Ln R R R R e

1SS 0815-6348

FRSENE HHMAHEMETLFRE
T TRABES
75 XTHhOH+REEOEDIERTRR)

Report of the Meeting on Chaotic Phenomena in
' Plasmas and Beyond, 1996

fEE WL BIE
Y. K_awai (Ed.)

(Received - Apf. 9, 1997 )
NIFS-PROC-32 ' | Apr. 1997

RESEARCH REPORT
NIFSPROC Series

This report was prepared as a preprint of work performed as a collaboratio.n
‘research of the National Institute for Fusion Science (NIFS} of Japan. This document is
intended for information only and for future publication in a joumal after some rearrange-

ments of its contents.
. Inquiries about copyright and reproduction should be addressed to the Research

Information Center, National Institute for Fusion Science, Nagoya 464-01, Japan.

el it e

.. NAGOYA,JAPAN



PR BEEE

SR S REAARERIRR
ssns

75 X< HONnt2EEOADERBER

fERE FERE CUKFREEHET)



Report of the Meeting on
Chaotic Phenomena in Plasmas
and Beyond, 1996

Y. Kawai

Interdisciplinary Graduate School of
Engineering Sciences, Kyushu University,
Kasuga, Fukuoka 816, Japan

Abstract

This is a report on the meeting on chaotic phenomena in plasmas and beyond,
held at NIFS on December 12, 1996.
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Ion Cloud Formation and

Excitation of Chaos-like Oscillations
FHEERK T WHREfIR, RERE
Y. Saitou and T. Honzawa

Dept. Electr. & Electron. Engr., Utsunomiye Univ.

Excitation mechanism of the chaos-like oscillations is investigated using a dou-
ble plasma device. By applying a voltage to the driver chamber wall, which
is modulated in a rectangular pulse form, the chaos-like oscillations are pe-
riodically excited. An ion cloud is formed around the separation grid in the
experimental region, . To examine the excitation mechanisms of these oscil-
lations, we investigate correlation coefficients between the excited oscillation
frequencies and some parameters such as the electron density, the electron
temperature, the space potential of the target plasma, the width between the
separation grid and the ion cloud, efc. As a result, it is found that an ion
cloud plays an important role in the excitation of the chaos-like oscillations.
Especially, in the case of high voltage application to the grid, the bounce mo-
tion of ions between te grid and the cloud is found to determine the excited

frequency.
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BERLoCT Vg IWHEE-AXEREEL, FIANRN—MNRERHEOCBMZ OV &V,
OMTRABIZEILES YD, AR T V, ~ 13 (V) KBEE L. BV R, V, OF
A BLE 1ms THY, £/, VL HAEOREEE LB, VL EWIZ1T7s 2
EO+4RVIEEFMBRE BWTEMT 2. #—7 vy MIORZEFGEIEM I THLD
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URET Y v FORDIEIX, Vo = —80 (V) £ Tik |Vo] PRIK &R R Y, V] 38
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Effects of Negative Ions on Dispersion Characteristics of Ion Waves
HH OGBXR, HR--F PR RGN, #iE 2K, WE RBRE
OLARMHET) (CFHeH  CHEREH)

S. Yoshimura, K. Koga, Y. Nakamura®, T. Watanabe®, and Y. Kawai
Interdisciplinary Graduate School of Engineering Sciences, Kyushu University
# Institute of Space and Astronautial Science
P National Institute for Fusion Science
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BB 77 X<, R 79X~ 70t AHIBVWTEL DA F »HEET S
TEMFHENTED, FLAEAFVPFEELEHZLTVAIELESHLI IR T
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BAA ST AIPOWE), FFIZAFT VRO RELIT> TLHDIEN, TOHHM
BRI 2 584 OFREVIDOEIEESCHLPIC L > TV I S ICEbR
L. BAF T XTFORF X - FMEHREMRET 570108, TOEENZ
WOF ORISR T A AW ETH S,

D'Angelobit, BA 4 77 XTHhDAF Y EFZODEEE— F ( fast mode,
slowmode ) 2B EERL 72", fast modetd, DCHEIERE I-H TWong & {2
ko T TS h” slow mode b SatoH itk »TQe ¥ — 2 AW EBTE
EERARESATVE BB 79 X<hoy) v, S5 X< —
LOMEER", BAd Y 79 X< 7u— T e S OMEFIThRTE 7=,
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LTy FR7 /- FEERBELELZNZ THEHNFOEBELT Z D { 5D7EN,
COHETEHRBFCHERN T ZEAYMNICHETAILIC20T, 2RICKLAHE
ERAVEDMLZEE LTRMENE0TH L, CoOROEICE-EEbH-T, —2
BEEBEE I X » THFORUHE L burs) BN AE L, BEEF¢ICHAT S
b, $H)—2iE 7y FMYE2#MNETER FIHMAT AIBICHREEMHTZITSL S
EZRAT S b D (free-streaming) TH 5. HREDOMEEIBEBEEICKS T, b
REEEEAF Y 77 XB BB R THEMSE 5 E, MHERESBERD13FRIC
BELTHEmMT 2L )HHEd L, —RICHVONRSE FHBFRLEE—F L2V
DT, Landau®FHE'"MIZ BT Sballistic part TdH 5.

FLlL, BAF T TN TSATEBLTHCTAAF V75X P DA VD
SR % BE L AT K B free-streaming & F 2 b AR & B L 72,



2. WAERRIC X B A F koS EEER
TRGILLB2BA A TR DL F Y FEOGHR IR TEENLD,

-y 1 Y (L

1+ = +
K Q-K'T uQ'-K'T
I,
')’:n—— , Q: , #:ﬂ: , T:L:—Z‘-_
n, P+ m, I, T

{ T, 4xn,e’
K=khp, Ao, = amne = T m0
0 +

YREAFVRE, 0, B3EA4Y 7T I<REK, pBE - AT Y OERR, T
BIE - BA AV EBFOREL, A, 3RAF VIFHELEZVEEZOBFOFTI)NA
BeRT. ODREZOoDEBT—-FE2RT. —DidAAFV BEOHME KIZED
MAREBEEAHIINT 5 " fast mode" E TR AL DT, &) —DidE A T ¥ BEESEN
LTHWDNAHEEIL T CEL2BIML 22V “slow mode" & X2 DOTH S,
Fig.lLil&ET, Ar', SF O=ZFoP o %284+ > 75X~ D4 F »iEoOMHEEE
DREAF VREIOTT AR ERT. M4 TR EETEBE STV S,
AT VIBENS0%LL LIZ% B L fast mode DRI HLEEAT2ZUT IS 5 I & B3 5H
A, —7#, slowmode DFLMEREIZIZE A ETILL v,

3. EEREE

Fig 2ICEBREB OMELRT. HA4 ~ FTNT 7 XvEE TR S200cm, BEE
100cmD AT v L ARERRRTHEL., COEBHICRKAKARBGEHALS A7~
LAA T TEL N/ R S84cm, EFEBIcmE & E51cm, BER48cmD AN DD H
T(magnetic cage) PWERERZMBPEIN TS, BHE o0 THORA I35
BAEWVICREELTE), YAV FFAR—NVEIZATI S—DERINL, BGi
FELHCHemBEN S LRGN EL R 50T, EREBIEBEEE L AR T L
NTE5,

HERBRTEDCOX107TorriCHER L 72, ArF A(4.0X10%Torr), SF H AR
20X 10 Torr )2 THENFIOEACODLSFHE U TERBR T 7. KABRGEZHA
L7z TORBICB48RD Y Y T A5 745 A FARYRITERTEY, o
TATFGALPERTVVANRAA TOMOBRBILL 0T T TANFERT S, 75X
TODERIS/NERH TONBIOEIRTIThR A, 7S5 ATEERERE R L5 4y
MYONE LA TORBICEE 2> TEEL TS OEH, 22 TREI L
F-DEFRIFELAEZCEFIRE1eV~02VE LD, T TSFOEFHEIC L -
THAF Y Z4AR TS, SFELEEFORICHEREZ ZE TS &, BFiRE0leV~
03eVOEBRFBTIIAAF Y E LTSE 2 E 2 RT I W Lo bdh 5.

