


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      

   
  This report was prepared as a preprint of work performed as a collaboration research of the 
National Institute for Fusion Science (NIFS) of Japan.  The views presented here are solely those 
of the authors.  This document is intended for information only and may be published in a 
journal after some rearrangement of its contents in the future. 
  Inquiries about copyright should be addressed to the Research Information Office,  

 National Institute for Fusion Science, Oroshi-cho, Toki-shi, Gifu-ken 509-5292 Japan.  
  E-mail: bunken@nifs.ac.jp 
 
<Notice about photocopying> 
 In order to photocopy any work from this publication, you or your organization must obtain 
permission from the following organizaion which has been delegated for copyright for clearance by the 
copyright owner of this publication. 
 
Except in the USA 
 Japan Academic Association for Copyright Clearance (JAACC) 
 6-41 Akasaka 9-chome, Minato-ku, Tokyo 107-0052 Japan 
 Phone: 81-3-3475-5618  FAX: 81-3-3475-5619  E-mail: jaacc@mtd.biglobe.ne.jp 
 
In the USA 
 Copyright Clearance Center, Inc. 
 222 Rosewood Drive, Danvers, MA 01923 USA 
 Phone: 1-978-750-8400   FAX: 1-978-646-8600 
 

 



 1

Quantum and plasma screening effects on the Wannier 
threshold law for the double-electron ionization in 
strongly coupled semiclassical plasmas 
 
 
Young-Dae Junga) 
National Institute for Fusion Science, Toki, Gifu, 509-5292, Japan and Department of 
Applied Physics, Hanyang University, Ansan, Kyunggi-Do 426-791, South Korea 
 
 
Daiji Kato 
National Institute for Fusion Science, Toki, Gifu, 509-5292, Japan 
 
 

The quantum and plasma screening effects on the Wannier threshold law for the 

double-electron ionization are investigated in strongly coupled semiclassical plasmas.  

The renormalized electron charge and Wannier exponent are obtained by considering 

the equation of motion in the Wannier configuration with the screened pseudopotential 

model as functions of the de Broglie wave length, Debye length, and charge of the 

residual ion.  It is shown that the renormalized electron charge significantly increases 

with an increase of the de Broglie wave length, especially, for small radial distances.  It 

is also shown that the quantum effects enhance the Wannier exponent for the double-

electron ionization.  In addition, the quantum effect on the Wannier threshold law is 

found to be more important than the plasma screening effect in strongly coupled 

semiclassical plasmas. 
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After Wannier’s seminal work1 on the ionization threshold law in 1953, the double-

electron escape2,3 from an atom or ion has received considerable attention because the 

investigation of the long-range radial electron-electron correlations has played an 

important role in many areas of physics.  In addition, recently the electron ionization 

processes4-7 in plasmas such as the electron-impact ionization and photoionization have 

received much attention since these processes provide useful information on various 

plasma parameters as well as knowledge about the dynamics and structure of atomic 

systems.  It has been shown that the screened particle interaction in weakly coupled 

plasmas would be characterized mostly by the standard Debye-Hückel model.8,9  In 

these weakly coupled, the average energy of interaction between plasma particles is 

known to be smaller than the average kinetic energy of a particle in plasmas.  However, 

it is obvious that the physical processes in such strongly coupled plasmas would be 

quite different from those in weakly coupled classical plasmas.  Moreover, the interest 

in strongly coupled plasmas has remarkably increased due to recent investigations on 

various physical properties of astrophysical compact objects and laser induced inertial 

confinement fusion plasmas.  In addition, it has been shown that the interaction 

potential in strongly coupled semiclassical plasmas would not be represented by the 

conventional Debye-Hückel model because of nonideal particle interactions due to 

collective and quantum effects.10-13  However, the behavior of the Wannier threshold 

law for the double-electron ionization in strongly coupled semiclassical plasmas has not 

been specifically investigated as yet.  Thus, in this paper we investigate the quantum 

and plasma screening effects on the Wannier threshold law for the double-electron 

escape from the ion in strongly coupled semiclassical plasmas.  The screened 

renormalized electron is obtained by using the screened pseudopotential model10 taking 

into account the quantum and correlation effects as a function of the de Broglie wave 

length, Debye length, and charge of the residual ion.  Furthermore, the quantum and 

plasma screening effects on the Wannier exponent for the double-electron ionization is 

obtained by considering the screened effective charge of the residual ion in strongly 

coupled semiclassical plasmas. 

