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Abstract
This is the proceeding of “ Study on Numerical Methods related to
Plasma Confinement ” held in National Institute for Fusion Science. In
this workshop, theoretical and numerical analyses of possible plasma
equilibria with their stability properties are presented. There are also various
lectures on mathematical as well as numerical analyses related to the

computational methods for fluid dynamics and plasma physics.
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Preface

This volume contains 19 papers contributed at the 1999-Workshop on
MHD Computations held in Toki, November 8-10, 1999. This workshop was
held as one of the collaboration research projects of the National Institute of
Fusion Sciences (NIFS). This is also the continuation of the workshop
activity on numerical computations related to the thermonuclear fusion
research that has been continued for more than eighteen years by
researchers in plasma physics and applied mathematics. '

The purpose of this workshop is to study various possible plasma
behaviors and its controllability in fusion research focused on LHD device in
NIFS. The main basic mathematical model treated in the workshop was
Magneto-Hydro-dynamics (MHD). . There were also several lectures related
to various mathematical models of plasma such as kinematic models and
particle simulations. _

There were more than 30 participants in the workshop, and we had 19
contributed talks under the following themes: 1) Study of plasma equilibria
and its stability analysis for helical system; 2) Study of various resistive
effect in plasma behavior; 3) Proposal of new numerical methods and
simulation techniques related to fluid dynamics and electromagnetism.
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Analytical Model of LHD Divertor Plasma
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Details of magnetic filed structure of LHD are shown. The connection length of divertor filed lines
are of the order of 10 kin. Based on these characteristics of the peripheral magnetic filed structure, it is
proposed an analytical model for divertor plasma of LHD. Heat flow in chaotic field line region is analyzed
and criterion for detouched divertor plasma is obtained.
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Construction of Generalized Magnetic Coordinates
by B-Spline Expansion
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Michinari Kurata
Dept. of Energy Engineering and Science, Graduate School of Engineering, Nagoya University
and
Jiro Todoroki

National Institute for Fusion Science

Abstract
Generalized Magnetic Coordinates (GMC) are curvilinear coordinates (€,1,%), in which the magnetic field is
expressed in the form
B = VW(EN.0) X V¢ + HEEMVEX V.
The coordinates are expanded in Fourier series in the toroidal direction and the B-spline function in other two
dimensions 1o treat the aperiodic model magnetic field. The coordinates are well constructed, but are influenced by the

boundary condition in the B-spline expansion.

Keywords:
generalized magnetic coordinates, GMC, magnetic flux coordinates, nested magnetic surface,

breaking of magnetic surfaces, magnetic islands, ABC magnetic field, B-spline expansion
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On Numerical Computation of Lyapunov Exponents
of Attractors in Free Boundary Problems*

Hitoshi IMAI!, Toshiki TAKEUCHI!, Shewli S. SHANTA?
' and Naoyuki ISHIMURA3?

! Faculty of Engineering, The University of Tokushima,
-2Graduate School of Engineering, The University of Tokushima,
3 Faculty of Economics, Hitotsubashi University,

Abstract

In the paper a method for numerical computation of Lyapunov exponents of attractors in
free boundary problems is presented. For one-dimensional free boudary problems it facilitate
the derivation of ODE systems which are very useful in the concrete analysis. It is applied
to a free boundary problem with some parameters. Various attractors are found numerically
and their Lyapunov exponents are computed.

Key Words : free boundary, chaos, attractor, spectral method, Lyapunov exponent

1 Introduction

Free boundary problems are boundary value problems defined on domains whose bound-
aries are unknown and must be determined as the solution. Due to nonlinearity they easily
involve chaotic phenomena. Free boundary problems are very important from the practical
view point, so investigation of chaotic phenomena is very important.

The investigation is carried out via analysis of bifurcation and attractors. Bifurca-
tion phenomena in a free boundary problem related to natural convection were analyzed
numerically[9]. Attractors in free boundary porblems were analyzed theoretically[1]. Such
attractors are considered in the infinite-dimensional space. It is very difficult to carry out
their concrete analysis.

*This work is partially supported by Grant-in-Aid for Scientific Research(Nos. 09440080 and 10354001},
This work is also a collaboration with CCSE of Japan Atomic Energy Research Institute.



Attractors of the ODE system is very important. This is because it is useful for concrete
analysis[7]. Numerical computation of Lyapunov exponents is easily carried out. If there
exist positive Lyapunov exponents, chaotic phenomena exist. However, it is very difficult
to derive the ODE system which approximates the PDE system describing a free boundary
problem with chaotic phenomena.

In the paper a method for numerical computation of attractors in free boundary problems
and their Lyapunov exponents is presented. To see the procedure of the method it is applied
to a free boundary problem with some parameters which is of the type of a two-phase Stefan
problem. The method consists of SCM( Spectral Collocation Method) and the fixed domain
method. For one-dimensional free boudary problems it facilitate the derivation of ODE
systems.

2 Test problem

We consider the following one-dimensional free boundary problem with some parameters.