PEDBREZETETF, Ar, SF,OZRGI %575 A< B6Ns. £FES
NET T ATOERBREBIC BT LHRGZ 1T A — 53, BFFEE~5X107cm>,
HFRE~01eVTH 7=,
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4.1 SE, A AE AL D 70— TiHEDEAL _

TFZATPIISF T AZEATHE, BTRAEIUFIIRBINVBAFVE2F0C T
SATHREREIND ., SF,AF VIZEFIVEFICEENFKEVD, HRELT
T —THEOREROBIL VRIS,

EERAE, ¥y M- VAW E L ICHEERLAOV, KEERIAT, Ar 0
A AEIX4.0X 107 Torr, SF, D H AEi32.0X 107 Torr~2.0X 107 Torr TZEAL S 272,
70— O —F EFig3icand. SEQEA L 2L 2B FHMER OB D
AbND., COBRTHEMEROELEHMEL, QRNTHAVWTASM TV REEZREL -
7z

r

I
=1-"= (2
Y 7 (2)

IITyidBAAVRE, L, LIFRETLEAN L PFET HHE, FELZV
BEOBEFRNERTHS.

42 ArSFRE& 77 X <O

Fig 2B ICSE A BAT A LWL T, BAAF V77X ERTEL I LN
T — T OE I CREI N, BAX I XA TRAF Y OEEE—F
E LT fastmode B U slowmode D_2oA @Al SN L I ¢ FHfFFs A, £2C, k&
IB4OMVO I EIT VY — AMO N TICHT§ A2 il oTA A Vi ®EEL,
F B & o THEOXRER % T/

MR % F BT Figdilnd. SEEEAT LI LIZE - TEERE UG REEAS
B bl bdohsb ZOZLZUHEEOHMEBERTOMA EERKL, fast
modeDFFEH L B —8T 5. —JF, 45EIOEETidslow modelZTERR SN dpo iz,

43 EEREHROLE

EERTEHA S B EEET LD, fast mode D3 HEIC 70 — T OLAL
PoBOENTBAF VBETRATLIZLEIICLL>TEL RAGTMR L, FiHET
BONZEOSHBBRELE TS, 2T, - A1+ OREIETFREDY6T
HhEEEL.
ArD A DIGE DR T Fig.SIZRT. A4 Y BiEOSHMIR L ERBI RN
SEHBEFRIR—BLY. COREBAF U EETHLENVLS,
SFE,ZEA L 723568 OBk T Fig. 6107”9, {EE IS TidEEE & fast mode D
MBI %L Twa, LaL, EEAKENFEA A ¥ 75 XEAERD 04
AR, SERICH ORI SHRBAROHEHHEIrPSOTAERLNE., ZOTH
BEMEESHMNT 25 ~DLDTH5H, MHREDFEEICHT S5 /L%Fig7C
Y. MAEEOREEEFEHEIBIFINRETHY, 813 ORRITL 5 Tlree-
streaming D F G BN D72 EZ LN D,



5.1 poleDEEEE

G 7o X OANMRIGHERICH T2 73 XAHFEBAEIIOR TS 2
bIh. ZIT, w,;, v REAPR [BRFOTI IR, BEETHS.
B, EA4Y, BAX U DPORIEAF Y 77 XATIIOWTEZLODOT, XD
BHEALRFZAHVWTHEONIGRX T HEHEL, HFHoZMoEaleEsZ b

X o TpoleDIRLFENERTTT 5.
k W n T T m m

K= , Q= , Y=g , IT=—= |, T=— , =—= | =— (4
kDe mpe ne l Te ? T; 'UI m, #2 e ( )

1{1 ,,(1Q 1la-1 H, Q 1| @ u Q
D=1-—-|=SZ|—==||- =|=—2 f—z-— - = =2z f—l—
2[1{2 («EKJ] 2[1{21; ( 2T, KJ] 2{1{21; { 27, KH

INTA— 5 ZBAL IR GEDOFTRHRO 7Oy P Fig8IRT. Fig8M@)Eb%r i
WIALIERLoT, BAF ZHALHECUHEREOENH L WE~ F28
NEFEDVDIL. TNREA A TSRO 4 D slowmode TH A, Fig8
DEWIE A F VREHD 0% L OB & DFEB/FIZH, fast mode % ¥ pole? real part
(BZAHBEEE (2 0E) AIEHITKEZ (A D, imaginary part (EEFTICIIE) 5T E A
EQLn B, i, BEGRWIRIBVICL T, RE— FORESRIFHETES.
Fig.9¢Zfast mode, slow mode, higher order modes
DEFEEOEAF VBEICX BB ZRT. fast mode DMEILA A A VB OHIN
EEBILABICTEL 5T DD, —F, slowmodeDIEFEITHA A A BEIC X
SEALITEAERL, FEICHZ DL S,

52 SRy noB{EiE
GouldDEIE 2 [FfEIC, BIE7 ) v FIC X o THED S A B 5 S RE SR B

—iare l l »
o,e [S[x—ixo)—S(x+5x0)] TEZD.

LTOZEE 7 — ) EHIT pk)=-2io, sin(%kxo) = —ikoyx, (kx,<<l) &%&1,
TTARRT v

- pk) _ _: X 1
= e k- e K@ O
THEzLNA.
ST, K@k TS AT RERRTH D,
OGN DHZ

ikx —kpx o ]
pry=—iZefm e Ak _Tohle T lin) L ekak| )
E " kK(wo,k) 2 & 2 nik K(ﬂ)o,k)

FHBEHETLILIZE ST, FF iy VOZEMBERFEONS,
exponential part {T 7/ NA ROHEHTLABEETZVOT, BTOHFSIIOVWTOD
HEZ D, EBROHERNRCHRBCE T3 E#&ICAppendixk L TRT.
A EAE R T Fig.10 (2) (b) ©) ART. Figl0D@)E by T, fHEMEMmERF v
WOZEMBEDFRLNL D, TRIZEAEREFROALZ V., O Ridpole®



EABVILLHEEINE, LiL, LD 2—% TRHEORFT ¥ v VI3
TAHEESRE—FOERBIRCAZY. $, BKE—-FORREIGA T VEEOH
& & b icgg< L AEMHIH 5. ‘

5.3 MEHEEFIROEEEIH
MERIEWEBIB E, (k)% 7T A IEA LB AR S W 2 SV EY E(k o) X
E (ko)
IK (k. w) ®
ow
T, Khko) 375 AFEBEAHTHS. o T, BHRDIEQIROLIICER

TX5.
K (k)Y
n=(a { “’)] ©
w
Fig 118 A & BB DEALICHTF Sslow mode, higher order modes DEIFEZNER D %5
{b%R$. #HEdhid fast mode DFIFRLETHIBILL TH 5. K7 Hslow mode DJhie
%hE IS fast mode DAL RTZHERE s WwZ &, -84 4 VREDOMI
EEB[INEL o TV T LA H A, higher order modes DEHFELSZE & fast mode
DR DOOMEEETH L. it-THEAF Y 77 X< Tid fast mode DFHEEHT
dominant Ta ¥ slow mode O IEEICHBETHEZ L0 5.

E(k, ) o<

6. TL&H BIV SEOFRE

BAX VS TN TIAXATEBLEHANWTRAA Y 77X RO A F » HEO TR
LA TAAHERTEC I s TEORT Yy VOZEMBR S v, B X
UBE— FOR#RGEBLRA. LTI -ERYT LD 5.

1 BFRENK0LeVEEDY —7 v PO 7 I AT hISEHTATEATS &,
SEIIIELCBFEMELAAF V22D, BAF VI IXTHFERSIND,

2 (SEHAZEATEI LI X o TAF Y HOMNMEENIHEL 2D, ZHEHIE
(B EFHRINS. BEBERICBWTEN S 1K, 14275
AT DA F D fast mode DR E R —F L7

3 BhERERSEA A > 77 A HAEBO0AMEFEZBR AL, Blllsh
BZEOSEEEFER L ) FHSNS THERI 6 TR T HBRPBAIS 1
720 i, TOMNAEEEDOBEBEBEEHEREXZ1RFTTHo 2.
Z Nidfree- streamingDF G L B DTH 5.

