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Abstract

lonization rate coefficients based on several empirical formulae are compared with each
other for jons from Hydrogen to Nickel. The coefficients are shown illustratively, and the

differences are discussed.
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1. Introduction

Ionization rate coefficients for various ions are important in understanding ionization
balance in both laboratory and astrophysical plasmas. Several empirical formulae have been
proposed to calculate ionization rate coefficients as well as cross sections. We compare in this
report the ionization rate coefficients for ions from Hydrogen to Nickel reviewing the empirical
formulae for them.

Recently, experimental technique of crossed beam method for ions has been developed and
data for various ions have been compiled. The experimental resuits revealed that the excitation
autoionization process is important for complex configuration such as Li-like, Na-like ions which
have inner shell excitation processes. The ionization process from the metastable states is also
important in the expenment.

2. Empirical formula

2.1 Lotz formula

As for empirical formula for jonization cross sections and rate coefficients, the formulae by
Lotz[1, 2] have been widely used in fields related to plasma physics. Lotz deduced a cross section
based on expcrimcntal data of low ionized ions with comparatively low Z elements.

G = Z aJCJ {1 bjexp [-¢j (- DI},
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where u; = E/ I, E(eV) is the energy of the impact electron, I; (¢V) is the binding energy of an
clectron in j-th subshell (j = 1 means the outermost subshell), {; is the number of equivalent
electrons of j-th subshell, and a;, b, ¢; are the individual constants to be adjusted from the
experimental data and some scaling. The coefficients a;, b; and ¢; are given in Tables for certain
ions from Hydrogen to Calcium in [1] and from Scandium to Zinc in {2]. For experimentaily
known cross sections, this formula gives values within the experimental errors. For the ions
ionized more than four times, he assumed that a; = 4.5 x 10 cm? (eV)?, b; =0 and ¢; =0. The
number of subshell, N, is taken to be 2 for ions of H to Ca and to be 3 for Scto Zn. The
ionization rate coefficient is obtained by integrating the cross section in a form of eq.(1) over a
Maxwellian disriibution as follows,
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where T, is the electron temperature in eV.



2.2 Arnaud et al.

Arnaud and Rothenflug [3] evaluated the cross sections for ions of H, He, C, N, O, Ne,
Na, Mg, Al Si, S, Ar, Ca, Fe, Ni which are major species in astrophysical plasmas. Recently
Arnaud and Raymond[5] updated the cross section for iron ions. They used the following
parametric formula pmrosed originally by Younger{4] for the dircct 10nization Cross section,
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The coefficients A;, B;, G and Dj are given in the Tables of their paper together with the values of
I;.
Then, the direct ionization (DI) rate coefficients are expressed as a function of electron temperature,
7 -
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For the excitation autoionization (EA) cross section, they adopted the following formula [5]
which is a generalization of the formulae they used in [3],

cEAm—IIE[A+B( H+efr 112)+D(1 1 )-i-EIn(u)] cm?
with u=E-
Tea (5)
where Ig, is the excitation autoionization threshold (in eV). AB,C.D and E are given in Tables of
their paper. The EA ionization rate coefficient is then,
Cea= 6.69 x I.J{Z'_eexp (-x) Fx) cm? s “

F(x)=A+B[1-xfi(x)] + C[1 - x (1 - xHOJ+ D1 - 0.5{x - x2 + x3 fi(x))] + E f1(x)
and f1{(x)= e"] —‘%Le-[x
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with x =1EA
e

The excitation autoionization process is taken into account only when the data are available
experimentally or theoretically. Therefore EA process is not systematically considered. For all
iron ions, EA process is considered.




2.3 Belfast group

Bell et al [6] and Lennon et al.[ 7] in Belfast compiled ionization cross sections and gave the
recommended data for atoms and ions of Hydrogen to Oxygen[6] and of Fluorine to Nickel{7],
respectively. The recommended cross sections are fitted to the following formuiae

o=L[A1nu+ i B;{1 %f]

ul? i=1 (7)
The coefficients A and B; obtained by least square fitting are given in the Tables for N=25. The
parameter A is the Bethe coefficient to represent the high energy behaviour of the cross section.

The rate coefficients for the temperature range I/ 10 <T < 101 are fitted to a following

formulae,
coon[ Y alosef®
and for T > 10l o "
= ()" [anff)- £ p ]

The ionization potential I is given in Table 1, and the coefficients ap,.....as and o, Bo, B1
and P, are given in Tables 2 and 3 in their paper.

