper to axisymmetric device. For reference, Rosenbluth [8] and Mikhailovskii [9] em-
ployed the drift-kinetic equation incorporating the toroidal effect in the analyses of waves in the
plasmas. Though these papers successfully predicted the combined effects of toroidal effects and
collisions, they are not formulated in a convenient way to describe the zonal flows and GAM os-
cillations. Recent work by Sugama et al. [10] developed a new formulation of the response func-

tion for GAM oscillation including finite orbit effects. However, since v, is assumed constant in

these theories, some parallel finite Larmor radius effect and mode coupling is missing. Present
paper intends to improve the previous our work [2-3] by including all these effects. In order to
extend the theory to tokamaks of arbitrary cross-section, the formulation is made in the coordi-
nate-independent form. The general formulation is presented in section 2. Some of the properties
of the response function are shown in section 3: In section 3A, the formula is reduced in the low
frequency range is and exact agreement with Rosenbluth Hinton neoclassical shielding effect is
confirmed. In section 3B, the formula is applied to GAM frequency range and comparison is
made to the previous work. In section 4, the obtained formula is reduced with constant velocity
approximation for a simple tokamak to confirm that it is sound extension of the latter. The formu-
lation in section 2 requires subsidiary formulas related to particle orbits expressed in the Fourier
components. They are presented in Appendix I~V.

I1. Formulation
As in the previous paper [2], we start with the drift kinetic equation with independent variables
(w, 1), kinetic energy and magnetic moment, respectively.

%+ (0, +0p) - VF =e(ik, ) (0 + aD)-W]%exp(ikW- iwt)

+Sp, (W, 11, Mg, K, o, a3p) exp(ik,, oy —iat)

1)

Here, f,0,,and o are the distribution function, drift velocity, and parallel velocity of the parti-

cles. The electric field has been assumed to be electrostatic, characterized by the frequency @, the

radial wave number k, , and the amplitude of the perturbation ¢, , respectively. The S, on the



right hand side is the non-linear drive due to the turbulence. Here, o,, k ,, and m; are the fre-
quency, radial wave number, and poloidal mode number of non-linear drive. The two terms on the
right hand side is regarded as the external force and the two terms on the left hand side compose a
propagator.

A problem existing in the previous works [2,11] is in the approximation applied to the propaga-

tor,%+(6D+DD)-Vf . In these works, some of the finite Larmor radius effects were ignored as-

suming moderate radial wave number for zonal flows. Recent experiments, however, shows that
the wave number can be of the order of inverse poloidal Larmor radius [12,13,14]. Therefore, the
finite orbit effect is also taken into consideration in this paper. In the previous papers an approxi-

mation (0,+0,)-Vf = (0,)-Vf was made. The (0,)-Vf term is retained in the present analysis

and the radial wave number is explicitly included in the assumed form of the potential

¢ oc exp(ik, o —iayt) . In the previous works ED:BUJZ(E—yB(F)/m was treated as inde-

pendent of time in order to simplify the calculation; Therefore, previous works miss some impor-

tant mode coupling and finite orbit effects. Thus this paper deals with o0 =Ba\/2(E—yB(f)/m

as dependent on particle position and therefore time dependent.
Here, the solution to Eq.(1) is obtained by an integration along the trajectories of particles time
dependently:

f=- j olt'[ei (0, (t’))-E(t’))]%z ieK, ¢, j dt'[(aD(t'))-w)]%exp(—iwmikwy/(t'))
—eqﬁojdt[ +|a)}exp( oot +ik, (' )) (2)

[e¢0] exp(—iawt + ik x//)[1+|a)J'exp(|a)(t”) ik, (w(t) -y (t—t")dt"]

In order to perform the integration, the integrand is series expanded in the power of (y () —w(t")):
1, 0
I :Zn:m(—lkw) I,

(3)
f PPN 1)
1, = [exp(io(t")(y 1)~y (t-1")"dt" = f(—l)”(

o= ")) " exp(io(t")dt”

o, (t—-t")
The second equality is due to toroidal momentum conservation  + lv / @, = const.
For n=0, we obtain



= [exp(ioo(t"))dt" = =N (4)