Problem 1. For parameters la®|, 18|, [so] <1, 0 < r <1, ¢ and w?*, find u*(z,t) and
s(t) such that

uf(z,t) = ub(z,t) + g*(z,t), O0<t, 0<az<s(t),
w (FLt) = A5, 0%t
u(s(t),t) = 0, 0<t,
ut(z,0) = ut(x), —1 <z < s,
u (z,0) = u (z), 8 <z <1,
d .
a—t-s(t) = —kT(t)ut(s(t),t) + k™ (&)u (s(t), 1), 0<t,
3(0) = s
where
' 1 1+ 8sint
i —_— — _——_—
K@) =r+(1-1) 5 :|:1+a¢sintﬁCOSt’
hE(t) = £1+ ot sin(w®t),
- ot t +1+atsint
s p) = glyplBmat)eost oy ElH+aTsing
7@t = O\ E T TG & At e S feost
) — 2 X — 3o
= — Nz — sq) —
u"(z) = alz — s0)” +afso + 1)(z — so) T
— 2 T — 5
u(z) = b(z — 50} + b(so — 1)(z — o) + T
Parameters a, & should be determined such that uv*(z) 200, u(z) <0.

Remark. Fora=b=3sy=7r =0, wt =1 and g = 1, there are exact solutions as follows:

s(t) = sp(t) = PBsint,
' FhE(2) +1+ atsint

'U.i(q;,t) = Tsp(t)(l‘ - Sp(t)) = :F—-m(ﬂf — [Fsin t).



3 Our method

In analysis of chaotic phenomena attractor plays an very important role. Attractors
in free boundary porblems were analyzed theoretically[1]. Such attactors are considered in
the infinite-dimensional space. It is very difficult to carry out concrete analysis to such
attractors. )

Attractors of the ODE system is very useful for concrete analysis. However, it is very
difficult to derive the ODE system which approximates the PDE system describing a free
boundary problem with chaotic phenomena. ‘

In this section a method is presented. It consists of the fixed domain method and the
spectral (collocation) method. To see its procedure it is applied to Problem 1.

3.1 Spectral collocation method

The spectral methods are superior in accuracy(3]. In particular, SCM{Spectral Colloca-
tion Method) is preferable to nonlinear problems.

In the paper, SCM using Chebyshev Polynomials and Chebyshev-Gauss-Lobatto case’s
collocation points is used. A function u(z)} in [—1,1] is approximated by the N the order
Chebyshev Polynomials as follows:

. .
u(z) =Y g Ti(z), Ti(z) = cos(k arccosz).
k=0

There is an inversion formula

N o N 1
U: = ﬂka(I}'), 'ﬁ‘,k = — —u Tk(ll)
’ k_g(y R NC“j:OCj‘J J
where - o
=. — --21 j:{):N: ._ ]ﬂ' -
Cj-{ 1, othewise ’ xJ_COSN’.J"“O:l: V.

{z;} is called Chebyshev-Gauss-Lobatto case’s collocation points. Derivatives at the collo-
cation points are easily computed from {u;}. These mean that it is easy to increase the
order of the approximatin by increasing the number of collocation points. This feature is
quite remarkable and different from other discretization mthods. By using this feature we
developed IPNS( Infinite-Precision Numerical Simulation )[3, 6]. The application of SCM is
similar to that of FDM. So, it is easily applied to the nonliear system.

3.2 Fixed domain method

SCM can not be applied directly to free boundary problems due to the unknown shape
of the domain. To avoid this difficulty, we use the fixed domain method[4, 8, 9]. Mapping
functions are introduced for mapping the unknown domain to the fixed rectangular domain.

We use the following variable transformation : (x,t) — (£, %) such that

t=tt)=1%  0<t,

[ e D1 o<t —1<a<s(),
.’L‘=.’L‘(§,t)= 1 2—-{
%U(g_nﬂ, 0<t, s(t) <z <l



Using these mapping functions, we define o )
3(0) =s(t(®),  @* (&) =ut (&0, t1),  a(&1) = u(z(£, 1), ¢(E)

Then, Problem 1 is transformed in the following fixed boundary problem.

Problem 2. Find @*(£,t) and §(¢) such that

(6.0) = —k () et (LD (6D
. 2 1) ._ - . ~ 4 . -
() Ty (-, t)u;(g,mm 56D

(68— at)cost [5(t) + B
+q{ (1 + Bsint)? ( 2 (€+1)—1—ﬁsmt)

(14 a*sinf)Bcost
1+ f@sint

}, 0<i, -1<&<i,
at(—1,%) = 1+ a™sin(wti), 0< ¢,
at(1,7) = 0, 0 <,

#60) = (§oo+ 0+ - gty ) o DiE -1, <<

2(s0+1
T (60) = k(O 1 (LD (6
-1 N 4
-k~ (t)—{—-—-—(-(—%-w—-—l}-—z— 5( 1 t) E(f,t)+‘{—-(")-—]'}—2u§5(§,t)
-G (5 e v e gond
(1 —;t‘_s;nsi)licosf}’ 0< 3 l<g<y,
i~ (~1,¢) = 0, 0<t,
a (1,1 = -1+ a” s:in(w‘f), 0<t,
i7(6,0) = (§on =1~ 1) - = ) (o= D+ D, ~1<E <,
d_ . 2 2
a-t:s(t) = —k*(t)§(£)+1ug(l,t)*k (t)g(f)_lug (-1,t), 0<{,
§(0) = 5.