4 EEGRATECLORBMEFTE D> L, B 4 Y OFEIC X o Tslow mode BN 5
ZERMERLA. F7slowmode DEEISFFIIKEZVWI LA bh o,

5 RF v VOBMEETES S L fast mode DIFEAIBHE INS.
T, RADEBOSA—-% (REL) TRERTE-FOEEIRL Lz,



6 . BhERIIEFOMMEHES S, slow mode DEHELIZ AT fast mode D 100537 D1LLT &
FEEIC/AhSnZEFbdoA. 2, BAF A BESRNT ACD ., fast
mode?* dominant (27 5.

S EHE L BERRUBEDBICHET 2583 HEREBEEHNTT 723 0T

H5. LorL, EROER: WL ICRERERZMTOENLETH .
Fig. 12088 E W HZE=M TEHE L 7258 D slow mode DFIEZIEZRT. H» 686 H»
X, DG slowmode DEHEENEIL fastmode DD DL FIEEEL 2 5.
7, BEFED TIATHIIMNNFTEET BT F0 ERFEICH DS st L
T/hE L 578 slowmode DIGHEDOWEEMA KN E {2 5. BIEEERT fast mode &
slow mode D [EHREEIARIC & 5 F VRSN TV 5 ", slow mode Bh#2 (2R3 5 3540
 RFRIGHOBETH L.

ZE I

1} N.D’Angelo, S.v.Goeler and T.Ohes : Phys. Fluids , 9, 1605 (1966)

2) A.Y.Wong, D.L.Mamas and D.Amush : Phys. Fluids , 18 , 1489 (1975)

3) N.Sato, LIshikawa, C.Yoshida, S.lizuka and R.Hatakeyama : Sci. Papers LP.C.R.,
85,33 (1990)

4) Y.Nakamura, J.L.Ferrira and G.O.Ludwig : J. Plasma Phys. , 33,237 (1985)

5) T.Intrater and N.Hershkowitz : Phys. Fluids , 26,1942 (1983)

6) H.Amemiya : J. Phys. D (Appl. Phys.), 23, 999 (1990)

7) K.Koga, N.Hayashi and Y.Kawai : Report of the Meeting on Chaotic Phenomena in
Plasmas and Beyond, 1995 , 20 (1996)

8) G.M.Sessler and G.A.Pearson : Phys. Rev. . 162, 108 (1967)

9) G.Joyce, K.Lonngren , L. Alexeff and W.D.Jones : Phys. Fluids , 12 , 2592 (1969)

10) H.J.Doucet and D.Gresillon : Phys. Fluids , 13,773 (1970)

11) L.Landau : J. Phys. (USSR), 10, 25 (1946)

12) Lishikawa, C.Yoshida, S.lizuka and N.Sato : Sci. Papers LP.C.R., 85, 42 (1990)

13) R W.Gould : Phys. Rev., 136 , A991 (1964)

14) Y.Nakamura, T.Odagiri and 1.Tsukabayashi : Plasma Phys. Control. Fusion 39, 105
(1997)

Appendix K7 ¥ ¥ ¥y VOEEFKT AWK

BIELRTF p=-Lf DX @ kU,

TpXy v, w,, W,
n T T m m_
Yy=— T == T, == m, = —= m, =
P T n T '3 m n
n, L4 € + +

f?. B /i inz
o=L {1 d
n J m{n’f2 —-ZQUImy - -NZ'(JmT, I -y (T, T)Z' (Jm,T, IT, fn)}e n



Narmalized Phase Velochy

e I N N L -

l‘c

n

Fast mode

Slow mode

Y

0

Fig.1

Current

w105 (A)

01 02 03 04 05 0607 68 0.9 1 7

HNegative fon Coneentration

fast mode , slow mode DRLARMEREL D
=1 4 Visprioa T S EAL.
T=1/6, =365

5

it

Fig.3

Voliage

SE,DENEALH T 5 Se =7

ek DAL, (a) Ar: 4.0 X 107 Torr,

(b) Ar+SE, (6.0X 107 Torr), ¥ = 0.47,
(c) Ar+SF, (2.0X 10° Torr), 7 = 0.93.

V)

Ar_‘__/
——

SF,

200¢m
TARGET SCURCE
| |F |
s .
o - .  “——Pump
wl ' »
w P. .
= : e ] 100cm
= : ']
‘\ "rrrrﬂ: L
I?ﬁ%rl ...'
T L
i
o Vs

Fig2 BAA YT TNTIA~HE

{45 khz)

Output of Interferometer {arb. units )

() Ar D050 Tor)

() Ar e SFgl+.0% 107 Torr)

7

() Ar + SFa( 20X 107" Torr )

20

5 0

{cm )

Distance from Grid

Figd Ar+SFJRE 77 A< OF i
by v =0.12, (c) ¥y =0.23.

El 1

[T !
pi

[%:] (]

0.6 0.6

“a.s 0.4

6.2 0.2

o ¢

'] Q.4 4.4 a.8 1 0 a, 0.4 0.8 0.8 1

Fig.5 Ar®& D& O oLk

TEIL A A BEOSTHUIAR.

k.
*p.

Fig.6 Ar+SF; (4.0X 107 Tom) D4 0 531

A%, SEARIL fast mode D5,




nigafy Tomperalura=0.1867 Velogily=3 a0 nic=0.2300 .Tumperalure-D_l{,(,: Velociy=G
O.JD:,.;. [rerT LR BARA LSRR T Iu»_:_i En--i---i.li..:..n P OTTT T rTY T TTY
- -1 -
R B
0.6 —

0.20

/

o
AR EREEIRIEEY RN e
F
: /
W
A
H

o
AL AR L ARRAA R
I ] I

a
3
- E -
kE = \I
T —020
-0230 . -
- - - ll), —_—
m \ - e .l
b YT o—
00 :‘:_"-——. = \ At Z
C - \ a
- ! gl cobimems et b g _060:\'111'“"'!!!! e cabid
[PETSSERARESSRLANN-VRRRURARREYRRY .
-060 Bt e 0.40 0.50 0.50 1.6 .20 9.40 a0
Re o Re v
(a) (b)
fic=0.9300 Temporalurea(.1667 Valociy=0 Wavenymber=1.
Q.40 p=rr=y AR REERN RARLEAINE ™ TR T

2

Fig8 #MEwZEM TOEELN.
() vy =0, T=1/6
(b) ¥y =0.23 , T=1/6

<
t![lfl:H'I'(]IHT:lIII!‘IIHHIII

\

_ A (c)y =0.93,T=1/6
-0.60 ?\\ AR u__f:
Eu_l_l,x,u..'..l.u.l.l.t.l.UJJ.LlJ..t\LLu.I.‘-.l e J;/—&-"G:s’.lJJ_LLl.L.LlJ.B—'.JJLI-l-I-g

~060 0.20 040 60 080 1.0 12 1.4

Re w

(c)

o, Tt —r— T — ——
Dl AR e SARAARSASARASSS
N E -z e St 3
E_ higher order 0.1 higher order . -~ 5
0.1 E' IR . \‘:
F fast e, 0.01 P L .
001 . slow . E
3 ]
0.001 3 0.001 _;
0.6001 PPN WUV W W WAV W B SIS S Y 00001 w0 o 8 0y oo Loy b e a1y

(=]

0.2 0.4 06 0.8 1 0 0.2 0.4 0.6 08

—_

Fig.9 »’%JE'—? FOREZEORA A Vg Figll % %— FOREHZ0E A + i pr
AT AZAL. T=1. W& B2 b, HERZ fast mode DL
ETHIAL, T=1/3.