0 —lw

, Which exactly cancels the first term in the bracket in Eq.(2). Therefore, we need to calculate
I, only for n=0. Inorder to proceed further, the integrand in Eq.(3) is Fourier decomposed. Since

lo /@, is a periodic function of time with period T(w, ;) =27/Q(w, 1;) whether it is a

passing particle or a trapped particle, the adoption of Fourier expansion is adequate:

lo, lo(t-t"), )
— =, H, ., exp@imQt” 5
(wc o, (= t,,)) Zm) p( ) ()
where
1% 1 B t—t"
:_I( % _ I ))“exp(—imQt”)dt”. (6)
o @, o, (t—t")
lo, lo(t-t"), . . . .
Since (—-—————2)"=0 at t"=t, the following sum rules are obtained from the inspection
o, o/ t-t")
of Egs. (5) and (6).
XHum=0. (1

[

In order to study the properties of H,, We introduce in Appendix-I, K(@):j (di/d@)/vdeo

0
specifying the particle orbits with their initial conditions t'=K(8')+(t—K(0)). Here, K(&)
physically means the time for a particle to travel from equatorial plane =0 to 6 =6, which de-
pends on (g, w) . In association, we define

(K1),
o, (K™ (1))
for passing particles with respect to those moving in positive direction. The same definition is used

for trapped particles which however is defined with respect to those moving in positive direction at
t=0. Their detailed properties are shown in Appendix-I.

by m (W, 1) = (1/T)I( )" exp(-imQt)dt , (8)

In Appendix-1l, H_ are expressed intermsof b, with details of their analytic properties. One of

n,m

the useful properties obtained working with b,  are:

H,n,=-2ih (&)[sinmQK (#)] foroddn (9)



and

H,n=2h,,(@)[cosmQK, (9)] forevenn .(10)

Here,
Iv(H(t))
h, . (6, CI

and it has even dependence on 9( see Appendix-11).

— )b, (12)

Once, the Fourier components H, .~ are calculated, it is easy to integrate Eq.(2) to obtain the dis-

tribution function of each order of n.

f) —+[e¢0] m)—(lk )" exp(—iwt + ik yx){

+2

mo —i(w+ mQ)} (12)

We introduce the following notations for brevity:

(= GO0 Cm el C=C,

and L= (27/m?)Bdwdullo,|.

A A ~

The flux surface averaged (=integrated) charge g, is obtained by operating eL;-=eglL, -L,
seij\/adedg“(Zﬂ/miZ)Bdey/‘uD‘ to the distribution function Eq.(12); Ei = [V ~I:,W is used in-

stead of I:i where the summation over o is included in H_ ( see Appendix Il). Similarly we

define corresponding notations for electrons changing the subscripts from 1 to e.
We express the induced charge as

qi,induced = ZZi,n¢0 (13)

using the susceptibility ;. defined by

2 of = i@
L ~ H 01 W! -, - 14
- % am (O, W, 42) (14)

ineon = 4re (k)
Zl,n_Zn T ( —I(a) N mQ)

.=|e

The essential difference of this formulation from other works is that kv, ~v,/gR included in pre-

vious works are replaced by Q(u,w), the period of the particle, without assuming constancy of



ko ~u lgR; Q(u,w) is independent of . Therefore, mode coupling and higher harmonic ef-

fects caused by the variation of the velocity change are correctly incorporated.
It is found that f, s with odd integer n have odd dependences on & and make no contribute to

the ion response; since \/6 and B have even dependence on @, they vanish after integration over

6 included in [i -

The induced charge due to the classical polarization Q... IS employed from the well-known for-
mula in wave physics:

2
47[q i i Zcrl)zlswal b = 47Z-ei2(iku/)2 I-i ’ (|V l//|)2% UZ —ké |V' | I//D L
@ c,i 0)

classical

S r) (K, )’y

(15)

So far, calculus was shown for ions. For electrons, we assume that the response is adiabatic and
adopt the following form (see appendix-I11):

= _(ei /ee)(ni,n (9)_ < r]i,n (0) >)( fe,O / ne,O) (16)

where n; (0,t) = I;YW i

The electron response is then written in the form
47[qe,induced = Ze¢0 = Z}(e,n¢0 (17)

with the electron response function g, , defined by
1~ . = e
Xen = 4”696 Le ’ (Ikl,/)(ud,e ' V!//)[(—e—')( fe,O /ne,O)](ni,n (9)_ < r]i,n (0) >) (18)

Using Fourier componentsH_ ,the y,  is expressed as follows:

n,m?

