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We calculate the phonon-drag contribution to the transverse (Nernst) thermoelectricfyevirera bismuth
single crystal subjected to a quantizing magnetic field. The calculated heights of the Nernst peaks originating
from the hole Landau levels and their temperature dependence reproduce the right order of magnitude for those
of the pronounced magneto-oscillations recently reported by BetimgPhys. Rev. Lett98, 166602 (2007)].
A striking experimental finding that,,, is much larger than the longitudinal (Seebeck) thermoelectric power
Sz can be naturally explained as the effect of the phonon drag, combined with the well-known relation between
the longitudinal and the Hall resistivity.. > |py=| in @ semi-metal bismuth. The calculation that includes
the contribution of both holes and electrons suggests that some of the hitherto unexplained minor peaks located
roughly at the fractional filling of the hole Landau levels are attributable to the electron Landau levels.

Keywords Bismuth; quantum Hall effect; quantum Nernst effect; phonon-drag effect.

I. INTRODUCTION servation of the magneto-oscillation in the thermoelectric co-
efficients of bismuth dates back to several decadesd§o.
A . | bi h has b ing | ding i The thermopower of bismuth has attracted renewed interest
semi-metal bismuth has been attracting longstanding ing; e the publication of recent experimental works by Behnia
terest in the sohd—stgte p_hy5|cs owing o its fe_xscmat;ng PrOP%t al. They extended the measurement to lower temperatures
erties. The extraordma_rlly low carrier c;ensmgsl()— per (~0.3 K) and higher magnetic fields<(30 T) and reported
atom) and small effectlve.masse.s 10™"mq \.N'th. Mo thg prominent magneto-oscillations that rather appear as a series
free electron mass) combined with the availability of high-o¢ qigcrete peaks! and further, small features in the ultra-

quality single crysta_ls W'th. hlghl_y moblle carriers render It guantum limit that possibly signals the fractional quantization
an archetypal material for investigating the phenomena orig, ree dimension& The oscillations in the thermopower

inating from the Landau quantization. In fact, a plethora ofyyere much more pronounced than the oscillations in the re-

magneto-oscillation phenomena, including the de Hass-vagi;ivit ; DAt :

; i X y (the Shubnikov-de Haas oscillations). Interestingly,
A'ph‘?” a_nd the _Shubn|I.<ov-d_e Has_s effects, were first dISCOV'fhe Nernst signab,, was found to be much larger than the
ered in bismuth,illustrating distinguished roles played by the

Seebeck signal,.,, in bismuth, in marked contrast to the case

material in the history of the solid-state physics. Bismuth ' 2DEGs, where generall§,, > |S,.|. Moreover, the

mains to be a subject of intensive ongoing studies spurred by ospape of5,, in bismuth was quite unlike that in 2DEGs:
its intriguing properties such as multi-valley degeneracy o I

: . ) 7 . he former takes a peak when the chemical potential crosses
Dirac-like electrong, enhanced spin-orbit interaction on the

. . - a Landau level (as is the case $h, for 2DEGS), while in
surface? strong diamagnetism advantageous for the pOtem'a;DEGs,S . changes sigh The amplitudes of the peaks were
observation of the quantum spin-Hall efféét. 4

large (+mV/K), and the peak heights rapidly increased with
The target of the present paper is the thermoelectric retemperature. These findings, as well as the origin of small
sponse of bismuth in a quantizing magnetic field. In a magpeaks located between the main peaks attributable to the Lan-
netic field B applied perpendicular to the temperature gradi-dau levels of the holes, remain unexplained. In an initial at-
entVT, the thermopower tensor contains not only the longi-tempt toward the understanding, the present authors extended
tudinal (Seebeck effect,,) but also the transverse (Nernst to 3D the theory for 2DEGs by Nakamugaal 12 that invokes
effect, S,,) components, where we set the directionwf’  the edge-current pictufé.Although the calculation qualita-
and B as thex and z directions, respectively. It is worth tively reproduced the main peaks of the experimental traces,
mentioning that the Nernst effect was also originally discov-the amplitudes were found to be orders of magnitude smaller
ered in bismut®. Magneto-oscillations of,, and S,, due  (~ 10 uV/K). Furthermore, the theory failed to reproduce the
to the Landau quantization have been extensively studied istrong temperature dependence. Note that the thermopower
two-dimensional electron gases (2DEGg)he effect of the  originating from the edge current corresponds to the contribu-
Landau quantization is expected to be less easily observed tion of the carrier diffusion in the clean limit in a quantizing
three-dimensional (3D) materials. Nevertheless, the initial obmagnetic field:31%16nclusion of disorders was shown to fur-
ther reduce the magnitude!’ Therefore, the experimentally
observed large-amplitude oscillation is not attributable to the