2.4 Pinzola et al.

Pindzola et. al.[8] reviewed atomic data for the ionization cross sections for iron isonuclear
sequence. They used the same formula as eq.(3) for the direct ionization cross sections and gave
the coefficients A, B, C and D for the ground and excited configurations based on calculations by
the average configuration statistical model. Rate coefficients are calculated from the theoretical and
experimental cross section data. They recommended to use the experimental results for Fe*, Fe?*,
FeS+, Feb+, Fed+* Fell+, Fel3+ and Fel5+, while for Fe3+, Fett, Fe7+, Feb+¥, Felt+¥, Fel2+ Feld+*
they recomended the theoretical results and the direct ionization resuits for Fes* through Fe®.
Here Fe¥*_ Fed+* Felt+* and Fel#* should be read as ionization from the excited states
3s23p53d, 3s523p*3d, 3s23p*3d and 2ps3s3p, respectively. The populations of the excited states
depend on the plasma conditions. It is not clear why they recommended data from the excited
states for these ions. The calculated rate coefficients are finted to a direct expansion of Chebychev
polynomials of the first kind T, (x),



InC=Ag/2+ Y, AT, (%) (10

where

< =210 (Te) - In Binay) - In Emi)]
o (Emax) - In (Exin)
The values E;, and the parametric coefficients A, ... A, are given in Tables of their
paper{8].

» Te and Epgin in (€V), B =20000eV

3. Comparison of the rate coefficients

We have compared the rate coefficients proposed by the authors mentioned in the previous
section and show the comparison illustratively for atoms and ions of H to Ni in Sec.5..

The rate coefficients by Amaud and Raymond [5] and by Pindzola for Fe ions are in fairly
good agreement with each other except for Fe®t, Fe%* and Fel%* ions for which Pindzola
recommended 1onization from excited states. In that case the differences with ionization from
ground state, used by AR, amount to about a factor of 2. For Fel4t, Fet* and Fe’+ ions, the
Arnaud’s values are larger than Pindzola's at high temperatures. For Fel#, the rate coefficients for
ionization from the excited state (Pindzola) and from the ground state (AR) are less drastically
different. Arnaud's value are larger at high temperature (due to the different EA cross sections) by
about 20%. For Fe® both rate coefficients are based on the same measurements. The differences
ot about 20% at very high temperatures is probably due to slightly different extrapolation of the
data at high energies. For Fe’™ rates, based on the same theoretical computations, the differences
at high temperatures amount to about 30% we did not understand the origin of this discrepancy.

We discuss here the rate coefficients according to the isoelectronic sequence, since the
differences usnally have a common origin in a given sequence. We mainly compare the values by
£3, 5] (hereafter AR) and [6, 7] (hereafter Belfast).

3.1 H sequence (1s)

H - Cals+
Excellent agreement < 10 %.
Sources: Distorted Wave Born Exchange (DWBX) [9, 10, 11]

Fels+
The values by Belfast should be multiplied by 1.626 due to the misprint of table 2 of
Younger {9] (The coefficients are given in na?Ryd? and not in 10- cm? eV?2 as stated).
The values given in Pindzola et al. [8] had also the same error but they distributed an
erratum giving the corrected coefficients for eq.(10) afterwards. We used these corrected




values in this report.
Since Belfast scaled the values for Fe®*, the values by Belfast should be multiplied by

1.626. The same error was apparently made by Belfast for Fe ions (and Sc - Ni ions) in
the He to B sequences.

3.2 He sequence (1s%)

He
Excellent agreement.
Sources: Crossed beam measurement.

C#+, N5+, OF+, §il2+, Sl4+ Ari6+ (Cals+
The Belfast's values are lower than AR's by 30 - 50 % at low temperature (T /1 <0.5).
Sources: AR from DWBX [11]. Belfast adopted the scaled cross section (ul?c) from the
measurements of B3*. The scaled cross sections are nearly independent of Z for Z = 6 but
not for Z < 6. This explains the discrepancies.

Na®
Excellent agreement.
Sources: DWBX [12]

Ne8+, Mgl0:, Alll+
The Belfast's values are lower than AR's by 30 - 50 % at low temperature (T /I <{.5).
Sources: AR from DWBX [12], Belfast from plane wave Born (PWB) approximation [13].
PWB calculations give the lower cross sections near the threshold.

Selo+ - Ni26+
See Sc2* - Ni?™* in sec.3.1

Lotz's values agree with AR's ones within 20 %.
3.3 Li sequence (1s22s)

C3+, N+ O5+
Excellent agreement between Belfast and AR. Only for C*+, Lotz's values are greater than
AR's by more than factor of 2.

Sources: crossed beamn measurements.
NC7+

Good agreement.
Sources: Belfast from Coulomb Born [14}] for DI and EA cross sections. AR from Younger



[10, 11] for DI and [15] for EA.