3.3 ODE system

Numerical computation of attractors can be carried out by the applicaiton of SCM
in space and time[4] to Problem 2. However, this procedure is not proper for numerical



computation of Lyapunov exponents. The derivation of the ODE system is necessary. The
ODE system is very important not only in numerical computation of Lyapunov exponents
but also in theoretical analysis. For its derivation SCM not in time but in space is applied.

In the paper the order of the approximation in space N, is fixed to be 2. Of course,
it is very easy to increase N,. This means original attractors of the PDE system can be
approximated arbitrarily by the method. So, the method is very important from the theo-
retical view point. After the application of SCM in space with N, = 2 the ODE system for
parameters ¢ = 0, r =1, a® = A =0.5 is derived as follows.

Problem 3. Find u*(t) and s(t) such that

d 1

Zut(t) = O (8u (t) — sin (') — 2) (sin (w*t) +2)
+§m (bu™) — sim (o7) +2) (sin (w*1) + 2
—m (4wt (t) —sin @*) = 2),  t>0,

%u_(t) - -m (8u*(2) — sin (w*t) — 2) (sin (w™t) - 2)
—S(S(t;—_l)? (8u=(®) — sin (w™t) + 2) (sin (w™t) - 2)
—ﬁ (4u=(t) = sin (w™t) + 2) t>0,

%;(t) - —m (sﬁ*(t) — sin (w*t) — 2)
- (S(t; 5 (B @-sn@+2),  t>0

ut(0) = uf, v (0) = uy, s(0) = so.

Here u*(t) and u™(t) represent u*(ﬂ%:—l,t) and u‘(l—?—;m,t), respectively. For the other
parameters the derivation of the ODE syste is same.

3.4 Transformation into the autonomous system

The ODE system in Problem 3 is not autonomous. So, transformation into the au-
tonomous system is necessary for numerical computation of Lyapunov exponents. It can be
done by introducing a new parameter 6{2]. Then, Problem 3 is transformed into the following
problem.

Problem 4. Find u®(t), s(t) and 6(t) such that
%w(t)' - _m (8 (2) — sin (w*8(8)) — 2) (sin (w*6(2)) +2)

+ 8u(t) — sin (w=0(t)) + 2) (sin (wo(t)) + 2)

1
8(s(t)2 - 1) (



NTOR 1) > (4ut () —sin (W*0()) -2),  t>0,
%u_(t) = _m (8“+(t) — sin (wté(t)} — 2) (sin (w™8(t)) - 2)
- s =77 (B0 —sin w6 + ) (sn (w0(0) 2)
—@?"_1—)2 (4w=(t) ~sin (W B +2), >0,
%s(t) = ﬁ%ﬁ (8ut(t) — sin (w*6(2)) — 2)
Q(S(t; 1) (8u~(¢) - sin (w™6(1)) +2) , t>0,
d
6(0) = 0

ut(0) = uf, v (0) = ug, s(0) = so.

4 Numerical results E

In this section, numerical results are shown. -

Fig. 1 shows numerical results forq =1, =0, a* =8 =05, a =b =0, wt = 1.
For 59 = 0 exact solutions are known as in Remark and they. are periodic. Fig.1 {(a) shows
numerical solutions are very satisfactory in accuracy. Unfortunately, Fig.1 (b) shows these
solutions are not attractors.

1] T v T os
oal b val
oz} . oz |
s° 8 °
oz 1 02
oat 1 oaf
T 0 o5 K s o o5 )
S ‘.5’
(a) Sp = 0 . (b) Sg = 01

Fig.1. Numencal results in the (s, $) planefor g =1, r =0, o = 8 = 0.5,
a=b=0, w* =1



Fig.2 shows attractors in the (s, $) plane for ¢ = 1, r = 1, w* = 1. In these cases there
are no exact solutions. Numerical solutions converge to the attractors. Fig.2 (a) shows in
this case the attractor is a closed curve. This means periodic solutions are stable. Fig.2 (b)
shows in this case the attractor is a fixed point. This means the steady state is stable.

é o 5 o
02
04

oz} 1 Frye

osl

JgF

o4 1zt

X . 1.4 N
'0.“ -0‘.2 ] 02 ﬂjl 08 -DI‘ ‘DI.I ] ulz Dj‘ .13
5 s
(a) af=8=05a=b=0 (b) at=p8=0

Fig.2. Attractors in the (5,§) planeforg=1, r =1, w* = 1.

Fig.3 shows the attractors in the solution.space (u*, u™, s). Fig.3 (a) shows the same
attractor in Fig.2 (a). Fig.3 (b) shows in this case the attractor is a torus.