1 = 1

. ofi o
zen o = 47Z'e (|k )2 L (Ude v!//)[(feolneo)]l-lw' Z 2n’—1ym(9;w’ﬂ)m

aw 2n' — 1,
(19)



Thus, the electron response is expressed in the power of (kw)zas ion response is. However, since

(O V) in this expression has odd dependence on &, electron response Eqg. (19) contributes

through H,_,, 1, With odd n, which has odd dependence on & as shown in Eq.(9). It is noted

that the potential form of Eq.(16), has @ dependence which causes E,xB drift. We dropped

these terms in the formulation, assuming that electron and ion contributions cancel each other.
The source term on the right hand side of Equation (1) causes the following external charges.

~ H ’ H ’ H ’
qi,e,,turbulence = (ei,e) L ) j dt’si,e (W’ /J, m01 ku/,O ’ a)o) exp(lmOH(t ) + Iku/,olr//(t ) - ICOOt ) (20)

The sum of the contributions from ions and electrons, 0 euuience = i turebutence + Je urebutence » J1VES the

total external charge. Eq.(20) may be calculated by use of similar algorism that is applied to the
calculation of induced charge. Exact calculation of the drive term is not however discussed in this

paper, for S, (w, z,my, Kk, o, @,) is notalways specified.

w01

Gathering all the terms and assuming quasi-neutrality,

q = qclassical + (qi,induced + qe,induced ) + qturebulence = 0 (21)

We obtain the following response function:

¢ = = —A47 Ghurbutence (22)
Xoclassical T Z Xin + Z Xen

n=2n’ n=2n’

The denominator of this equation, D, consists of the following terms:

2 of.
lé)lassical :47Z-ei2|-i [ +WIOZ (|v |2 L UL (k ) ] (23)

and
2~ |0 2n’ o
3 s =4mell nzznﬁ( D" (k,) Z Hm(ewu)m]
22 6f0 2n’ Q (24)
=47Z'ei Li [ s (2 )I For 2n’ m(e Wﬂ)m ]



> Hen =476l By VU)(fe /0,0)]

n=2n’

N , (25)
L, —=< " H O, W, pt) ——————
X i,W 8W n:;;zo ( ) ( ) ( 1)| Z 2n—1m( ,Ll) —i(a)+mQ)
The second transformation in Eq.(24) is due to the sum rule, f H, . (@,w, 1) =0.

m=—w

Eq. (23-25) is presented as a sum of the terms of the form,
H,.(6,w,

_ nm (O W p1) (26)

i1(w+mQ(w, 1))

The index of the summation n physically designate the order of Finite Orbit Effects associated

with the finite radial wave number as demonstrated in Ref [10]. Equations (23-25) contain also
summation over m for each order of n, which is caused by the inclusion of the variation of v .

Thus it is found in this paper that variation of o, causes many harmonics, which may affect

damping of GAM oscillation as well as finite orbit effects.
Though Egs.(23-25) contain somewhat complicated integrations, some reduction can be made in the

numerical calculations: By introducing variable k = #/w and using v =./2w/m, inplace of w

we can separate the two variables in Q(w, u) : Q(w,y)ziQ(k). Similarly, we find that
Ur

K(6,k) = QK (8, w, 1) is independent of v =./2w/m, .
Further, we define
B0 (K) =Dy (10r / ,0) " (01 07)" (27)

and

a0 = ¥.C,, (1) (Vl(g')‘f‘("))” 5 (k) (28)

in order to separate variables:

Hon(@w, 1) =(lor la,,)" (0] o) Nn]m(H, k) cos(mK (,k))  for even n

29
H,o 0 (0., 1) = (loy L @,0)" (0] 0 )"R, (0, k) sin(mK (8,k))  for odd n @9

The integration remains still complex but stays in a tractable level. In order to integrate Eqs.(23-25)
over v, we introduce the dispersion functionZ ;



()"
Z =——|d 30
(&)= jxexp( sy @0

For lnstance, the neoclassical ion response is written in the simplified form after the integration over
W

— k2 lop 2n
Aion = kD'In:ZZ:n (2 )I( ) ( k) LV _[ Bdk - (m)

> 2h,, (0, k)cos(mK(e,k»]xzm(—;m,k)

m=0

(31)

Similar calculations lead to a simplification of electron contributions Eq.(25) : after conductiong
integrations over w,and k., and w, we obtain.

ei T_e 2 2n’ 1
Xelectron :_(e_) T (kD,i)n:;‘gO ( 1) (k ) ( 1)

—(B,)-VB?]- Z [dk- m Nys.m (0, K) siN(MK (8, k)) x ( — ) Zara(=¢n )]

'(IUT /a)c,o)zn,

cOl

AL
(32)

The notable differences of the electron term from that of ions are: 1) The former has the multipli-
cation factor T, /T, , which takes important roles depending on experimental conditions. 2) Z,..,
appears in the former, whereas Z, ., appears in the latter due to the different kinetics between

cOl

them. Since [— (B )-VB?] and h,, _1m(8,K) are both odd functions of @, we find elec-

C

trons contributes through even dependent parts of Z, ., (¢, ) on ¢, . The Egs. (31) and (32) still

have numerical integrations over k and @, which however are inevitable containing important
physics related to mode coupling.