AJio+
Lennon's values is lower than AR's by 50 % at low temperature. See Ne®, Mg!% and
Al in sec. 3.2.
Sources: Belfast from PWB [13], AR from DW [10].

Nad+, Mg Sill* - Cal+
AR's values are higher at high temperature than those by Belfast, whereas the agreement is
almost perfect at low temperatures, because AR took into account the EA process.
Sources: Belfast scaled the O+ curves without EA contribution. AR from Younger for DI

[10, 11} and from [15] for EA.
Sc 18+ - Nj 25+15]

See Sci¥- Ni?3+ in sec.3.1.
3.4 Be sequence (1s22s2)
No EA contribution is taken into account.

C2+- 0%, Nef , Na™ , Mg, Sil0+ Arl4s Cal6+
The discrepancies are less than 10 % (usually less than 5 %).
Sources: AR from DWX [16], Belfest deduced by scaling the O% cross sections or from
CBX computations [17].

AL+, §12+
Belfast’s values are lower than AR’s by more than a factor of 2 at low temperatures.
Sources: Belfest from PBW approximation [13], AR from DW by Younger.

Seec Ne¥+. Mgl Altt+ jn sec.3.2.

Scl?+ . Nj2++

See Sc2% - Ni2% in sec.3.1.
3.5 B sequences {2s22p)

C+, N2+, O3+
Excellent agreement between AR and Belfast.
Lotz's values are smaller than AR's by more than 50% at low tenperatures for C+ and N2+,
Sources: Both values are based on measurement.



Al%+
Belfast 's values are lower than AR's at low temperatures. The differences are typically 50
%atT/1~0.5and reach a factorof 2at T/I~0.1.
Sources: Belfast from PBW and AR from DWBX, as Al %+,

Ne5 -Mg™, 8i%* -Cals+
Belfast s values are lower than AR's at low temperatures ( 30-50% at T/1~0.1 - 0.2}
and slightly higher at high temperatures (5 - 20 %). This is a consequence of the variation
with Z of the scaled cross section as discussed in sec.3.2 (C# - Qf4),
Sowurces: Belfast scaled classically from O3 values. AR interpolated the values between
low Z ions and Fe ions for the scaled cross section. The scaled cross section increases
with Z for a given reduced energy at low energies whereas the scaled cross section
decreases with Z at very high energies (Bethe approximation).

SC 16+ _ N123+

See Sc20+ - Ni2™ in sec.3.1.
3.6 C sequence (2s22p?)

C, N+, O
Excellent agreement with AR and Belfast. Lotz's are lower than AR about 50% at low
temperatures for O2.
Sources: Both values are based on measurements.
Al
Same as Al3+.
Ne#t, Na 5+, Mg6+, Si¥+ - Ca #
Same as the discussion for Ne >+ Cal5+,

Sources: Belfast scaled classically from O?* values. AR from interpolated between low Z
and Fe ions.

3.7 N sequences (25%2p?)

N, O+
Same as C - O in sec.3.6. Lotz's are lower than AR by more than factorof 2at  low

temperatures for N.
Ne?*

The discrepancies at low temperature is due to the use of different ionization potential
{97.1 eV in AR whereas 92.5 eV in Belfast).



Sources: measurements

AIG!—
Same as Al
Nadt - Cal3+
Same as the discussion for Ne>* - Cal>* in sec.3.5.
Sources: Belfast scaled classically from Ne** values. AR from interpolation between low Z
and Fe ions.
3.8 O sequences (2522p%)
O
Same as C - 0%t in sec.3.6.
N€2+
AR'’s are lower than Belfast's about 40 %.
Sources: AR from the less reliable trapped ion measurements [18] and Belfast from the
crossed beam measurements [19].
Al

Same as A%t in sec.3.5.
Na3+ - Ca12+
Scaled from A5+, same as Al® in sec.3.5.

3.9 F sequence (2s22p5)

Net
AR's are lower than Belfast about 20 % at high temperatures.
Sources: based on the measurements.
Na2+
Good agreement.
Als+
Same as Al in sec.3.5.
Mg3+ - Call-:-
Same as Na5t - Cal5* in sec.3.5.
Source: Belfast scaled from Na2t,
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3.10 Ne sequence (2522p5)

Ne, Na*
Sources: Based on the same measurements. AR made an error in the fitting of Na*
(negative cross sections near threshold). Belfast probably did a fitting error for Ne
(increasing cross sections for decreasing enegies near threshold). This explains the
important discrepancies (factor of 10) at very low temperatures.

Mg2*
Same as C - O%* in sec.3.6.