D

1]

aateus o

1
R
* Tk ¥
. . ¢« 7
. . . Ll » M * .} *
a0t [ 1® 0 o L] 50 L] e a ‘oo 100
Zz
(@ y=0,T=1/6
th
b i o221

N,
L] 1 f\ |
R ﬂjf\
. = % & 1 i
L + » s - < L) uk 3
'. - rd o pd- %3
" - * 5 [ £ 00 02 é
e . PR T
" : . a B Ed 4
¢ * !
. ¢
b s
061 . o
.
.
om.n "% w0 ps] ag wn &3 bl (1] o) 1)

(b) y=023,T=1/6

]
1.0-0:20 a10n 30000
o W m ]
3 g ¥ ; 3
s b . ty bt . v
- ; ) -
: : . + '
.
: ' i
o
3 -
i -~
]
201 .
voat - :
¢ ] ® ® w0 w0 sa a 22 * 100

© 7y =093,T=16

Fig.10

slow mode ZEIHGHAC KDL G A oF o B )

Tast mode@HRAENAC L

73 e TG Y

2
L L
L !
1.5 +
|
il S S ]
7 B II
e T A
3 > —
s * ]
'l’
[/
.
05 -
0 I L i
0 0.2 0.4 06 0.8 1
LA i
st mode?3 il REHCT IR L EP RS2l 1 0.2C,
2 — - v
i
15 F
1
/4___-.\\\‘ i
[ (]
0.5 . * .
Q 0.2 0.4 0.6 0.8 1

Fig.12 k=M Tt L7 slow mode DEhEE

ME T=1/2

BORF >y WOEEERS FEV.

Fid44 g r

, v=0.34



AF ERARRERICBITOAMRELNFZADZA TORE
Type of Intermittent Chaos caused by an Ion Acoustic Wave Instability
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Particle Orbit Mappings in Dissipative Helical Systems

T. Yamagishi
Tokyo Metropolitan Institute of Technology

Abstract

Applying the guiding center velocity derived from a generalized Ohm'’s
law, simple two dimensional nonlinear mapping equations for electron orbits
have been derived in a helically symmetric sterallator/Heliotron configuration.
This mapping equations for dissipative helical systems is found to reduce to
an area preserving map in the non-dissipative limit. Performing the mapping
many times by computer, it is found that the electron orbit fills in certain
annular region almost ergodically in the presence of a small dissipation.
Such orbits are, however, found to be not necessarily stochastic, which has
been confirmed by examining the Fourier spectra and also calculating the
Lyapunov exponent. In the low frequency region of the Fourier transform of
the electron orbit, the 1/f-noise spectrum has also been observed commonly in
the /=1 dissipative helical configuration. The stable mode locking
phenomenon has also been observed in electron orbits by calculating the

averaged rotation number.

Keywords:electron orbit mapping, helical system, electron dissipation,
stochasticity, fast Fourier transform, frequency spectrum, Lyapunov
exponent, 1/f-noise spectrum, average rotation number, mode locking

phenomenon, Devil's staircase, Arnold's Tongue.



§ 1. Introduction

Magnetic surface configuration in a helically symmetric plasma confinement system is usually
determined from the flux (Hamiltonian) conservation relation.!) When the symmetry is destroyed,
we must determine the confinement conﬁgt&ation following magnetic field lines for a long time by
solving the simultaneous differential equations.2) Particle orbits in the nonsymmetric system are
also determined by the same way by solving corresponding differential equations.

Integration of the differential equations precisely for a long time, and making the Poincare
mapping in order to examine the phase space orbit structure is time consuming, even if we use a
super computer.

In this report, we derive simple two dimensional particle orbit mapping equations making use of
the guiding center dnft velocity determined from the generalized Ohm's law. This mapping
involves electron diffusion coefficient, thereby the orbit mapping represents a dissipative system.
If we remove the effect of electron dissipation, the orbit mapping is reduced to the area preserving
one which can also be reduced to the familiar standard mapping. So far the nonlinear mapping in
the dissipative system has been studied completely separately from the area preserving system,
because chaotic behaviors of these systems are entirely different, i.e. the dissipative system may
tend to a strange attractor while the area preserving system may show ergodic behavior.

Since our mapping equations are applicable to the dissipative and area preserving systems by
changing the electron dissipation, we will study how electron orbits may change by changing from
the area preserving system (APS) to the dissipative system (DS). Since we concentrate to the
change from APS to DS, we use a simple mapping equation neglecting the particle drift motion,
although our formulation involves these drift effects as shown in § 2. Our mapping equation for
particle orbit is, therefore, reduces to that of magnetic field lines when the dissipative effect tends to
zero.

In order to see particle orbit behavior, we will plot in § 3 the Poincare mapping results in two
dimensional phase space for various values of parameters. To see the change of orbit from the
regular one to chaotic one, we also examine the frequency spectrum of Fourter transformed orbits,
and found the 1/f-frequency spectrum for /=1 dissipative helical configuration, which will be
shown in § 4, The averaged rotation number of orbit has also been calculated, and the mode
locking phenomenon has been found from the Devil staircase. The mode locking behavior is also
shown by the graphics of Arnold's Tongue. These results will be shown in §5. The global orbit
stability has also been investigated by calculating the Lyapunov exponent for each orbit, which are

presented in two dimensional graphics in §6. The results are summarized in §7.



§ 2. Mapping Equation in a Helical Magnetic Field
We start with the particle guiding center velocity v which can be expressed by the sum:
Vo=V +V, (1)
The parallel component along the magnetic field can be expressed by v =v b with b=B/B. We
derive the perpendicular component v, from the generalized Ohm's law
Jr (2)

1 Vp, _
E+EVXB*W—O'—£,- +B—_L

where 6 | =2ne%/m.v, and 6, =6 /2 are the parallel and perpendicular components of electric
conductivity, respectively, v, is electron collision frequency, and other notations are standard.
From eq.(2), the perpendicular velocity is solved in the form:

V, =Vg+Va+Vp : 3)
where v and v4 are the ExB drift velocity, diamagnetic drift velocity, respectively, and vpis due

to the electron dissipation:

széExb , (4)
b= - L Vnxb, ®)

Vp= GCBZ ixb

L

If we replace j; invp by the diamagnetic drift current: jg= en( vd;j - vde) = -c(Ti+Te)/BVnxb,

we have
vp=-D(1+7) Y 6)

where De=pe2Ve is the classical electron diffusion coefficient, 1=Te/Ti and the temperature
gradients have been neglected for the sake of simplicity. In the cylindrical coordinate system

(1,0,2), each component of eq.(1) can be written in the form

~dr _ '
v,-?'; =v b~D(1+T) % , (7
ve=r% =v; b+ vt vy, (8)
d.
vz=d—‘; =v; b, %)



where b=(by, bg,b,) is the umt vector of the magnetic field.

In the particle orbit equation (7), the diffusion coefficient Dg, which is derived from the averaging
of the particle orbit, has been included. Since the diffusion coefficient comes from the
gyro-averaging of electron orbit, and since we are considering the gyro-averaged guiding center
drift orbit, the inclusion of the classical diffusion coefficient in the orbit equation may be
reasonable. In our model, the dissipative term in eq.(7) is due to the diamagnetic current, therefore,
it depends on the sign of the density gradient. For n™>0, which is a charactenistic of the central
region of a Stellarator, the radial coordinate may be reduced due to the dissipative effect as time t
goes on.