Section 3. Relationship to preceding works:

A. Neoclassical Screening Effect

In the very low frequency range, as considered by Rosenbluth [5-6], the »5'=° gives larger contribu-
tion than other terms by factors mQ/® . Electron response can be ignored in the low frequency
range for its small mass ratio. Therefore, Eq. (22) reduces to



—47zq urbulen:
y = e (33)
chassical + Zi,z

Using the identities

) di
(-=[Jgdodsy %Bde,U/‘UD"A:I_‘Up‘Z ] 2
e p| @

o dwduA,  (34)

7% is transformed to the following form (see Appendix-1V):

- 2 —\2
] o 1 dl 27 o (1Y (1o
"0 — 4z (+ie’w)(ik )P — [ —=[Y Zdwdu—[ —| -|— 1|1 . (35
X2 7( i o)( y,) —|a)'|.‘l)p"[§ m2 /an[( a)cj o, ] (35)
Thus it has been shown that general expression Eq. (33) is reduced to Eq.(14) in ref.[5] and thus
HJ=° is identified as the neoclassical polarization effect itself [4]. It is noted that the two terms in
Eq.(35) in the bracket effectively cancels each other and leaves small residue for passing particles.

For trapped particles however lu./w, =0 and such cancellation does not occur. Therefore,

trapped particles are considered to take more important roles though they are smaller in population.
Using the numerical results in ref. (5), one can reach the following familiar form for a simple model
tokamak.

¢O = _47thurbulence /(Zglassical (1+ 16q2 /\/E)) (36)

Equation (35) and (36) are important results that new formulations have to be reduced to in the low
frequency range in order for them to be correct.

B) Application to Geodesic Acoustic Mode.

The geodesic acoustic mode response function is obtained in the lowest order from the term propor-

tional to (Ii k,/,)z. The reduction is obtained from Eq.(22), which gives unified expression of the
a)c,O

response function valid through zero to GAM frequency range. In the GAM frequency range,

m=0

570 are retained as well as y)'™° .

¢ _47IQturbulence
0

=70 m=0 , _mz0 M=
chassical"'(li,z +Zi,2 )+Ze,2

o (37)

10



1% iw
Z.z = 47T(e )k, )’ EL —H, 0 (0, W, 1) —
—lw
1=z 1) (38)
=-4r(e)(k —L — H, (0,w, y)—
ZIZ 7[( )( ) awmzio 2,m( /u) —|(0)+mQ)
m=0 2 20 (= S ~ af
Xen=2 = 4'”ei (ky/) Le ' (Ud,e VW)[( fe,O/ne,O)]Li, ’ a\N n =1,m= 0(‘9 w, /u)l_:
m " — S " of
Ze,nfz = 4'7Z-ei2 (kl//)z Le : (Ud,e Vl//)[( fe,o / ne,o)]l-i,w %% Hn=l,m¢0 (0’ W, ﬂ)m

(39)

The dispersion relation is obtained by the putting the denominator to be zero to determine the oscil-
lation frequency and the damping rate of GAM, i.e., non-trivial solutions are sought.

m=0

D E;(:;:)Iassical +(Z +Z2 )+ze :0' (40)

Using Egs.(15), (38), and(39), the dispersion relation is obtained in the following form:

D = dx(e)(k, )*L, %
[3 (Vv Izl"le O )+ Y EH, 0w ) O]
2 20 = 2 o —i(w + mQ)
2 20 — = " afi,o 1
+[47T(ei )(kw) Le’(Ud,e'VW)[(fe,o/ne,o)]Li,w'W% Hn:l,m;to(e’wi ﬂ)m

(41)

Eq.(41) suggests that the oscillation frequency is determined by equating the sum of classical- and
neoclassical-) polarization currents( the first-and the second terms in the bracket) with other geo-
desic current (the third term in the bracket). An alternative form is, however, obtained by using the

sumrule, > H, =0, and eliminating terms which are odd function in &.