A+, §i%, 86+, Calt+
AR's are larger than Belfast's at low temperatures.
Both mate coefficients are based on DWBX [20]. The discrepancies are due to an error
made by AR in fitting the results. For Cal®* we think that Belfast also made an eror in
fitting the results (too low rate coefficients).

3.11 Na sequence (2p%3s)

Na, Mg+, AR+
Both rate coefficients based on the crossed beam measurements. Discrepancies are
less than 15 % and usually smaller.

Si+
Belfast's values at low temperature are much smaller than AR's ( factor of 2 at 10eV). It
is due to the use of a wrong ionization potential (54 eV instead of 45 eV) by Belfast.
Sources: Based on the same crossed beam measurements.

S5+ - Ni17+
Belfast's values are smaller than AR's ones for S5+ (by 40 %) through Fe'5* (by factor of
2.7) at high temperature. The differences are mainly due to the contribution of EA process.
The discrepancies at very low temperature by more than a factor of 2 is due to the choice of
the scaled cross section by Belfast as discussed for Ne - Cal®* in sec.3.5.
Sources: Belfast scaled the cross section curve intermediate between the curves of S©** and
AR+ AR used the computations of Younger [21] for DI and those of Sampson [22] for EA
process.
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3.12 Mg sequence (2p©3s2)

Mg

Al-{—

Lotz's are smaller than AR's by factor of 2 at low temperatures.
The differences more than factor of 2 are probably due to an fitting error by Belfast.
Sources: Based on the same measurement.

Lotz's are larger than AR's by more than factor of 2 at high temperatures.
Good agreement with AR and Belfast.
Based on the same measurements.

Si%*, 84, ArS+, Ca8+, Til0+ - Njl6+

Felé+

AR's are always smaller than belfast at low temperatures (e.g., a factor of 2 for Si2* and
50 % for S**), the discrepancy decreases with increasing temperatures and for high Z ions.
AR's values even become larger than Belfast's at high temperatures. The scaled cross
sections by Belfast (3s? only) are much higher than the resuits in Younger [23]. This is
probably a mistake which explains the higher values compared to AR. The

inclusion of EA and innershell ionization (2pf) by AR compensate this overestimate for
high Z ions and high temperatures.

Sources: Belfast scaled cross sections of Sc®* and Fel# (352 only). AR scaled the results
of DWBX [23] for Fel** and add the contribution of the 2p5 shell by scaling the cross
section of Na sequence. EA contribution is taken into account for Aré+, Ca$+ by AR.

AR'’s values are higher than Befast's by factor of 2 at high temperatures.
Sources: Belfast from DWBX {23], AR from DWBX and add the contribution of the 2ps
shell by scaling Na sequence as well as EA process.

3.13 Al sequence (3s23p)

Al

AR's values are lower by a factorof 2at T/I1~0.1 and 1.5 at T /I ~ 10 than Belfast's.
Sources: AR from PWB [13], Belfast scaied the Ar’* cross section.

Si+’ SS+

AR's are lower than Belfastby 20 % at T/I=1and40 % at T/ I = 10.

Sources: Both scaled the cross section of Ar ions (without EA contribution).

Belfast scaled the total cross section using only the first ionization potential whereas AR
scaled the contribution of each individual shell.

— 12—




Ar5+
Good agreement within 15 %.
Based on the measurement.

Cal+
Belfast's values are lower than AR's at high temperature by 10 - 50 % due to the neglect of
EA process.
Sources: AR and Belfast scaled the cross sections of Sc ions by DPWBX [23] for DI
process. AR adds an estimate of EA process.

Fel3+

Belfast's values are lower than AR's at high temperature due to the neglect EA process by
Belfast.

Sources: DWBX [23] for DI process.
3.14 8i sequence (3s23p?)

§i, 52+

Same as Si+, §3+.
Cab+

Same as Ca’™.
Artt

Same as A3+,
Fel2+

Same as Fel3+,

3.15 P sequence (3523p%)

APt
Large differences at low temperature.
Based on the measurement. Ionization potential of Belfast is 59.7 eV whereas 52.3eVin
AR.

S+

Belfast's values are larger than AR by 20 - 40 %.
Belfast scaled the measured cross section of CI2*. AR scaled the Ar3+ results.

— 13—



CaS+
Same as Ca’™ in sec.3.13.
Fel].'l‘

Same as Fel3+,

3.16 S sequences (3s23p%)

S

Good agreement.

Based on the measurement.
AI'Z"'

Same as Ar5+.
Cat+

Belfast is higher than AR more than 25 % for T /1< 0.5.
Sources: Belfast scaled the measured cross section of Ar?t, AR scaled cross section
of Sc ions by Younger [22].