We assume b, >>lbgl and by, i.e., Iby=1. In this case, vp=-cE/B and vg=(cT;/eB)n/n.
Integrating eqs.(7) and (8), bearing in mind the relation v dt=dz, we have

Ar = fb,dz—jD(1+'r)”dz’ (10)
AQ =J.$dz + f("’g""’d)}%%' ’ (11)

In order to determine the parallel components (the first terms in eqs.(10) and (11)), we assume a
helical magnetic field!)?);

B =hsinu | (12)
By =By +hycos u | (13)
B.=B(1-¢gcosu) , (14)

where u=10-kz with k=n/R. The coefficients hy, hg and g}, are given by

hy=1 Byl (k)= Byfhoxi-t, (15)
ko= 1 BRI (kr)= 8B R e xi-1 (16)
g, =01 Byl (kr)=€ox' | (17)

where I} is the modified Bessel function and x=r/a with a being the helical conductor radius. The
equation of magnetic field can be written in the form

dz _dr _rd0 _ rdu (18)
B, "B, =B, " B,

where By=¢Bg-krB,.
From eq.(9) and (18), the first integral term in eq.(10) may be evaluated as



(B, , rh (19)
fb,dz —f.—B:rdr—— 3 Acosu

u

Since Acosu=-Au sinu=-Au sinf© for u=06+271n, eq.(10) can be expressed by
Ax =K sin #0 + D(x) | (20)

where K=rhy Au /By and D(x) is the second dissipative term in eq.(10). From eq.(18) and the

definition of By, we have

B ‘ 21
= 75=7Cw-n b

Integrating eq.(21), we find the displacement: Au=(¢1,-n), where 1, is the rotational transtorm
defined by 1,=1/q with q=rB;/RBg being the safety factor. Since By=(rBz/R)(¢1,-n), the
resonance denominator in K cancels out: K=Rh/B. ‘

The dissipative term in eq. (19) may be approximated by

D) =-22Rp 1+ 1) - (22)

If we assume a classical electron diffusion, we have De o nTe /2, and from eq-(22), D(x) =
n'/Te. If we assume an uniform temperature Te, and the density profile is given by n(x) = ny

(1-x2)%, the dissipative term can be written by
D(x) = cx(1 —x)*', (23)

where cg=-4TRDeo(1+1)/a2ve with Dgq being the diffusion coefficient at x=0. For the parabolic

profile {(a=1), from eq.(20), we have a mapping equation for the radial coordinate

X

n

a=x(1-c)+Ksinte, (24)
In this particular case of the parabolic profile, only the density gradient effect remains and the
boundary condition at x=1 disappears in eq. (24).

The poloidal angle displacement can be written, from eqs.(11), (13) and (14), in the form

A8 =1,(x) + '[ L (v ) (25)
For the sake of simplicity, we assume that the second drift effect is much smaller than the first field



line rotation: 1, >> 2ml(ve+vy)fvele. In this case, the poloidal angle displacement is given by the

vacuum helical field rotational transform:
en+1 =9n + ]'O(Xrn- 1) s (26)

where 1, is assumed to be a function of x4 | rather than x; in order to satisfy the area preservation
when ¢d=0, as in the case of standard map. The Jacobian defined by J= 0 (Xp41,0n41) @ (Xn,0,)

for the two dimensional map given by eqs.(24) and (26) becomes

l-¢, Kicosio, (27)

J= L,(1-¢) 1+H4KcosiO,

and the determinant is iJl=1-cd which indicates that the mapping given by eqs.(24) and (26)
conserves the area AxA9, when the dissipation is absent, ca=0. The area conservation is destroyed
by the dissipation, i.e. J<1 for ¢g>0 (n">0). For n'<0, in our model, cd becomes negative and the
Jacobian becomes larger than unity, J > 1. In this case, the orbit becomes unstable as the linear drift
mode.

Notice that if 1, is constant, the mapping equations become linear, and we have no resonance
interactions and therefore no stochasticity of electron orbits. The shear of field lines is essentially
important for the stochasticity of filed line orbits. If we expand 1, in Taylor series in term of the

shear parameter s=ri;'/,, €q.(26) can be written in the form:
0,020, +1{(1+5x,,) , (28)

where 1,° is the rotational transform at x=0. The mapping equations (24) and (28) correspond to
the dissipative circle map'!). When we have no dissipation, cg=0, eqs. (24) and (28) can also be

reduced to the standard map by replacing In=01,(1+s xp) and @,= 70, :

Irn-l:In_KsSin@, (29)
0,,=0,+1,,,, (30)

which has been studied for many aspects in details by many authors. 9367 If we expand 1, (x,,,)
in €q.(28) near the separatrix we have the separatrix mapping.9®) Introducing eq.(29) into
eq.(30), and replacing Ip by a constant Q, we have the circle map

®,,,=0, +Q-Ksin®,

which has been studied in detail by many authors.9)~1%)



§ 3. Electron Orbit Mapping

We now proceed to execution of the two dimensional mapping: (Xn,0n) -> (Xp+1,9n+1) given by
eqs. (24) and (28) in order to see orbit structures and the effects of magnetic field shear and
electron dissipation on the mapping. '

First we carried out many times mappings by computer for the area preserving case neglecting the
electron dissipation, ¢d=0, in eq.(24). When the shear s is small, the mapping just gives trivial
uniform rotation in the poloidal direction. As we increase the shear, we have the resonance points
xr which satisfy the condition : 1o(x¢)m=27n for arbitrary integers m and n. At the resonance, the
orbit shows island structure as seen in Figs.la and 1b, where /=1 with the helical amplitude K=0.2
for two different s=0.5 and 1.0, respectively, have been plotted. To see the detail of the island
structure the mapping has been shifted, i.e., the actual calculations in Figs. 1 were made by using
cosBp instead of sinBp in eq.(24). This change shifts orbits in the 8-direction and does not make
essential difference. If we have no big island as in Fig.la, the plasma confinement region should
be the central region x<1. Although we have plotted even in the central region for the constant
helical amplitude K in order to see the phase space structure, if we apply for the plasma
confinement, the negative xp is unphysical because it represents the radial coordinate. The non-zero
helical amplitude at the axis x=0 means that the axis itself suffers a helical displacement, which may
be applicable in the /=1 helical axis configuration. For the /=2 vacuum helical magnetic field and the
MHD helical configuration, the helical amplitude has to be zero at the axis.!)

When we take into account the electron dissipation, the system changes from the area preserving
map to the dissipative map, and the phase space structure of the map may change. We first estimate
the dissipation coefficient ¢d introduced m the previous section. Since cd®°nR/(aTB2), in a low
density high temperature plasma in strong magnetic field, it may be very small. For example for the
configuration with R=120cm, a=20cm, T=400eV, B=5KG and n=10"3cm-3, we have cg=0(10-7).
However, for higher density with lower temperature plasmas in lower magnetic field, the
coefficient ¢d may increase up to o(10-3). Furthermore, if we take into account anomalous electron
diffusion effect, cg could be larger by two order of magnitude.

For the dissipative system, we made 20000 points mapping experiment for the same 20 orbits in
the helical system with /=1, s=1 and K=0.2 as in Figs.la and 1b. Results have been plotted in
Figs.1c and 1d for two different dissipations, ¢g=0.0005 and 0.001, respéctively. Near the island
center, orbits show cusp shape as seen in Fig.1¢, which change to strange swirl shape when cg
increases as seen in Fig. 1d. From these figures, we may see how small dissipation changes the
orbit structure. With these small dissipations, all orbits look like chaotic except near the island
center as seen in Figs. 1c and 1d. We found that, when the dissipation presents, each orbit on the

magnetic surface fills ergodically in certain annular region. It looks like as if the magnetic surface



has certain thickness. Although the orbit in the annular region looks like chaotic, our second
finding is that the orbit in the annular region is not necessarily stochastic, which will be discussed
later by evaluating Fourier spectrum.

With small positive ¢d (n>0), each orbit slightly shifts to lower position. Similarly an orbit
around the island center slightly shrink. For the unstable case cd<0 (n'<0), each orbit shifts to
higher position. Even in the unstable case, if the dissipation is small, ledl < 0(10°%), the orbit
structure is similar to the stable case with cd>0. It does not diverge for several thousand mappings.