(b) ¢=0, wt =1, w” =102

Fig.3. Attractors in the solution space forr=1, a* =8=0.5, a =b=0.

Figs. 4 and 5 shows attractors and Lyapunov exponents. Attractors are computed from
Problem 3. The exponents are computed from both Problem 4 and its linearized problem.
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Fig.4. Attractor in the solution space forg=0, r=1, a* =8=05,a=b=0, w* =1
Lyapunov exponents : Ay = —1.360, Ay = —6.712, A3 = —19.13, Ay = 0.000
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Fig.5. Attractor in the solution space for g =0, r =1, ot =06=05 a=5b=0,
wt =1, w™ =+/2. Lyapunov exponents : Ay = —1.289, Ay = ~7.228,
)\3 = —1575, /\4 = 0000

As = 0.000 is due to the artificial parameter § which is introduced in the transformation into
the autonomous system.



5 Conclusion

In the paper a method for numerical computation of attractors in free boundary prob-
lems and their Lyapunov exponents is presented. The method consists of SCM( Spectral
Collocation Method) and the fixed domain method. To see the procedure of the method it is
applied to a free boundary problem with some parameters which is of the type of a two-phase
Stefan problem. Various attractors are found numerically and their Lyapunov exponents are

computed.
For one-dimensional free boudary problems the method facilitate the derivation of ODE

systems which approximate PDE system describing free boundary problems. SCM is used
in the methos, so original attractors of the PDE system can be approximated arbitrarily.
This means the method plays a very important role in theoretical analysis.
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MHD Stability Analysis of Helical System Plasmas
Yuji Nakamura
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Abstract

Several topics of the MHD stability studies in helical system plasmas are reviewed with respect to
the linear and ideal mode mainly. Difference of the method of the MHD stability analysis in helical
system plasmas from that in tokamak plasmas is emphasized. Lack of the cyclic (symmetric)
coordinate makes an analysis more difficult. Recent topic about TAE modes in a helical system is
also described briefly.

Keywords
MHD stability, helical system, non-axisymmetric torus, energy principle, reduced MHD equation,
ballooning mode, TAE mode

1. Introduction

MHD ZEHF#EBR T LT, ETBROCELRTIUERLZLR2VORMHED EHTH S,
F—F RFFA<-OMHD % EZ S L&, MHHERNEI TRVIPBEELLRS, b
v 7 ERBETHIEMHBTESF XTI (b= TH, berd Lol AOBEBELSS X
B & BB IR TRV E VS BBRBHEN) ., haA TR gRFA S Y S (F
© f=iXignorable coordinate ) L2V, BRI FoA FAAIZEFELRY, T2 TR ¥
NEREEE, FaAFrf, Hofdf
EMHEE (rd2) HEL1OL S ICERT : v HO14 LHEE S
B, Lo T, @t HEHELER Grad- : - NOAS LA
Shafranov HRER CHM &4, Wt REHE : . KoL LB
1

(r, 2) & L< IABESIERS (y, 0) CHREHTT Z

BIEMTED, )
ZHICH L THMN R CREERA :

FoA SN FROEFEEERORD, =K

: >
7 (r, g2 T0T (v, 6, ¢) BEZTHEA n U ¥
THAVERH D, O LITBEIIRTER ' w=const.

W50 ) BRAENEIT TR
MR RBLICIDH A2 o 7 JEE X1 BEROES
EH- R RBEHEHRERVAEN.,




BABBTZLEERLTWS, Z0LOR Vacuum

FEB R b — T ARORESANY HAFR b — IV Coil Chamber AV Coil
FATTFI A= TChHAH, BETIILHD,. CHS.
Heliotron J 72 ¥ DHRHR Y 7 X~ LiA¥HikHE Plasma
BETFoLh35, #l& LT, Heliotron ] O3
AFE LTS5 X<5H 27T, Heliotron J 1%
L=1 ~U Al ~VF o EBTHY, 7
F AR L=l ~ VAN aA VOEDEE
THULADOLNEN, TFABHLA~Y D
iz Th T g,

b—Z 275 X~ O MHD & EH ORI R
METO>BRE, BREELTRB~Y P E TA Coil
WATHEON—BNTHD, BERY L% HF Coil TB Coil
hoAf FAATT— Y TREERBL .