2 of
D =4x(e)(k,)*L, —'°
: (42)
21 ul 1 +ImQ2

=H, (0,W, ) ——————]+ 4. =0
r%) 2 2,m( ﬂ)—|(0)+mQ)] Z

[ 2 vvd*5

11



Or, equivalently, using the properties that H, (8,w,u)=H,_ (6,w,x) and they are real, ion

terms are further transformed as follows:

2 of 100 1 mQ)*
D:4”ei2(kw)2|‘i'%[ +2 (|VW|)ZEQI))TL+EZ H,n (0w, 1) (meh) 1+ % =0

fowrd (602 _ mZQZ)
(43)

In the formula given in Eq.(42) and (43), the frequency of the oscillation is determined by equating
the classical polarization current ( the first term in the bracket ) with the geodesic current ( the sec-
ond term in the bracket). This formula has essentially the same structure that we obtained in the
previous work [2]. The present paper thus provides the unified expression of response functions in
the wide frequency range from stationary zonal flow to Geodesic Acoustic Modes.

Section 4. Reduction to the constant velocity approximation:

Under the assumption that particle velocity does not change, the formula given above is analytically
reduced to familiar forms. As shown in the previous section, we analyze the second order term in

(Iﬁ k,)’ by putting n=2 in Egs.(24).

c,0

=k? Ii 2. . 1 x h < X2, (=
Zi_kD,i(a)cyo k,)’Ly - (] Bk m) [> 0, (6.K) cos(MK (6, k)] x Zy.5(=Cini)

m=0

(44)

For the simple tokamak case with circular cross section, the Jacobean is expressed as

\/_ = :_r IR, (1+ £ cos ). Under the approximation that velocity does not change while along the
74

trajectory, we may put cos(mK (@,k)) — cos(m@) . In this simplest case, it is shown in Appendix-V
2 1 2

that h, , =—(lu; /a)cvo)z(u/z)T)Z(«;2 coséd and 5212(9, K) =+(lvy /a)cYO)Z(U/UT)Z(—l) Ze

Gathering these analytic expressions we may write

12



[Z F]2n’,m (91 k) COS(mK(@, k))] X [ZZn’+3 (_é,m,k) + ZZn’+3 (+§m,k )]

m>1
1
= _[52 coscos(0)]x[Z,,.,3 (_é/l,k) + 2,5 (F6 )]+ [Z & CoS(20)] % [Z,5(=C2x) + Zoea (+é/2,k )]
(45)
On integration over k, we replace ¢, with £, in order to keep consistency with the assump-

1

v1-kB

It is shown that the second term makes no contribution as an average is taken by applying I:V :

tion that velocity dose not change. Therefore we obtain (j Bdk - )=2.

lv
Xion = _klg,i( L
(0)

c,0

1 I ,
= ) ké,i (i kl// )2\/o<92 (2305 (=Cux) + Zomia (+€10)]

c,0

k,)?L, [£? €08 O cOS(ON] X [Z,15 (—Cise) + Zopa (+€1,0)]

(46)
, 2o dr
where V, =~ (2r) rROd—

For electrons we start with Eq.(32):

Zelectron = (i):ll-__e(kgl) Z (ky/)Z(IUT /a)c,o)2

i n=2n">0

Ly - [ o 2 (B) VB’]- Zl [dk- \/—hl »(6,K)sin(mK (9, k)) ( ) o1 (=]
(47)

Wy 1 B, .1 - 1
and use sin(mK (0, k)) = sin(mé), [ (B) VB? ]~+B ZEsme and hl,m(é”k)=§€-
Writing that
Y. b, (8, k)sin(mK (6,k)) x ( o) Zara(=€mil
m=+£1 (48)

= EESin(e) X (5)[22n’+1 (_gmzl,k) + 2y (_é/m:—l,k )]

, we obtain

13



o = ()22 (k2 )(K, )2 10y 1 0,0)°
e T

«[L, - BtOZRiosme %gsm(ﬁ) (= Ny Zaa )] (9

. 1(e—) L (650K, 00 10,0 %V P L)+ Zaa L)

where an interpretation was made that Qz%. Gathering EQs.(46) and (49), Eq.(40) is ex-
aRy

pressed in terms of the dispersion functions:

D = chassical + Zion + Zelectron lclassmal + (k )(k ) (IUT ,0)282\/’

X % |:_[ZZn'+3 (_é/mzl,k ) + ZZn'+3 (_é/m:—l,k )] + (i) = [ZZn’+1 (_é/mzl,k ) + ZZn'+l (_Cm:—l,k )]:| .
e T

(50)
The dispersion relation is therefore:

D = (ko )(k,)* V'

({;) 16

1 (Vv)?, o 1,15 (1.,15x7 e T.3 1, 15,1,
XE[ — ()2 +&* (1o L ) [(g) A ]+ (——)T[4(§) 8(§) ]}

(51)
The lowest order solution is

Zzgz(i)Z———(“T)[(” E(—e— —]~( )[(15 §(—e—)Te]
TR (|w|) oy F

g (lv; la,,)?