We also examined the orbit structure for negative shear case in the same helical system with /=1
and K=0.2. For s=-0.5 and c4=0, we have no large island as seen in Fig. le, and the central axial
region x<1 may be used for the plasma confinement as in the case of Fig.1a. While for s=-1 and
cd=0, we have a big island as seen in Fig.1f. In this configuration, the island may be used for the
plasma confinement region as in the helical axis configuration like the Heliac.16)

We introduced small amounts of electron dissipation to the case of Figlf. The phase space orbit
structure has been changed as seen in Figs. lg and 1h, where c4=0.0002 and 0.0005,
respectively, have been introduced. As mentioned in the cases of Figs. 1c and 1d, we can see that
orbits around the island center fill certain annular regions. The outer annular regions look ergodic
and chaotic. They are, however, not necessarily stochastic. The most of orbits except very close to
the separatrix are regular. We confirmed this regularity of orbits by mapping two nearby ofbits
whose annular regions intersect, and finding that an orbit remains in its own annular region, i.e.,
no transition happens even if nearby annular region intersects. This regularity of the dissipative
orbits will also be confirmed by evaluating the Fourier spectrum and the Lyapunov exponent in the
next section. '

In order to see the helical confinement configuration, we have also plotted in lhe.rectangular
coordinate system (X,Y) by the transformation: X=x cos® and Y=x sin®. In the same helical
system with /=1 and K=0.2, the same orbit mapping in Fig. 1a has been plotted in the rectangular
coordinate system in Fig. 1i. With small electron dissipation, ¢d=0.0005, the orbit mapping has
been plotted in Fig.1j in the rectangular coordinate system. In the Heliac configuration with s=-1, a
comparison is also made between the area preserving map and small dissipative system with
¢d=0.0002 in Figs.1k and 1/.

We have also made mapping experiments for /=2 helical magnetic field configurations with
K=0.2. In the non-dissipative helical system, increasing the shear from s=0.2 to 1.0, the orbit
configurations change very much as shown in Figs. 2a, 2b and 2¢. In the small shear case, orbit
shows concentric helical deformations as seen in Fig. 2a, while increasing the shear produces a big
island configuration as seen in Fig.2b. In this case too, the island may be used for the plasma

confiement. The configuration is similar to the Heliac configuration. The difference is the number



of helical windings. Even in the non-dissipative system with s=1, we observe the satellite islands
and orbit stochasticity at the separatrix as presented in Fig. 2c.

The effect of electron dissipation has been examined in the same helical configuration with 1=2 and
K=0.2. Dissipations with ¢cg=0.0005 and 0.001 have been introduced to the case in Fig. 2c.
Results are presented, respectively, in Figs.2d and 2e, in which we can see that for ¢g>0 (n>0)
the orbit has a tendency to be concentrated in the central region and also to the island central region
as we increase the amount of the dissipation. As the dissipation increases more, this tendency
becomes even stronger, and the orbits converge to certain strange attractor region. In the opposite
unstable case with cg<0 (n'<0), orbits show opposite tendency, i.e., they move to outer region
and island orbit expands, and finally tend to diverge as the dissipation increases.

The /=2 helical configuration with K=0.2 as presented in Fig.2c has been plotted in the
rectangular coordinate in Fig.2g. In this case, the volume of the bean shape configuration is much
smatller than that of Heliac configuration as in Fig.1k. The dissipative system m Fig. 2f 1s also
plotted in the rectangular coordinate system in Fig.2h. We can see how orbits are concentrated in

the central and island center regions with the dissipative effect.

§ 4. Orbit Frequency Spectra

We have seen the behavior of electron orbits in helical magnetic fields by executing Poincare
mapping for various values of the magnetic field shear s and electron dissipation ¢d. We may see
the change of orbit structure by directly examining the orbit mapping results. We should be careful,
however, to examine the stochasticity of orbit by examining orbit mapping as did in the previous
section. A quasi-periodic orbit sometimes looks chaotic one. Classical way to examine the orbit
stochasticity may be to plot the frequency spectrum of the Fourier transformation of the orbit. For
regular orbit, the frequency spectrum may show single or a few resonant sharp peaks. While for
stochastic orbit, the spectrum may show broad band noise spectrum. We have analyzed the change
of the frequency spectra of the orbit in the helical configurations for /=1 and 2 by changing the
shear s and dissipation cg.

We made the discrete time series of the orbit radial coordinate, {Xj}, in the mapping iterations.

The Fourier transformation of {x;} by

X = ,-);: X eXp (— i-z-gik) . G

produces a transformed discrete set {xk}. Since the index j is considered as "time", the Fourier

transformation parameter k can be considered as "frequency”. The original set {xj} can be



reproduced by the inverse Fourier transformation:
5= L new (122K)). (32)

In what follows we plotted Inlxk| as the frequency spectrum of the electron orbit for various values
of s and ¢{ calculating by the fast Fourier transformation method. 7

The time series of the radial position of electron orbit is plotted as an example in Fig.3a for the
case with /=1, s=0.5 and cd=0, where the horizontal time coordinate is the number of iterations n.
The frequency spectra of Fourier transformed radial position for various values of s have been
plotted in Figs. 3b, 3¢ and 3d for the non-dissipative cases, where the vertical coordinate represent
log scale of the transformed value xp. In these figures the resonance frequencies increase gradually
as we increase the shear value from s=0.2 to s=1. Although the number of frequency spike
increases as we increase s, this process may not be due to the period doubling bifurcation, because
these frequencies are not commensurable, i.e., not harmonic relation each other.

When we introduced the electron dissipation by ¢d=0.001 to the case of Fig.3b, the frequency
spectrum changed as shown in Fig.3e. One will see, in Fig.3e, that the two resonances in Fig.3b
were broadened. Furthermore, the amplitude Ixkl raises in the low frequency region significantly.
The frequency spectrum in the low frequency region in Fig.3e agrees with the so called 1/f-noise
spectrum shown by the dotted curve which has been observed universally in many experimental
situations,17)

We also introduced various values of dissipation to the case of Fig. 3d. Results are plotted in Fig.
3f, 3g and 3h for ¢4=0.0005, 0.001 and 0.005, respectively. With a small dissipation, the
resonance frequency broadened significantly all over, and the 1/f-spectrum is observed in the low
frequency region as seen in Fig. 3f. A comparison is also made with the 1/f-spectrum in Fig.3g.
Further increase of the dissipation preserved the 1/f-spectrum. This typical 1/f-spectrum is due to
the existence of the dissipation, and also limited to the case of the /=1 configuration.

In order to see the characteristics of orbits which fill annular region around the island center
presented in Fig. 1g for /=1, we examined the Fourier spectra of these orbits. Although these orbits
look ergodic and stochastic, we found that they are not really stochastic, because the Fourier
spectra indicate just a few resonant peaks as shown, as an example, in Fig. 3h for the case with
K=0.2, s=-1, ¢dg=0.0002, xo=1, and 8,=3.14. We should be careful to examine the orbit
stochasticity by orbit mappings particularly for the dissipative systems.

We have also examined the frequency spectra of electron orbits in the /=2 helical systems, For a
non-dissipative case with K=0.3 and s=0.5, the two resonances are observed as seen in Fig.4a.

Even in this non-dissipative case, when s is increased to s=1.0, the spectrum 1s broadened in the



whole frequency range as shown in Fig. 4b. In the circle map, a few incommensurate frequencies
before the onset of broad band noise is the typical root of transition from quasi-periodicity to chaos.
(12) The /=2 helical orbit seems almost chaotic by small scale islands as seen in the case of Fig. 2c.
To this case, we added the dissipation. Results are presented in Fig.4c and 4d for ¢d=0.0002 and
0.001, respectively. In these /=2 frequency spectra, the 1/f-noise spectrum is limited in the very

low frequency region.