2 Heliotrond DA LFHE
Ew.0.0)= 3 &, cos(ng) 75 X< R

LHRTE . WRHE CRTEERI oA SABEEERRZN D haf AT — R (n)
TEREENTE S, THICHL, FWHNHERCTREERICN oA FAEFEEESH S
eh, FHEBEZBALTRZoFE bus Fve— FELBOBHT— FEITE— FESNE
Y, buAFAT— FEZLOBFITERL,

UTOHCHEFAZHLT, SAETCRITDRTEE~Y ALRT T X<t 3
MHD ZEMEORNT FEIC SV THBICHRAT 3,

2. Energy Principle
BAEAMHDFBRRICEEH N7 P 2AVWT, ZRERNTERT & MHD REROHRARNT

tX Lagrangian
L=w’K-6W

— 1 £ 12
K== [drlpl|EP]
1 e 3 _.. — e _.-‘ -

oW = [ QF +IxE - Q+E-VpXV &)+ (VD)

(o SR EE(E R ERE) S 251, 22T
Q=Vx(ExB)

BB PLERT, TOMORERI—HBRNLLOLZEN, T TIEREALZY,
Fi RF R NI RAFE—W (ZOWTIREHEOD 7T XN IETE2EZTWS,
BlambhTwa X 5z, B8 MHD 2%\ T Lagrangian {3 H R 2 F-> T 572 D@



Hle? REETHY, EbIRE (REM . AL OIFEE (BEBARNICHEER) T
H5.

A2 75 X IR HRR RO TR TR <@y, Bieof bug FE— FE%:
Foe—FILicMir L, BEEEZRDAZENTES, LEB-s TIRTAICHET T
%, iB%. Lagrangian OHMEETEIT, HEMICHAREREL AW TITAIOBEREBECE
HEETRMIND, HR723— F& LTIXERATO & PEST %F bh 5, ERATO TiT (w
8) ORI THBEREZAVTWS, PEST TikR oA FUFEIRA~Z bAE (2
— ) B V. BEN—RACHREFELZHALTVWS,

ANYAAVRT S XTI, FOZRTHO - HEEE Lagrangian OE{H R EENIZAZ
S EIZREETHoM-., ZOH, AT T Vv—FBRELHEINDTUEA (2],
AT Z V—F BB CIIEEEE Y

B=Bge, +B,(R,4,Z)+B;(R,Z)+B,(R,Z)+B,(R,Z)+ O(5*)
0(9) o)
DESIA=F) 7 LEBERRTS, 2T, B~V AL/ ADELIRBOI B e
A FNFRCRE T 557, By B, B, BEWENT T AENMCL SRBE s A0
REBmASY. BOBICEITREHERICL 2R oA FABEBRS. P—FAPRIZLS + o
A FNEBRI TH D, BE M~V ANIA VD af FAEIRE M O A7 —
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4. Ballooning Mode Equation
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5. TAE Mode (Toroidicity-induced shear Alfvén Eigenmode)
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Abstract

New applications of multi-layer neural networks for numerical solution
methods were studied. Itis quite in the nature of things that developing numerical
methods with higher efficiency and higher accuracy for solving large-scale problems
in the physics and the engineering fields is most important, nevertheless it is also
very important that numerical formulation of the problems can be carried out easily
or complicated constraining conditions often encountered in the real world can be
imposed easily. As a multi-layer neural network is a flexible mapping device
representing a continuous function, the learning process of the network can be
regarded as a solution process of partial differential equations or integral equations
which satisfies the above requirements. |

Keywords: Neural Network, Differential Equation, Integral Equation, Collocation
Method, Computer Tomography

1. Intreduction

Researches of artificial neural networks (hereafter neural networks) revived
in the 1980s and since then various-kinds of problems are being studied intensively
[1-3] Research themes of the neural networks are categorized as (1) the basic theory
of the neural network and problems relating to the biological neural network, (2)
development of new learning algorithms with high speed and high accuracy, and (3)
applications of the neural networks to real world problems.

As for the application to the scientific diagnostics and relating numerical
simulation requirement for high speed and nonlinear analysis methods for data
processingis increasing [4] In relation with it we are aiming at development of new
applications of the multi-layer neural network to the field of numerical
computation.

2. Neural network collocation method
Learning process of the multi-layer neural network(Fig.1) is to determine the

weights assigned to connections between neurons belonging to two adjacent layers



so that the quantity representing the error of the output value from the target value

(the object function) is minimized. There are, therefore, various possibilities to
apply the neural network to different kinds of problems by choosing the object
function in accordance with the problems to be solved. In the usual applications of
the multi-layer neural networks a supervising dataset composed of many sets of
input data and correspending output data is first prepared and the network is trained
so that the difference between the network output data and the supervising output
data is minimized. For this kind of training (learning) process the sum of squared
error of the network output data from the supervising output data is employed as
the object function to be minimized.
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Fig.1 Structure of a multi-layer neural network

When we use the multi-layer neural network for solving partial differential
equations ihdepndent variables and the unknown variables are employed as the
input variables and the output variables of the network, respectively. In this case, as
a matter of course, there are no supervising data for the unknown variables. The
object function of the network is, however, constructed as described in the following.
First, it should be noted that the output variables of the multi-layer neural network
can be expressed as analytical functions of the input variables, and, therefore,
derivatives of the functions with respect to the independent variables can be
expressed analytically. On the basis of the above fact the sum of the squared residuals
of the differential equations for collocation points chosen beforehand can be derived
instead of the sum of the squared errors of the unknown functions. After the



completion of the learning process a mapping device is constructed, whose input
data and output data are the dependent variables and the unknown functions for the
present differential equations, respectively. For simplicity we consider - a

three-layered neural network. The output variables y, (k=1,...K) are expressed
analytically as functions of the dependent variables x, (i=1,...I) as follows.