(52)
, Which reproduces the formula obtained under the assumption that velocity is constant along the
trajectory.

Conclusion.

The response function of radial electric field to external drive was investigated in this paper. This
paper presents an analytic formulation to numerically calculate the response without setting the as-
sumption that particle does not change speed due to magnetic in-homogeneity. Also, Finite Larmor

14



radius effects have been taken into consideration by assuming radial wave number. The formula
therefore contains the Larmor radius effects of full orders. The velocity change of particles (par-
ticularly barely trapped particles) gives additional linear mode coupling and consequently causes
higher harmonic resonances.

This formulation satisfies exactly the result obtained by Rosenbluth and Hinton in the low fre-
quency range as well as it gives correct kinetic responses for geodesic acoustic mode.

Therefore, the formula obtained in this paper is a proper unification of those derived for stationary
zonal flow and for Geodesic Acoustic Mode.
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Appendix | : Modeling Particle Orbits

The following form of the particle orbit is assumed relating the position of the particle
€' with time t':

v=1M9% 90 (A1-1)
D)

In order to determine «, the initial condition of the particles are used; particles exist at
poloidal angle & at time tyielding

0
a:t—jwdazt—K(e),(A-l-z)
U

0
where

K(H)ETMdH . (A-1-3)
o Y

Substituting (A-1-2) into (A-1-1), we obtain

, @ “dl/do
t'=[——d0+a=[——d0+({t-K(0)) (A-1-4)
o U o Y

, which is solved for @' vyielding

0 = K’l(fwd@—(t—t’)) . (A-1-5)
o U

For the uses in Appendix-I1, we define b, by

lo,(K™(1))

( o, (K™(1))

)' =3 b, exp(imQt) . (A-1-8)

The b, s are calculated with respect to particles moving in positive direction while for

trapped particles they are calculated for those moving in positive direction at time t=0.

Appendix Il.  Propertiesof H_ -
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Now we define H, by

_Jo _1o=0 .
=) A2

C

and decompose it in Fourier series:

H,=> H,.(0)exp(imQt’)  (A-2-2)

_lT 3 ’ IU\ IQ\(t ) i ' __
Hn’m=TJ;Hnexp( imQt)dt’ = j(wc o t)) exp(—imQt)dt’ . (A-2-3)

The integrand in Eq. (A-2-1), H, is expanded using two term expansion coefficients

C.:
lo, lo(t-t),, 10 (0() (o o (0 -1)
H =(— =5 C,, (-1 A-2-4
=l ) 2 Y ey ey AT
Substituting Eq. (A-2-4) into Eq. (A -2-2), we obtain
_l IU (e(t)) n | IQ\(Q(t t)) 3 i ' 9.
Hn'm=T . Cn(-)'(——= ((49(t)) {( Y t))) exp(-imQt")dt’ . (A-2-5)

A. Passing particles:

For passing particles, an index o =+1 is introduced to designate the direction of parti-

cles. By writing

lo,(0(t-t)),, | - Y (A9
(m) —%: oby , exp(im(K, (@) -t). (A-2-6)

in terms of b, defined in Appendix-I and from the definition Eq.(A-2-3), the following

equation is obtained :
H n,m (G) = Z Cn,lo_I (_1)| (O-
|

with

lv,(6, (1)

(6, (t»)n_ b, eXp(-imQ(aK (0))  (A-2-7)

=Y Cuil- )('”(](f((t‘)))))"' (W), (A29)
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Due to the properties given in Appendix-l, by =b _, b =b’-n and b  =real,
the summation over o =11 gives the following convenient form:
2 Hon(@)=h > o"exp(-imoK, (9)) =h, > [exp(-imK, (6)) +(-1)" exp(imK (6))]

(A-2-9)
A.e.,

H,n(o)==2ih  [sihmQK (#)] forodd n

(A-2-10)
H,.(c)=2h, [cosmQK ()] forevenn

Thus, it has been shown for odd n that > H_ (o) isan odd function of &.On the

contrary, for even number of n,>»  H_ (o) isaneven function of 4.