§ 5. Mode Locking Phenomenon

Finally we study the mode locking phenomenon due to the nonlinear effect on the rotation number
of orbits. The number of rotation in the poloidal direction as we go along the axial direction one
period, is the most important characteristics of orbits on the toroidal surface. For the unperturbed
orbits, it is called as the rotational transform 1,. When we have a nonlinear effect, the orbit may
fluctuate from the unperturbed orbit due to the stochasticity. For such orbits, we evaluate the

average rotation number defined by
p = Jim H{T"6,-6,), (33)

where the operator T, in our problem, is the nonlinear transformation given by eqs. (24) and (28).
When the nonlinear effect K or s tends to zero, p tends to 1,(x)/2nt=(1+sX)1,/2T, because
TNO=0+n 1,(x)/2x. Examining the behavior of this rotation number p as a function of the
unperturbed rotational transform 1,, the fractal character and mode locking phenomenon in the
Devil's staircase has been studied by many authors in the one dimensional circle mapping. 1116
The rotation number p given by eq.(33), in our 2-dimensional problem, is a function of the helical
amplitude K, shear parameter s, and 1,. P is a continuous and increasing, but its denvative dp/di,
is discontinuous. As an example, the rotation number p versus 1, is presented in Fig. 5a for 2,
s=0.5, K=0.2 and cd=0 (the area preserving case), where p has been evaluated by eq.(33) with
n=200. As seen in Fig. 5a, it forms so called the Devil's staircase, i.e., it consists of self similanty
with different scaling as in the one dimensional circle mapping.1D!2) The rotation number p
becomes constant for certain ranges of 1,, which means that the one to one correspondence
between 1, and the original mode numbers m and n with the relation: 1,/2n=n/m has been
destroyed, and this resonance condition is locked for the certain range of 1, due to the nonlinear
effect. At this mode locked state, the orbit becomes periodic and p takes a rational value n/m. For
the quasiperiodic orbits, p becomes irrational. This mode locking or the plateau of p may be

induced by the trapping of orbit in a magnetic island, because the orbit rotation around the center of



local island does not increase the global poloidal angle 8. In Fig.5a, one can see three plateaus
which may, respectively, correspond to p=1/2(m=2 and n=1), p=1(m=1and n=1), and p=3/2(m=2
and n=3). There is also a narrow plateau corresponding to p=0 (m=1 and n=0) in the left side.

When we increase the helical amplitude K, p becomes stochastic in some portions of 1, as shown
in Fig. 5b for /=2, s=0.5, K=0.5 and ¢d=0. The same thing happens when we increase the shear
parameter s for a fixed K. Although the particle orbit was very sensitive to the dissipative effect as
seen in the previous sections, the rotation number p was not so sensitive to the dissipative effect cg
as shown 1n Fig. 5S¢ for ¢d=0.002, /=2, K=0.2, and s=0.5. As seen in Fig.5b and 5c, the mode
locking or the plateau is stable against the helical perturbation K and the dissipative effect cd. The
behavior of the rotation number p versus 1, for /=1 is similar to that of /=2, but the number of
plateau becomes about half and the width becomes larger as shown in Fig. 5d for K=0.2, s=0.5
and cd=0.

The variation of the width of the plateau in the K-1, plane is shown in Fig. 6a for /=2, 5=0.2 and
¢d=0, where p has been calculated by eq.(33) with n=300 for each of 400x400 mesh points in the
K-1, plane. The black region indicates the plateau in Fig. 6a. This black region is also called aﬁ
Amold's Tongue in the one dimensional circle map.12) Usually the top of the Amold Tongue is
sharp like a needle.!2) Our largest tongue is not so sharp more like a real tongue as seen in Fig. 6a.
The difference may be due to the difference between the one dimensional circle map and our two
dimensional map. The Amold Tongue for the case of /=1 is also presented in Fig. 6b, where the
number of tongue is reduced but the width of each tongue becomes large. The boundary of the
largest tongue in Fig. 6b, when the helical amplitude K is small, seems to be expressed by the
parabolic curve: K=c(1,/2% -n/m)?2, where ¢ is a constant and n=2 and m=3. This equation indicates
that the plateau length (1,/21 -n/m) is proportional to the magnetic island width 8§, because the
island width 8 is expressed in terms of the helical amplitude K2!®): §=laRK/ns!!/2 which can be
rewritten in the form: K=(ns/aR)62 where a and R are the minor and major radius, respectively. We
have also examined the behavior of Armold's Tongue in a dissipative case which was similar to that
of area preserving case because the mode locking is stable against the dissipation. -

We have examined the averaged rotation number mainly in the area preserving system with cg=0.
In this case, the electron orbit is reduced to that of the magnetic field lines, since the gyromotion

and drift motion have been neglected for the sake of simplicity.



§ 6. Lyapunov Exponent

We have examined the orbit characteristics by the frequency spectra obtained from the fast Fourier
transformation of mapping data. By this classical method, we have to make a view graph of
frequency spectrum for each orbit. Direct method to examine the orbit behavior may be to evaluate
the Lyapunov exponent for each orbit.

To evaluate the Lyapunov exponent ¢ for the two dimensional orbit vector x = (x,9), we

consider the displacement vector x. After n mapping, the displacement may satisfy

8% ., =J(xn) 0x, =Jp 0Xp, (34)
where Jp is the n product of the Jacobian matrix given by
Jn =JxpI(xn-1)--JX1) . (35)

Let 8x; and Aj are the i-th eigenvector and corresponding eigenvalue of the Jacobian matrix J(xj),
respectively, then we have J(xDoxj= A; dxj, and 8%, 1=An An-1----A10x¢ from eq.(34). If we
introduce the Lyapunov exponent ¢j for the j-th component of the vector 8x,,; by the relation:
ox,, J=8xp! exp(0; n) for large n, G may be given by

(36)

In eq.(36) we have to evaluate the eigenvalue Aj for each step, which may be time consuming.
Instead of calculating the eigenvalue in each step, we evaluate the eigenvalue A of the final matrix

Jn and calculate the j-th component of the Lyapunov exponent by

o, = lim 1n| V' (37)
In a dissipative two dimensional map, the sum of Lyapunov exponents is equal to the area

concentration rate Ag: N

Ol +02=Ag (38)
For the area preserving map, since Ag —0, we have
G +02= 0. (39)

In this case, if the one component o is calculated, another component is given by 0;=-0}.
Here we consider the behavior of the eigenvalue A of the Jacobian Matrix J given by eq.(27),
which satisfies the quadratic equation :
AZ-Te()A+1-cd=0, (40)
where Tr(J) means the trace of matrix J. From eq.(40), the eigenvalue A is easily obtained in the

form:

A= %(Tr(J) +/Tr())* -4(1-c,) ) (41)



When ITr(J)I2<4(1-cd), the eigenvalue A becomes complex and is on the circle with the radius
(1-cd)!/2 in the complex plane, i.e., IAl= (1-¢q)!/2. In general the absolute eigenvalue is always
larger than this radius. This radius is unity, IAl=1, for the area preserving map (¢g=0), and the
corresponding Lyapunov exponent ¢ tends to zero.

In order to see the basic characteristics of the Lyapunov exponent given by eq.(37), we calculated
G as a function of the helical amplitude K for the area preserving map (cd=0). The result is
presented in Fig. 7a in which & is exactly zero in the interval where the eigenvalue is complex and
[Al=1. In other intervals © is positive, therefore, & for the angle coordinate 8 is larger or equal to
zero as seen Fig. 7a, i.e., the corresponding orbit is at best marginally stable in the interval where
[Al=1, otherwise it is unstable. For the dissipative map, G is plotted as a function of c{ in Fig. 7b.
The exponent G is slightly negative in the interval where the eigenvalue is complex and IAl=
(1-cd)!/2 as seen in Fig. 7b. Since the deviation of ¢ from zero is purely due to cg, it may be given
by 6=-cd/2 in the interval where A is complex or ITr(J)Iz<4(l-cd) is satisfied, which agrees well
with the numerical result. A

We also examined the relation (39) by calculating ¢; and o; independently making use of
eq.(37). Results calculated by 100 iterations are presented in Figs. 7¢ and 7d for 6; and o,
respectively, in the case of /=1 system. Comparing these figures, one will see €q.(39) actually
holds for the area preserving map.