! ]
— (2 (1 [¢)]
Y, = Zw,q. G(zllwﬁ X+ wWy) (1)
=1 f=

where x, y, w, and ¢ are the input variables, the output variables, the weights, and
the activation function (sigmoid function), in the respective order.

As described in the above this solution method is regarded as.a kind of the
collocation methods. Two methods for imposing boundary conditons are
considered. Milligen, et al. im posed boundary conditions by using an object function
with penalty terms representing the conditions [5] and Lagaris, et al. adopted a
method where the solution of the differential equations is composed of the output of
the network multiplied by appropriately prepared form factors and additional terms
satisfying the boundary conditions [6]."

There are many unique features in this solution method which are not seen
in the conventional solution methods. The most important feature is that the
obtained solution is, virtually, not a numerical solution but an analytical solution.
Therefore, the solution is differentiable infinite times in the computational domain.
If one express a solution by using series of some orthogonal functions the solution
has the similar feature, but the solution by the neural network collocation method is
considered to be superior in expressing a function by a small set of variable
parameters. Secondly this method is essentially an element-free method, and it is
very easy to control locally the computational accuracy. Another important feature
is that a solution can be obtained easily even when initial conditions and/or
boundary conditions are not given on regular mesh points. This feature may be
utilized efficiently for a data assimilation problem. A weak point of this method is
that it requires, generally, a lot of computational time because a single solution
process corresponds to a single learning process of the neural network. Generally
speaking the computational cost of the learning by the error back-propagation
algorithm carried out on a conventional computer is considerably high and,
therefore, the solution method based on the neural network is disadvantageous.
However, for problems which require the above features of solution methods there
is a possibility that the neural network collocation method may be advantageously
used in comparison with the conventional solution methods. Moreover, there is
also a possibility that the computational cost may be reduced considerably by
employing higher order optimization algorithms instead of the error



back-propagation method of the first order convergence.

2.1 Neural network collocation method
First, the differential equation to be solved is given as

Dj=3(x), 1€Q | @)
As the analytical expression of the output variables is given in Eq.(1) for a
three-layered neural network, the derivatives of the output variables with respect to

the input variables are given as

!
g = “’a'(Zw;,“x,m“’ - - (3)
a I

(2) (l) (l) (1) (1)
p 9x ; O'(Zwﬂx,+w (4)

By using these expressions the residuals of the differential equations can be expressed

analytically, and the object function of the neural network for solving the
differential equation (Eq.(2)) is given as

= f(X, D)
E=[{DfG.®) -3} dz

To solve the equation we then discretize the above integral and the following

)

equations are obtained.
E= Y FfG,,.., )
pettem
FUF R e @0 = {Df G ) ~ 3 )} o ®

X psem € Q2

where pattern denotes each collocation point.

2.2 Treatment of boundary conditions

For simplicity we consider Dirichlet type boundary conditions given as

y(x,) =y, x,€l (7)
where b denotes the boundary. As described previously the object function for the
penalty method is given as

I§=E+A£b
E

b Z(g(im) - ﬁbi)z

On the other hand, for the method using form factors the solution of the differential

(8



eauatios f is given by using the form factors and the output of the neural network fy,

and an additional term A as

f(& @)= A@)+H(, f, &) ©
ﬁ(ib) =y, (10)
A(%, fou G, @)= 0 | (11)

2.3 Numerical experiments

To investigate the applicability of the method several problems are solved by
the neural network collocation method. In the following we show two examples
among them where the Navier-Stokes equations are solved under different
boundary conditions.

The Navier-Stokes equations are given as

e odu JP du Jdu .
uax+v$+§f 53-6_;4-_5_[{?}_0 1148 (12a)
u%+v%+%—y(g:j+g;j]=o inQ o (12b)
du v .
$+5 =0 inf) (12¢)

(1) Flow of sigmoidal stream lines in a square domain
Flow in a box with the following boundary conditions (Fig.2) is solved.

Q={(x(x,y)e[-1,1]x[-11]}

(A, sin’ my,0) x=-1nyel0,1] -
(u,v) = 1(A, sin’ 1y, 0) x=-1nye[~1,0] (13)
(0,0) elsewhere
P11 =0 (14)
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The boundary conditions were imposed by the method of form factors and
two numerical 'exp.'eAriments by using different training algorithms, i.e. the
conventional error back-propagation method and the Gauss-Newton method (one of
nonlinear least square method) were carried out (Figs.3 and 4). The computational
times and accuracies are summarized in Table 1 for the above two numerical
experi'ments.
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Fig.3 Flow pattern obtained by the error back-propagation method.
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Table 1 Computational time and accuracy

Algorithm | Structure| No. of No. of |Iterations| Average {CPU time
training |executing residual h:m:s
patterns | patterns efror S
Error 1-12-1 121 441 10000 8.90x107 | 00:02:08
back prop , .
Gauss 1-12-1 121 441 3 - 6.53x107 | 00:00:11
Newton