diffusion contribution.
*matsuo@iis.u-tokyo.ac.jp



In the present paper, we show that the large amplitude, the We now describe our calculation of the phonon-drag ef-
temperature dependence, and the dominandég pbverS,,  fect. The phonon-drag thermopower in a magnetic field was
can be consistently explained as the effect of the phonon dragfudied for bismuth by Sugihaf&??and for a GaAs/AlGaAs
in the system containing both holes and electrons as carrRDEG by Kubakaddet al?® We here closely follow Sugi-
ers. Note that the phonon-drag contribution is known to playhara’s calculation. The difference from his calculation is that
a dominant role also in 2DEGsPreliminary results of the we treat the Fermi and Bose distributions exactly and evalu-
phonon-drag contribution that consider only holes as carrierate the magnetic-field dependence numerically. For the cal-
were already presented in Ref. 14. Here we describe moreulation of the thermopower, there are two equivalent ap-
refined calculation that takes account of contributions of elecproaches. In th&) approach, we calculate the electric cur-
trons, the charge neutral condition, and the Zeeman splittingent under a temperature gradient, while in thepproach,
neglected in Ref. 14. The calculation suggests that the minave calculate the heat current under an electric field. The
peaks that appear at locations where fractional numbers of thevo approaches are related through the Kelvin-Onsager rela-
hole Landau levels are filled actually originate from electrontion 2%; S, (B) = IL,,(—B)/T, wherell,, is the Peltier
Landau levels. coefficient. Here we follow thdl approach. Carriers ac-

celerated by the electric fielfl, “drag” phonons because of
carrier-phonon interaction and thus generate the heat current
Il. PHONON-DRAG CONTRIBUTION TO TRANSVERSE of phonons. The heat currents of holes and electrons are neg-
THERMOPOWER ligibly smaller than that of phonons. Then the Peltier coeffi-
cient is given byll,, = Qp../F,, whereQ, denotes the

The Hamiltonian of the system with a magnetic fi@dand  heat current of phonons in thedirection and we used the re-

a small electric field, applied in thez (trigonal axis of bis- lation p,., > |p,.| characteristic of the systems that contain

muth) andy direction, repectively, is given by both holes and electrons as carriers, whgreandp,,, denote
) the longitudinal and the Hall resistivities, respectively.
Ho = 5(p—€aA)M, ' (p—€aA)+0gapzB—eaFyy, (1) At low temperatures we may neglect all lattice excitations

. except acoustic phonons with the energy, and the wave
whereA = (—By,0,0) denotes the vector potential and=  yectorg, which are generated through deformation coupling.

+1/2 the spin. The suffix: is used throughout the paper to The heat current of phonons in thelirection is then given by
indicate the quantity either of a hole & h) or of an electron

(a = e€), with e}, = eande, = —e (e > 0). The effective B dq - 6
mass tensors for holes and electrons are Qu = (27)? qu;g(q), ©
my: 00 wherew, = v,q, v is the group velocity of the phonons and
Mp=| 0 mu 0 @) : I group y P

9(q) = Ng — N{" represents the displacement of the phonon

distribution N from its equilibrium Bose distributionV," .
and In order to estimate the displacement, we use the Boltzmann
equation in the steady state;

0 0 Mhz

Mex 0 Meg-

m={ Vom0 @ (2a) (Pa) o g
Meaz 0 Mez ot carrier ot relaxation .

respectively® The values of the components are listed in Ta-

ble I. The eigenenergy of the Hamiltonian (1) in first order of Hole Electron

F, reads Effective massiuo) ®  mpu, = 0.06289  me, = 0.26
N — Mey = 0.00113

Eo(n,k.,0) = hw, (n + 2) + sz +0gaptpB—eaFyYo, my. = 0.6667 me. = 0.00443

az (4) — Mez = —0.0195

with the cyclotron frequencyw, = eB/m,, where Zeeman energyus 216 hwn 05849 hw. ™

the cyclotron massn, is given by m;, = my, and Deformation potential’ Dy, = 1.2 eV D.=2.2eV

me = +/det M, /m.,.1%?° The corresponding eigenfunction Band gap at L poinf, = 15.3 meV

iS Yoy — Yoa;n, ke, ko) = 0y — Yoa;n)expli(kyz + Band overlagio = 38.5 meV®

k.z)|, where Yo, = hk./(eB), Yoo = —h(k, — Group velocity of phonons, = 2 x 10° m/s 2’

k.mes/me.)/(eB), and Densityp = 9.75 x 10° kg/m?