Felo+

Same as Feb3+,

3.17 Ct sequence (3523p°)

Ar*

There are discrepancies at high temperatures (20 - 40 %).

Sources : Measurement by Muller et al.[27] for AR and by Woodruf et al.[28] for Belfast.
Ca¥+

Same as Ca%*.

Fe%*

Same as Fel3+.
3.18 Ar sequence (3s23p%)
Ar

Good agreement within 10 - 20 %.
Sources : Measurements.
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Ca2+
Good agreement within 10 - 20 %.
Sources - Belfast scaled the measurements of K* and AR scaled the DW calculation of Sc3+.

3.19 K sequence (3s23p%4s)

Ca+
Good agreement.
Sources : Based on the same measurement.
Fe7+
AR's values are smaller at high temperature and larger at low temperatures by 50 %
at maximum than Belfast's.
Sources: AR from DW calculation {8], Belfast scaled the measured cross section of Ti*.

3.20 Ca sequence (3s23p%4s?)

Ca
Discrepancies of the order of 40 %.
Sources: AR adopted the measured cross section [24], Belfast the PWB computations {23]
Febt
Good agreement.
Based on the same measurement.
3.21 Other ions
Fe
Good agreement.
Sources : PWB

Fe, Fe?t, Fe>*

Excellent agreement based on measurements.

Fe3+, Fedr
AR's are larger than Belfast's typically by a factor of 2. Belfast and AR adopted Pindzola
[26] for the DI process, AR included the EA process [8].

—15—



Nit - Ni6+
Discrepancies are more than factor of 2. Temperature dependence of Belfast is steeper than
AR at low temperatures.

4. Discussions

Generally, the rate coefficients derived on the basis of experimental data of cross sections
are in good agreement among the authors.

When no experimental data are available, AR included the EA process whereas Belfast did
not. This choice is important especially for Na like ions and for ions of Li and Mg to Ar sequences
(less and less important with increasing number of p electrons). This results in differences at high
temperatures.

The rate coefficients at very low temperatures (T /1 < 0.5) are very sensitive to the cross
section behaviour near the threshold (E /I < 1.5). There exist significant discrepancies between
various theoretical calculations and/or empirical scalings. The plane wave Born approximation is
not valid at low energy and gives typically lower cross sections than DW computations near
threshold by a factor 2.

The classical scaling law (22I6) does not look valid for complex sequences or for low
ionized ions even in rather simple sequences. When inner shell ionization cannot be ignored, scaled
cross section for each shell should be taken into account. Therefore the rate coefficients depend on
the procedure adopted (classical scaling, interpolation between reduced cross sections of different
ions, theoretical methods) and also on the cross section of the ion chosen as a reference in the
scaling process.

In the actual plasmas, we have to take into account the ionization from the excited states
since the populations of excited states are not always negligible compared to the population of the
ground states. In this report the rate coefficients are those from the ground states, except for the
recommended data for iron ions by Pindzola [8].

The formulae for cross sections of Lotz, AR and Belfast are very similar to each other, as
mentoned in sec.1. The fit with Chebychev polynomials of the rate coefficients given in Pindzola
can not reproduce the real rate coefficients at very low temperatures. We found the same
disagreements sometimes for Belfast's expression of eq.(8). This is because the values of the rate
coefficients increase very rapidly at low temperature. To fit accurately the integrated cross section
(rate coefficients) we should first rescale the rate coefficient so that to define an "effective” rate
coefficient, similar to the "effective collision strength" used for excitation, which has no strong
temperature dependence. It would be easier to fit the cross section in a form which gives a correct
behavior at both low and high energies and which is easy to integrate with Maxwellian distribution

—16—



than to fit the rate coefficient. However in that case we have to find a reasonable expression for the
autoionization. It is difficult to approximate accurately the cross section for Excitation
Autoionization, especially nearby its onset, since this process involves many possible excited
levels, resulting in a complex shape of the cross section.

We are now doing the data evaluations for ionization process.

5. Graphs

The ionization rate coefficients are compared by the element from H though Nias a
function of electron temperatures. The solid lines, dashed lines and dotted lines indicate the rate
coefficients by Belfast, Lotz and Arnand, respectively. The Pindzola's data for iron ions are
shown by dot-dashed lines.

‘We have also shown the ratios of the rate coefficients to the values of Belfast namely;

C (Lotz) / C (Belfast), C (AR) / C (Belfast) and C (Pinzola) / C (Belfast) are shown by dashed,
dotted and dott-dashed lines, respectively. The scale for the ratio is indicated in the right side,
whereas for the rate coefficients in the left side.
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