In order to see the global orbit stability characteristics of the helical system, we evaluated the
Lyapunov exponent ¢ as a function of the initial orbit coordinates (xg , 8g), the helical amplitude
K, shear parameter s, dissipation coefficient ¢ and rotational transform ;. A graphics of ¢ in the
initial two dimensional coordinate (xq , 8¢) plane is shown in Fig. 8a for an area preserving case,
where the dark black corresponds to 6=0, while white points correspond to positive maximum of
G, and the gray regions correspond to the value of ¢ in between these two limits. In Fig. 8a, we
can see the global stability structure: the orbit starting near the separatrix is most unstable, and the
orbit near the center of island may be most stable. The stable and unstable regions are stratified in
the cases with small K as seen in Fig. 8a. A two dimensional graphics of ¢ for the dissipative case
is also presented in Fig. 8b, where the magnetic structure is the same as in Fig. 8a. Comparing
Fig. 8a and 8b, we may see that the global orbit stability characteristics does not change very
much even for a large dissipation cg=0.001. When the helical amplitude K and rotational transform
1, are increased, the two dimensonal stability structure changes as shown in Fig. 8c. We can
observe the fractal self similar structure in Fig. 8d which is an enlarged upper left portion of
Fig.8¢. '

The two dimensional graphics of the Lyapunov exponent have been examined for other pair of

parameters. The graphics on the plane (K,1,,) are presented for $=0.5 and s=1 in Figs. 9a and 9b,



respectively. The Fig. 9b which plots 6-values corresponds to the case in Fig. 6b which plots
p'-values. We can see the unstable white region around the Arnold Tongue (islands) or the
separatrix regions. We can also see the Amold Cat-like stable black region in Fig. 9b. The strange
stratified structures in other two dimensional graphics on the (K, 8p)-plane can also be seen in

Figs. 9c and 9d for 1,=1 and 4, respectively.

§ 7. Summary

Making use of the guiding center drift velocity derived from the generalized Ohm's law, the
mapping equations for the gyro-averaged guiding center electron orbit in the helically symmetric
sterallator system has been derived. Since the electron diffusion coefficient is included, the
mapping equations apply for the dissipative systems. Without the electron dissipation, the mapping
equations become an area preserving one which also reduce to the familiar standard mapping
equations. In our model, the determinant of the Jacobian matrix of the orbit map 15 given by
IJI=1-cd, and the dissipation coefficient cd is proportional to the plasma density gradient n'.
Therefore, the mapping area contracts for the positive gradient n">0 which may contribute to the
orbit stability, while for the negative density gradient n'<0, the mapping area expands and may
contribute to the orbit instability as in the dnft modes. In the mapping equations, the inhomogeneity
(non-zero shear) of the rotational transform is essential to the nonlinearity and therefore to the
stochasticity in the nondissipative system.

Making use of these equation, we have examined the effect of the shear of the magnetic field lines,
helical amplitude, rotational transform and electron dissipation on electron orbits by performing
many mappings by computer. We found that the change of shear parameter and sign change the
electron orbit configuration significantly, and very small amount of the electron dissipation
changed the electron orbit mapping configuration. With the dissipation, the orbit fills in certain
annular region almost ergodically, in which the orbit seems chaotic. We found, however, that the
orbit which fills in the annular region due to the dissipation is not necessarily stochastic. We
confirmed this fact by examining the change of the frequency spectrum applying the fast Fourier
transform for electron orbits, and also calculating the Lyapunov exponent for aimost all orbits. We
must be very careful to examine the orbit stochasticity by the mapping method.

The change of Fourier spectrum has also been examined by varying the shear parameter, helical
winding number /, and the dissipative effect cd. We found that the transition of the regular orbit to
stochastic one is not through the period doubling bifurcation, it may be throughthe quasi-periodic
transition. In the dissipative mappings, we also found that the 1/f-noise spectrum appears in the
low frequency region mainly in the /=1 helical systems. In the area preserving systems, the

frequency spectrum broadening induced by the shear effect did not show the 1/f-shape. The



1/f-spectrum is found to be induced by the dissipative effect. The reason why the 1/f-spectrum
occurs is, however, still an open question.

Evaluating the averaged rotation number for electron orbit, the mode locking phenomenon has
been found from the Devil staircase .as in the one dimensional circle mapping. It is also found that
the length of plateau in the averaged rotation number is proportional to the magnetic island width
and the mode locking phenomenon is stable against the dissipation and the nonlinear effect. All
numerical calculations and graphics presenfed in the paper are carried out making use of the
Mathematica. !9
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Figures Captions

Fig.1: Two dimensional Poincare' mapping for electron orbits in helical systems with /=1, K=0.2
and 15°=2.123. a: s=0.5 and c4=0.0, b: s=1.0 and ¢g=0, c: s=1.0 and cg=0.0005, d: s=1.0
and ¢d=0.001, e:s=-0.5 and cd=0, f: s=-1.0 and cg=0, g: s=-1.0 and cd=0.0002,

h: s=-1.0 and c¢d=0.0005. Poincare mapping in the rectangular coordinate system. i: s=0.5
and ¢d=0, j: s=0.5 and ¢d=0.0005, k: s=-1.0 and ¢g=0, 1. s=-1 and cd=0.0002.

Fig.2: Two dimensional Poincare' mapping for electron orbits in helical systems with /=2, K=0.2
and 15°=2.123. a:5=0.2 and ¢4=0.0, b: s=0.5 and ¢g=0, ¢:s=1.0 and c4=0.0, d:s=1.0
and cg=0.0005, e:s=1.0 and cd=0.001, f: s=0.5 and ¢4=0.001. Poincare mapping in the
rectangular coordinate system. g: s=1.0 and ¢d=0, h: s=0.5 and ¢g=0.0002.

Fig.3: Time variation of radial coordinate xp for 1=1, s=0.5, K=0.3 and xo=1 0 (a),
and frequency spectra of fast Fourier transform of xn for /=1 and K=0.3. b: s=0.2 and
cd=0, ¢: s=0.5 and c¢g=0, d: s=1 and cd=0, e: s=0.2 and cd=0.001 (the dotted curve
represents the 1/f-spectrum), f: s=1 and ¢d=0.0005, g: s=1 and cd=0.001(the dotted curve
represents the 1/f-spectrum), h:s=1 and cd=0.003.

Fig.4: Frequency spectra of fast Fourier transform of xp for /=2 and K=0.3. a: s=0.5 and ¢g=0,
b: s=1 and ¢d=0, ¢: s=1 and cd=0.0002, d: s=1 and c4=0.001.

Fig.5: Vanations of averaged rotation number p versus 1, for a: /=2, K=0.2, s=0.5 and ¢d=0 (the
area preserving map), b: /=2, K=0.5, s=0.5 and cd=0, c: =2, K=0.2, s=0.5, and
¢d=0.002, d: =1, K=0.2, s=0.5 and cg=0. _

Fig.6: Variations of plateau (black region) in (K, 1,)-plane for area preserving map (cd=0),

a: /=2 and s=0.2 , b: /=1 and 5=0.5.

Fig.7: Vanations of Lyapunov exponents calculated for /=1 system with xo=1.5, 8¢=2, and 1,=1.

a: ¢ versus K for area preserving map with ¢g=0 and s=0.5,
b: ¢ versus ¢y dissipative map with K=0.2 and s=0.5,
c: o, versus K for cg=0 and s=1, d: ¢, versus K for ¢4=0 and 5=1.

Fig.8: Two dimensional graphics of Lyapunov exponent on the initial orbit coordinates (x,,0¢) for
! =1 system with s=- 1. a: area preserving map (¢4=0) with K=0.3 and =1,

b: dissipative map (c4=0.001) with K=0.3 and 1p=1, ¢:cg=0, K=0.5 and 1p=2,
d: enlargement of upper left portion of ¢.
Fig.9: Two dimensional graphics of Lyapunov exponent on the (K,1¢) plane for /=1 system with
c¢#0, xo=1 and 8p=2. a: s=0.5, b: s=1.
Two dimensional graphics of Lyapunov exponent on the (K,8¢) plane for the case with

c=0, x0=0.2 and s=1. ¢: 1p3=1, d:1p=4.
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