Size of the sampl&// = 2.2 mm, L = 4.0 mm*!

Salyin) = (2" nlv/al,) "2 eV, (y/1,),  (5)
TABLE |: Parameter values used in our calculation, taken from

with the magnetic length, = /A/(mq,w,) represented as Refs. 25-27. We calculated the Zeeman energy of electrons by
In = \/R/(eB) andl, = \/me/mey /B (€B) Smith’s method?® using the effective masses in Ref. 25.
- e — e ey .




The first term of the left-hand side represents the change @y plugging Eq. (11) into Eq. (6), we have
the phonon distribution due to interaction with carriers and the

second term represents that due to other interactions such a@za _ 1 ehLD; Z / d NOL 0 (q)
boundary scattering, phonon-phonon interaction and impurity £, C(2m)t QkBTp 99240 9 an,n/
scattering. These two terms are balanced in the steady state.

We estimate the quantitfo Ng /0t)carrie: in the Born ap- % /dk:zfa(l )8 (Ea(a') — Ea(a) — fiwy) (13)
proximation as

where

2

aNq em)
(c’%) - Z{ (o fer = o) (14)

Tonn(q) = ‘/ Ga(y — hia/(eaB)in)e ¥ o (y; n)dy
—WE (0,0 full = far) |, ®) -

We thus arrive aby, = —Qpze/(FyT) by adding Eq. (13)
up over the spin degree of freedom and also over electrons

wheref, = f(E(a)) is the Fermi distribution of carriers in ang holes. The integration with respectio can be done
a statea. Eacha represents the set of three quantum NUM-gnalytically, and we obtain

bers(n, k., k), andW ™) (o/, ) and W @P) (a, o) are the

transition probabilities from a stateto a statex’ by emitting g _ €PzaL
or absorbing a phonon, respectively, given by Fermi’s golden ~¥* - ( 2kBT2ph Z M Z Z
rule, 7 nn'

W(em)—Nq+1 27T|vq|2 T - ) 2 /
W(ab) = Nq h @ o Xf(EU«(na kanvg))[l - f(Ea(n 7k20a + qz, 0))]
%6 (Ea(a) — Eo(a) — hwy)  (9) (15)
] 5 with
with |V, | = D2hq/(2pVv,), wherep,V, and D, are the .
bismuth density, the sample volume, and the deformation po- Kr0a = 2% (e (n — n') + wl = = (16)

tential of carriers, respectively. Expanding Eq. (8) i(F) hq. 2

we have the first term in Eqg. (7). In the second term, weF liv th h ; q
use the relaxation-time aPDFOXimatIC(@Nq/3t)re1axauon _ inally the integration with respect tpis performed numeri-

9(q)/7(q). The carrier-phonon interaction changes thecally For the values o, we made use of the experimental

phonon distribution, but other interactions make the noneqwdata (at0.25 K) by Behni#
librium distribution relax back to the equilibrium one in time

7. Solving Eq. (7) with respect ig(g), we obtain . RESULTS OF CALCULATION AND COMPARISON

WITH EXPERIMENT

<8Nq>
ot Car;;er We first consider only holes as carriers; holes produce a
_ y9a pr(0) (N(EO) +1)+9(q) ) ,(20) greater _contnbuuon than electr'ong because the effect|v_e mass
T.(q) \ksTB in the direction of the magnetic field, hence the density-of-
states peak at a Landau level, is larger for holes than for elec-
trons. In Fig. 1 we compare the theoretical and experimental
results afl’ = 0.28 K. In the calculation we used the parame-

0 0
9(9) kpTB Nq( )(Né '+ 1) 7.(q) ’ (11) ter values given in Table | and the constant chemical potential
for holesyy, = 11.4 meV3%3! The calculated locations and
where heights of the peaks are in reasonable agreement with the ex-
o periment (except for the location off lwhose agreement is
="|V,)? Z |(1ha (')€" 1), ()2 improved by the use oB-depen_dent chemical potential, see
Tc(Q) h below). The good agreement infers that the phonon-drag is

f (1= fur) the dominant mechanism for the observed Nernst effect. We
2 Lod2 0V §(Eu(a)) — Eqla) — hwq), (12)  stress that our theory here has adjustable fitting parame-