Trapped particles:

For trapped particles also, H, . is expressed as follows with the definition of b
given by Eq.(A-1-8):
lv,(6(1))
H =
n,m g IZO: nl( )( ((H(t))

There exist two K(0)s for given values of @, designated by the subscript o(=1)

——— )" exp(-imQK_ () (A-2-11)

which are associated with the direction of the parallel velocity v, = J_r‘u[‘ at initial con-

dition, (€ =6,t=t). They have an interrelationship:

K, ()= %— K, (6) (A-2-13)

In calculating H,, =>"H, (o) asthesum of these two states, the following proper-

ties are used: 1) For even number of |, b takes non-zero values only for even number

of mand 2) For odd number of |, b,  takes non-zero values only for odd number of m.
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Dividing the sum over | into even- and odd- |I.

_ : _ 1\ n—=(2I'+1) ‘%(e(t)) n—(21'+1) 3
Hn,m - ; I:;Jrl Cn,I( l) ( ((6‘(t)) ) b2I'+1,—(2m’+1) eXp( ImQKo— (9))
% I __n—(2I' I UE(G(t)) n—(2l H
+§ |:Zz}' Cn,| (_1) ( )( ‘ ((H(t)) ) ( )bZI’,—(Zm’) eXp(_lmQKo— (‘9))
(A-2-14)
H,. issubject to the following transformation:
n 1o, (0O)], 1y

Hom = [ 21" +1,~(2m'+1

n,m I:;ﬂ n, ( ) ( ((9(t)) ) —( )
o, exp(-imQK , (8)) — o """ exp(+imQK , (9))]

" o (Ot)) any
+|=22:|' nl( )( ((49('[))) 2I —(2m'+1)

x[o ") exp(-imQK , (0)) + 0" exp(+imQK , (4))
Gathering the summation over | =21"and | =2l"+1, we finally obtain the formula:

H, . =-2ih,  [sin(mQ(K, (¢))] forodd n
and (A-2-15)
H,n=2h, [cos(mQ(K, (0))] forevenn

where

=|Zn(; Coi(-1 )(‘ )"'b_, (A-2-16)

((6’(t))

Thus it has been shown that H_ s due to passing particles and trapped particles are

cast into the same form and have the following properties: For odd number of n,

=> H, (o) hasonly odd dependence on &. On the contrary, for even number

of n, H ,=> H,,(o) hasonlyeven dependenceon 6.

Appendix-111, Derivation of the electron term, Eq. (16):
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We start with the drift kinetic equation
aa—%+ (D] +UD) 'ﬁfe = _ee(D] +UD) V(¢— < ¢ >)_I_l fe,o _ee(UD) .V < ¢ >% fe,O . (A-3-1)

It is assumed that electrons move along the magnetic surface in the lowest order and
drifts across the magnetic surface in the next order. Therefore, for first order, we take
the second term on the LHS and first term on the RHS as the dominant terms. As-

suming that (5,)-V [ (v,)-V, Eq. (A-3-1) is reduced to the following simpler form:

@) V(f, e, <p>) = 1,)=0.  (A32)

e

The following solution is obtained from Eqg. (A-3-2), known as adiabatic response.
e
fo = —T—e[(¢— <¢>)]f, (A-3-3)

Equation (A-3-3) limits the functional form of the electron distribution, i.e., it is ex-
pressed as a product of the Maxwell distribution function and the factor that gives &
dependence. Imposing neutrality condition along the magnetic lines of forces, the elec-
tron distribution function assumes the following forms:

fe = _g_i(fe,olne,o)z rTii,n(97t) (A'3'4)

Here, n,,(6,t)is obtained by integrating f;, revealing up-down asymmetry:

n,@0=L, %, (A35)
where
H H
f,= +[ei¢o]%ia)exp(—ia)t + ikwt//)(+ikv,){_ig + % o i’n;nQ)} (A-3-6)

Equation (A-3-4) can be integrated in the velocity space and can be shown to satisfy the
quasi-neutrality condition:

00 =] T A @0 == 0,0 (A3)

e e

By using Eq. (A-3-4), the solution to Eq. (A-3-1) is obtained for each order of ¢.
1 ] R e
fon =3[ (@K )0se - VI (o /00, (01 (A3-8)

The electron charge integrated in the flux surface, Eq.(17) in the text, is thus obtained.