The force equation for a system of two electrons 1 2( , )r r  in the field of the ion with 

nuclear charge Ze is represented by 
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where 1( )F r  is the force acting on the electron at the position 1r , 1( )eiV r  and 1 2( , )eeV r r  

are, respectively, the electron-ion and electron-electron interaction potentials.  

Recently, the useful analytic effective pseudopotential10 of the particle interactions in 

strongly coupled semiclassical plasmas has been obtained on the basis of the dielectric 

response function formalism taking into account the correlation between the Boltzmann 

factor and quantum mechanical Slater sum.  Using the effective pseudopotential 

model,10 the screened electron-ion 1( )eiV r  and electron-electron 1 2( , )eeV r r  interaction 

potentials in strongly coupled semiclassical plasmas would be obtained by 
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where ( / 2 )Bk Tαβ αβλ πμ=  and αβμ  are, respectively, the thermal de Broglie 

wavelength and reduced mass of the α β−  pair, Bk  is the Boltzmann constant, T is the 

plasma temperature, and the screening parameters Aαβ  and Bαβ  are given by 

2 2 2 2(1 1 4 / ) /(2 )DA rαβ αβ αβλ λ≡ − −  and 2 2 2 2(1 1 4 / ) /(2 )DB rαβ αβ αβλ λ≡ + − .  After some 

mathematical manipulations, the equation of motion of the electron at 1r  in strongly 

coupled semiclassical plasmas is then written as 
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where em  is the electron mass and 12 1 2( )r ≡ −r r  is the interelectronic distance.  In the 

Wannier mode,3,14 the ejected two electrons would be placed at equal radial distances 

from the residual ion and also in opposite directions with respect to the residual ion in 

the ridge of the potential surface.  Hence, the equation of motion in the Wannier 

configuration 1 2[ ( ) ]≡ =−r r r  for the double-electron escape from the ion becomes 
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where ( , , , )e DZ r r Zλ  represents the renormalized electron charge at the radial distance r 

in strongly coupled semiclassical plasmas: 
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Here, ( , , ) / ( , , )D Dr r r rη λ ξ λ  term shows the correction due to the quantum and 

screening effects on the renormalized electron charge, and ( , , )Dr rη λ  and ( , , )Dr rξ λ  

are, respectively, 
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where ( / )e Bm k Tλ π=  is the thermal de Broglie wavelength of the electron-electron 

pair.  According to the Wannier’s configuration of ridge propagation,3 the escaping two 

electrons move independently with the screened renormalized electron charge 

( , , , )e DZ r r Zλ  in the field of the residual ion with the effective change 

eff ( , , , )[ ( , , , ) ]D e DZ r r Z Z r r Z Zλ λ=−  in strongly coupled semiclassical plasmas.  If the 

quantum effects are absent ( 0)λ→  in the plasma, the screening parameters are turned 

out to be 1/ei DA r→ , 1/ee DA r→ , eiB →∞ , and eeB →∞ , so that the renormalized 

electron charge becomes /( , , ) 1 ( / 4 ) (1 2 / ) /(1 / )Dr r
e D D DZ r r Z e Z r r r r−′ =− + + + , i.e., the 

case of the weakly coupled plasma.15  From Eq. (6), we can show that the individual 
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effective screened electron charge is given by 1 (1/ 4 )eZ Z→− +  for the case of the free 

target atom or ion, i.e., 0λ→  and Dr →∞ .  In addition, the radial electron correlation 

effect on the renormalized electron charge would be neglected with increasing Z so that 

the effective charge becomes 1eZ → − .  According to Wannier’s work, it has been 

shown that the energy (E) dependence of the cross section ( )σ  near the ionization 

threshold I for a free atom or ion with nuclear charge Ze is represented by a power law 