0
N +1 ters
o . . Next we further include the contribution of electrons. In-
Tiot(q@) = 7(q)  + 7(g) , andgn = ¢., ¢o =  stead of using a fixed value, we now usB-@lependent chem-

dx — G=Mexz/Mez. At low temperatures, the phonons in ical potential satisfying the charge neutral condition; that is,
a bismuth single crystal are known to be ballistic and thewe determine it such that the number of electrons and holes
boundary scattering is dominat#?!:22 and therefore we set are equal. (Note that, + i, = o, Wherey, andp, represent
Ttot(q)’l =~ y,/L whereL is the length in the: direction.  chemical potentials for electrons and holes, respectively, and
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FIG. 1: (Color online). The transverse thermopowgg of holes at 6.0 \ \ “‘\ — (theory) ]
T=0.28 K against the inverse magnetic fidldB. The solid lines sof \“ \\ ---T=0.46K(exp.) ]
are our theoretical results and the broken lines are the experimental _ ™ 1 [ — (theory)
results by Behniat al!* The peaks are labeled Iy, spin). 40k i \\ ‘\ \‘ ﬂ - - -T=0.28K(exp.)
E 1 ! . U \ o (theory)
_ 2 *
1o the band overlap.) We evaluated the chemical potentials )

by Smithet al’s method'® Smith et al. used a model pro-
posed by Lavet al.,??3?where the conduction band becomes 1.0
non-parabolic under the influence of a filled band just below

it. The energy of electron in the Lax model is represented by 0.0 .
(b) 1/B (1/T)

E. 1 h2k?
Ee (1 + ) — hwe (n + ) + = + Uge,U/BBa (17)
E, 2) " 2me.

. . FIG. 2: (Color online). (a) The transverse thermopo#igr of holes
where E, is the band gap between the conduction band angnd electrons df'= 0.28 K against the inverse magnetic figldB.

the filled band. According to the model, the chemical poten+y) The data af'=0.28, 0.46 K, 1.20 K (from bottom to top). The
tial for electrons (holes) increases (decreases) as the magneiéi§lid lines are our theoretical results and the broken lines are the
field is increased. In the actual calculation of Eq. (15), weexperimental results by Behnét al''. Note that the peak labeled
linearized the Lax model (17) arourdd, = p,. for simplicity, e2| is overlapping with hQ. The peaks are labeled By, n, spin).
noting that only the energy level in the immediate vicinity of
the chemical potential is relevant at low temperatures.

The result is shown in Fig. 2. We again used the parameter
values shown in Table I. The peaks originating from holes re-
main basically unchanged from Fig. 1, but we now have addi-
tional peaks resulting from electrons. Our result suggests the
possibility that the minor peaks between the major ones ob-
served in the experiment are due to the electron contributiorsult by three, neglecting the anisotropy. We estimate that the
rather than to the fractional quantization as implied in Ref. 12peak heights would become slightly smaller than those shown
The peak labeled as ¢may correspond to the peakat T in Fig. 2 due to the anisotropy, although it is difficult to take
shown in Fig. 1 of Ref. 12 (not shown in Fig. 2). The calcu-full account of the anisotropy in the calculation. Compared
lated values ofS,, at the peaks due to electrons, as well aswith Fig. 1, the peak hlshifted to lower magnetic field side
those of holes at low magnetic-field regime, are substantiallpwing to decrease i, with increasing3, and coincide better
smaller than those of the experiment. However, the height ofvith the experimental peak, while agreement of the positions
the peaks, if we disregard the smooth background that coref other major peaks slightly worsen. The slight inconsistency
siderably differs between the calculation and the experimenf the peak locations may be attributable to the minute dis-
are in rough agreement. The origin of the smooth backgroundrepancy between values of the effective masses;-faetor,
observed in the experiment is not known at present but is preand the band parameters in the literature and those of the sam-
sumably related to the presence of disorders completely ngsle used in the experiment. (Very recently, it has been pointed
glected in our calculation. Further discussion on the role obut that slight misalignment in the direction of the magnetic
the disorder will be given below. In the calculation of electronfield from the trigonal axis can also cause small shift in the
contribution, we considered one of the three equivalent elegpeak positions?®) In Fig. 2(b) it can be seen that the strong
tron pockets rotated b}20° to each othet,one with the long  temperature dependence of the experimental peak heights is
axis parallel to the heat current, and simply multiplied the re+eproduced well in the calculation.
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IV. DISCUSSION kinetics involved in the carrier-phonon interaction. In the en-
ergy and momentum conservation mentioned above, only the