21



Appendix IV. Proof of Eq. (26) in the text:

0

The H,, included in the expression of 4" is expressed in terms of time averages as

follows:
1% lo, lo@-t"), . v lu,(t—t") lv,(0) lo,(t—t")
HZ’OZ_J‘ S 0 . )Zdt :( 0 )2+( 0 . 2_2 0 0 :
TO @, c(t_t) 600(0) a)c(t_t) a)c(e) a)c(t_t)
(A-4-1)
lo (t-t" lo (t—t"
Taking account of that ( vl ))2 and v )are the functions of (w, ) only, the

o, (t-1) " at-t)

order of the integrations is changed allowing the following transformations for arbitral
functionof 9, G(0):

-G(G;w,u)

dl
Ifdﬁdgz I dwdu‘ ‘G(H;W,u):z [ %dwdy[ﬁ ‘U—p

o

-y | %dwdm(w, )G (G w,u)

(A-4-2)
Using Egs. (A-4-1) and (A-4-2), the following expression is obtained:

w Y (1o )
= (+igw)(ik, )’ —Z j—d wd %T(W,ﬂ)[(a%] —{%}] (A-4-3)

c

This is equivalent to the more familiar form,

=~ = (+ig w)(ik, )’ —gj "Z j—d wd 1 [['”L) ('wﬂ]] (A-4-4)

c

Thus, it has been shown that ;' °represents the same physics that was referred to as
the neoclassical shielding effect in reference [5].

Appendix V  Analytic expressions of ﬁn’m (6,k) for asimple case.
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Here, we tabulate a few terms of ﬁn’m (8,k) in the analytic forms under the assumption

that the particles do not change velocity along the trajectories. Under this assumption all
the particles are regarded as passing particles and therefore we may put

J1-KB(O(t —t")) = \/L1-kB(6) . Then the definition Eq.(28) is interpreted as:

s (0,0 = L= KB(O) Y€, (- (2B (W(1n f0,0)" w10 ) (A5-1)
where

b, (k) =[ (L+ecos(Q(t ~t")' exp(imt”)  (A-5-2)

In Eq. (A-5-1), (y1-kB(8))" may be put equal unity under the assumption that the
particles do not change velocity along the trajectories.

RN SWCAS

h, .1 (0, K)(1-KB(9))” = Z C, (=) (—)2 b, (K)

=C,, (_1)1 (1+&cos 6’)61;1(‘() +C,, (_1)2 62,¢1(k) +C,, (_1)060;1(k) <0 (A-5-3)

~—&?cosé

where, we have used l;m(k) ~ %g and 62;1(k) ~&

. h,.,(0,k)

h,., (0. K)(1-KB(0))* = D Cyy(-1) (—)2 B (K)

1=0,1,2

= C, (1) (1+ £c0s O)b, ., (k) <> 0 (A-5-4)

+C,, (_1)2 62 = (K)+ Coo (_1)0 6o,:z (k) <0

, where we have used Sz;z(k) _Lp
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. h,,o(0,K)

oo (0 NI KBO) = 3 C,, (-1 (22) 1B, (K)

1=0,1,2

= o (- L+ £.008 0)2by 4 (K) + Cyy (- (L+ £ €08 O)Dy 4 (K) + C, , (~1)2D, 0 (K)
~C,y (-1 (L+ 260080+ &2 c08? 0) + C,, (-1} (L+ £.008 6) + C, , (-2 (L+ %82)
2 1 2
=&°(=+cos” )
2
(A-5-5)

where we have used 60‘0(k) =1, lio (k) =1, and 6210 (k) = 1+%52,

The Fourier components Bn,m are given as follows:
= 1 "
By (K) = [dt"=1
By (k) = = [ o’ exp(FiQA") = 0
. T
= 1 , .
by (K) == [ dt” exp(xi20t") =0

(k) = % [dt"@+ e cos(@t -t") =1

2

Kent!

(k) Tl [ dt"(@+ & cos(Q(t —t")) exp(FiQA") = %g
b2 (K) = %I dt"(L+ & cos(Q(t —t")) exp(Fi2Qt") = 0
l§2,0 (k) = %Idt”(l-i- scos(t—t")* =1+ %52

62’ﬂ(k) = %j dt”"(1+ & cos(t —t"))” exp(FiQt) = ¢

b, (k) = %J. dt"(L+ & cos(t —t"))? exp(Fi2Qt) = %52 (A-5-6)
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