( )E I ζσ ∝ − , where 1/ 2( ){ (1/ 4)[(100 9) /(4 1)] 1/ 4}Z Z Zζ = − − −  is the Wannier 

exponent1,14 for the double-electron ionization.  For a pure Coulomb case, the solution 

of Eq. (5) is known as 2/3r t∝ .14  However, for the pseudopotential case in plasmas it is 

expected that the screened effective charge provides the detailed information on the 

properties of plasmas as well as the ionization mechanism.  Hence, in strongly coupled 

semiclassical plasmas, however, the effective charge “ 1/ 4Z − ” of the residual ion 

would be replaced by the screened effective charge eff ( , , , )DZ r r Zλ  due to the influence 

of the quantum and screening effects.  Therefore, the screened Wannier exponent 

function ( , , , )Dr r Zζ λ  in strongly coupled semiclassical plasmas becomes  
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The range of radial distances of importance for the Hamiltonian matrix element for the 

atomic ionization process is known as Zr a≈ ,16 i.e., the distance between the escaping 

electron and residual ion is comparable to the Bohr radius, where 0( / )Za a Z=  is the 

Bohr radius of the hydrogenic ion with nuclear charge Ze, and 2 2
0 ( / )a me=  is the 

Bohr radius of the hydrogen atom.  Thus, the screened Wannier exponent near the 

ionization threshold for the double-electron escape from the target ion with nuclear 

charge Ze in strongly coupled semiclassical plasmas is then obtained by the relation 

( , , )[ ( , , , ) ]
Z

D D r a
r Z r r Zζ λ ζ λ

=
= : 
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where ( / )Zaλ λ≡  is the scaled de Broglie wavelength and ( / )D D Zr r a≡  is the scaled 

Debye length.  From Eq. (10), it can be also shown that the Wannier exponent 

decreases with an increase of the charge number Z.     

Figure 1 represents the three-dimensional plot of the renormalized electron charge 

eZ  for the double-electron escape from the ion in strongly coupled semiclassical 

plasmas as a function of the scaled de Broglie wavelength λ  and scaled radial distance 

( / )Zr r a≡ .  As it is seen, the renormalized electron charge significantly increases with 

an increase of the de Broglie wavelength, especially, for small radial distances.  Figure 

2 shows the renormalized electron charge eZ  as a function of the scaled radial distance 

r  for various values of the de Broglie wavelength.  From this figure, it is found that the 

quantum effects on the renormalized electron charge decreases with increasing the 

radial distance beyond the Debye radius.  Figure 3 represents the three-dimensional 

figure of the Wannier exponent ζ  as a function of the scaled Debye length Dr  and 

scaled de Broglie wavelength λ .  As it is seen, the quantum effects enhance the 

Wannier exponent for the double-electron ionization.  It is also found that the quantum 

effect on the Wannier threshold law is more important than the plasma screening effect 

in strongly coupled semiclassical plasmas since the reaction zone is placed inside of the 

Debye sphere.  Hence, the threshold cross sections for the double-electron escape from 

the ion in strongly coupled semiclassical plasmas is expected to be smaller than those 

in classical plasmas since the screened Wannier exponent can be written as 

[ ln / ln( )]E Iζ σ=∂ ∂ − .  Hence, we have found that the quantum effect plays an 

important role on the Wannier threshold law for the double-electron ionization in 

strongly coupled semiclassical plasmas.  These results would provide useful 

information on the quantum and plasma screening effects on the threshold behavior of 

the double-electron escape from the ion in strongly coupled semiclassical plasmas. 
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FIGURE CAPTIONS 
 

 

FIG. 1  The three-dimensional plot of the renormalized electron charge eZ  as a 

function of the scaled de Broglie wavelength λ  and scaled distance r  when 2Z =  and 

20Dr = . 

 

 

 

FIG. 2  The renormalized electron charge eZ  as a function of the scaled distance r  

when 2Z =  and 30Dr = .  The solid line represents the case of 1λ = .  The dashed line 

represents the case of 4λ = .  The dotted line represents the case of 6λ = . 

 

 

 

FIG. 3  The three-dimensional plot of the Wannier exponent ζ  as a function of the 

scaled Debye length Dr  and scaled de Broglie wavelength λ  when 2Z = . 
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