We now comment on several characteristics of bismuttkinetic energy in the: direction, n?kZ/2m,., was allowed
and/or the phonon-drag effect that are operative in yieldi0 vary, since the kinetic energy in they plane was strictly
ing the sharp and large-amplitude oscillation $f,. (i) fixed to the Landau levels. Introd_ucuon of the width into
The small carrier density in bismuth is advantageous to théhe Landau levels alters the situation; the phonons can now
phonon-drag effect, since carriers with small Fermi momen&IS0 impart their energy to the in-plane kinetic energy of the
tum readily interact with phonons. (ii) The conservation Carriers without affectingi®k2/2m,.. The restriction on the
of energy and momentum in the carrier-phonon interactionxtent ofx. mentioned above is thus removed, enabling the
K2 (/{;22 — k2) /2mq, = hv,q andk, = k, + ¢., leads to carrler-ph_onon scattering to take pl_ace regardless of the value
k. = O(q) [see Eq. (16)]. Here we consider only the intra- Of k-. This may partly be responsible for the smooth back-
Landau-level scatteringy(= n'); the inter-Landau-level scat- ground observed in the experiment.
tering is practically prohibited in a quantizing magnetic field
sincefiw, > hw,. Since only phonons having smallare
available at low temperatures, only carriers with srkalbre
involved in the phonon-drag events, resulting in sharp peaks
where Landau levels cross the chemical potential [see Egs.
(4) and (15)]. (i) The dominance of,,, over S,, is as- We have calculated the transverse thermopdsygrdue to
cribable to the relatiop,.,, > |p,.| in bismuth, which con- the phonon-drag effect, taking both holes and electrons into
tains both holes and electrons as carriers. The longitudiaccount as carriers. A series of large if1V/K) peaks origi-
nal and transverse thermopowets, and S, are given by nating from holes, with smaller peaks deriving from electrons
Sew = Prw€or — Pystys ANAS,, = pyr€rs + poseys, r€Spec-  in between, are obtained. The heights as well as the positions
tively, wheree is the thermoelectric tensor. For the phonon-of the peaks are close to those recently observed experimen-
drag effect, it has been shown thaf,| > |e;.| ~ 0,3%result- tally by Behniaet al! in stark contrast with the calculation
ing in | Sy.| > |S..| for bismuth, or for ambipolar conductor based on the edge-current picture, corresponding to the dif-
in general (andS,.| < |S..| for 2DEGs or generally for fusion contribution, in which the peak heights are orders of
systems wittp,., < |p,.|); roughly speaking,,. in bismuth ~ magnitude smaller. This strongly suggests that the phonon-
corresponds t@,, in 2DEGs. The relatione,,| ~ 0 also drag is the dominant mechanism in the experimentally ob-
allows us to evaluaté,, ~ —p,.€,, simply by replacing served prominent magneto-oscillations in the Nernst coeffi-
pzz i EQ. (15) withp,,,.. Using the experimentally obtained cient. Rather broad width of the peaks and the smooth back-
pyz, 22 the calculation yieldsS,.,. having the peaks at roughly ground not reproduced in our calculation are attributable to
the same positions as ifi,, but ~1/20 in magnitude. The the disorders neglected in our calculation.
relation betweerd,, and.S,, is in rough agreement with the
experimental result shown in Fig. 1 of Ref. 11.

In our calculation, we neglected disorders in bismuth al-
together. Although the effect of disorders is expected to be
rather small in a high-quality bismuth single crystal, we be-
lieve that it constitutes the main source of the remnant dis- We thank Y. Hasegawa for constructive comments, and
crepancy between the theoretical and the experimental tracds. Behnia for providing the experimental data. The work is
Inclusion of disorders introduces a width in the energy of Lan-supported partly by the Thermal & Electric Energy Technol-
dau levels represented by the first term in Eq. (4). The deltagy Foundation, Foundation for Promotion of Material Sci-
function in Eq. (13) denoting the energy conservation is therence and Technology of Japan, and the lketani Foundation as
replaced by a peak function having the width acquired by thevell as by NINS’ Creating Innovative Research Fields Project
Landau levels, thereby making the peaksSjp broadert’?3  (No. NIFSO8KEIN0091) and Grants-in-Aid for Scientific Re-
with concomitant decrease in the peak heights. The narrowesearch (Nos. 17340115 and 20340101) from The Ministry of
peak width in the theoretical curves that allows some of theeducation, Culture, Sports, Science and Technology (MEXT).
peaks not well-resolved in the experiment to be resolved i§he computation was partly done using the facilities of Super-
thus attributable to the neglect of the disorders in our calcueomputer Center, Institute for Solid State Physics, University
lation. The width in the Landau levels will also affect the of Tokyo, Japan.

V. CONCLUSIONS
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