(2) Problem of calculating the wall rule

To investigate if the neural network collocation method is applicable to the
problem where the behavior of the solution changes ébrliptly within the
com putational domain we solved the Navie-Stokes equations in a flow channel
with a wavy wall (Fig.5).
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In this computation the boundary conditions were imposed by the penalty method
for the wavy wall and by the method of form factors for the other boundaries. An

example of the result of the numerical experiment is shown in Figs.6 and 7.
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3. CTimage reconstruction by using a multi-layef neural network

Similarly as the previouslu described differential equation solver a
multi-layer neural network can be applicable for solving an integral equation by
employing the sum of the squared residuals of the integral equaﬁon as the object
function [7). As a practical example we applied the method to the CT image
reconstruction from a small amount of projection data. This kind of CT image
reconstruction method is especially useful for data analyses in laboratory
experiments or in field observations because in these applications the number of
projection paths and their distribution are strongly limited the experimental or the
observational conditions in com parison with the medical applications where the CT
image reconstruction technique is extremely well-developed.

31 Formulation

We consider CT image reconstruction for the geometry given in Fig.8. Within
the 2 dimensional domain distribution of some quantity is given as f(xy) and line
integrals of the quantity f along a path k is observed as

8(n,0) = [ Fx.y)ds +n(z.8,) (15)

where n is noise with zero average value.
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3.2 Object function and training
The object function to be minimized is given as

E=Y (" 000 - £ (16)

where the line integral g"" (r,,8,) is evaluated by trapezoidal formula as

8" (r8) = [ fxds = X f(x,.) an
By using the above object function updating of the weights of the neural network is

carried out as

)
A =
wmn ‘yawmn
3 meas a m ,6 ‘.NN
K 1 &"NN
E= *2YZZ(gNN(,;C’9k)_g;neas)ai(k)_,_
k=1 i=1 . awm

where v is the learning rate, and the training is carried out by semi-online mode.
3.3 Numerical experiments

As a test problem we tried to reconstruct the following double-peak Gaussian
distribution (Fig.9).
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Fig.9 Bird's eye view and contour plot of the function to be reconstructed

Two kinds of projection paths, i.e, the fan-beam projection paths and the
paralle-beam projection paths are adopted. The error of projection (line integral)
data E_ and the average function error E, are defined as

(87,8, 8
E = ;( ) . (20)
P K
) (xuy.')_f(xty)
E, = 2" - | 1)

The neural network consisting of four layers with the structure, 2-12-12-1, is chosen
experimentaly. Numerical experiments for the following cases were carried out, i.e.,
(1) fan-beam projection paths of 30 x 30 = 900 without noise, (2) fan-beam projection
paths of 30 x 30 = 900 with 5% noise, (3) asymmetric fan-beam projection paths of 15
x 30=450 without noise, and (4) paralle-beam projection paths of 30 x 30 = 900 without
noise. The last case was carried out to compare our result with (5) the result by the
widely usedfiltered back-projection(FBP) method. The contour plots, and the
correlation diagrams between the reconstructed and the original distributions,
corresponding to the above experimantal cases, (1),(4), and (5) are shown in Figs.
10-12. The errors of reconstructions are summarized in Table 2. From Figs. 11 and 12

the method by the neural network is superior to the FBP method for the image
reconstruction of small amount of projection data. |
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Table 2 Errors of image reconstructions corresponding to the above cases.

Method Projection paths Noise Error of projection | Average function
data (E) error (E)
Neural network Fan: 30 x 30 0% 0.0167 0.0191 (0.26 %)
Neural network Fan: 30 x 30 59 0.0578 0.0341 (0.47 %)
Neural network Fan: 15 x 30 0% 0.0226 0.0267 (0.37 %)
Neural network Parallel: 30 x 30 0% 0.0192 0.0219 (0.3 %)
FBP Parallel; 30 x 30 0% - 0.143 (1.9 29

By taking advantage of our method it can be applied to a large-scale image
reconstruction such as determination of the plasma density in the ionosphere or the
moisture density distribution in the air detected by the radio wave from satellite.
Conceptual diagram of the projection paths and an example of image reconstruction
is shown in Figs.13 and 14.
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Fig.14 An example of image reconstruction. Projection paths: 10 x 50. Left:
Original, right: reconstructed. Average error: 3.0 %.



4.

Summary and conclusion

The results of our studies on the neural network collocation methodare

summarized as

1

(2)

(3)

4

®

(6)

We carried out numerical experiments for several problems and attained
promising results.

Because of the good generalzation(smoothing and interpolation) functions of
the neural network this method will be effectively applied to various kinds of
problems.

As for the CT image reconstruction method our studies are summarized as
We carried out numerical experiments for several problems and attained
promising results. ' ‘
Because the numerical formulation of our method is very simple it can be
applied to problems of geometrically complicated objects.

This method is effective for problems where only a small amount of projection
data or projection data from asymmetrically positioned paths is available.

As long as the error-back-propagation is used as the learning algorithm the
computational cost is necessarily expensive and it is desirable that more efficient
learning algorithm is implemented.
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A New Scheme for MHD Stability Analysis
S. Tokuda, T. Watanabe, A. Ishizawa
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Abstract

A new scheme is presented to solve numerically inner layer equations that arise in the
asymptotic matching theory on MagnetoHydroDynamic (MHD) stability of magnetically
confined plasmas. The new scheme solves the inner layer equations as an initial value
problem. The full implicit finite difference approximation for time yields the differential
equations only with the radial variable. The differential equations thus derived are to be
solved with the given asymptotic conditions at infinity. This asymptotic matching problem
is transformed into a boundary value problem for which finite difference methods are well
established. The present method allows for simulation of the inner layer dynamics, such
as the evolution of magnetic islands, without solving the equations of motion in the whole
plasma region.

Keywords: resistive MHD stability, asymptotic matching, inner layer equation, evolution
equaton, finite difference method, tokamak
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Abstract

When the eigenvalue problem of the linearized MHD equation is solved by using finite element
methods, whether energy integrals are exactly carried out or not affects the convergence properties of
eigenvalues. If the energy integrals are exactly carried out, the eigenvalue of the most violent insta-
bility(the lowest eigenvalue) is approximated from ”above”, i.e., the approximated eigenvalue decreases
towards the true eigenvalue as the number of elements increases. If the energy integrals are estimated
by Gaussian quadrature formulas of which errors are the same order as the errors by the finite element

method, the lowest eigenvalue is approximated from ”below”.

1 Introduction

The study of MHD stability is one of the most significant subjects in the magnetic confinement fusion
research. The ideal linearized MHD equation has been extensively studied by many authors because the
most violent instabilities are described by this equation; lots of codes have been constructed [1, 2, 3, 4, 5].
In these codes, finite element methods have been applied.

Most of the MHD spectrum analyzing codes utilize numerical integrations, e.g., Gaussian quadrature
formulas, to evaluate energy integrals. There are a number of several reasons for this. One may be that
coeflicients in the integrand of the energy integrals are not constant in most cases. Ancther reason may
be that the physical quantities derived by equiliblium codes are numerically given in actual stability
calculations. The use of such a quadrature formula is a kind of variational crimes; most of theories of

finite element methods depend on an assumption that energy integrals are carried out exactly.



The use of quadrature formulas brings errors into the approximated eigenvalue in addition to primary
errors by the finite element method. When the errors caused by the quadrature formulas are much smaller
than the primary errors by the finite element method, the effects of the numerical integrations are not
substantial; the lowest eigenvalue is approximated from above [6], i.e., the approximated eigenvalue
decreases towards the true eigenvalue as the number of elements increases. When the errors by the
quadrature formulas are of the same order of the errors by the finite element method, the convergence
properties of eigenvalues would be much affected, and the lowest eigenvalue is not always approximated
from above. In most calculations by ERATO code [1, 2, 7] or CAS3D code [5] code, ihe lowest eigenvalue
is approximated from below, i.e., the approximated eigenvalue increases towards the true eigenvalue as
the number of elements increases. This may be explained by the feature of the Gaussian quadrature
formulas used by these codes. .

In this article, we shall investigate the effects of the Gaussian quadrature formulas, of which errors
are of the same order of the primary errors by the finite element method, to the convergence property

of the lowest eigenvalue.

2 Eigenvalue Probrem of Ideal Linearized MHD Equation

We consider torus plasma configurations with magnetic surfaces which do not intersect each other.
The magnetic surfaces are labeled by #, ¢ = 0 being the magnetic axis, and ¥ = 1 plasma surface. Let
X be the vector concerned with the plasma displacement vector normal to the magnetic surface, and Y
the vector in the magnetic surface; the combined vector Z is defined by Z = (X,Y). When the vector
Zis expanded‘into Fourier series with respect to poloidal and toroidal angles, the Lagrangian for the

eigenvalue problem of the ideal linearized MHD equation is written in the following quadratic form [g]

) a[Z] = Ab|Z), (1)
where . ‘
D ci c¥ X'
dzl= [ (x% x¥ y")| ¢ a4y A% || x |4y, (2)
o Co Ay Ay Y
and
b[Z]=/:(XH-BI-X+YH-BQ-Y)CI¢. (3)

Here the prime in eq.(2) indicates the derivative with respect to 4 and the superscript H refers the
Hermitian conjugate. The coefficients D, As», By and B, are Hermitian and positive definite matrices;
A;; is a Hermitian matrix. It is assumed that coefficients in eqs.{2) and (3) are sufficiently smooth.
The quadratic form a[Z] is continuous and coercive; b[Z] is contimuous and positive definite, so that
the eigenvalue A is real and bounded to below. The plasma is bounded by a conducting shell, so that -
the boundary conditions are expressed by X (0) = 0 and X (1) = 0. Whether the plasma is stable or

unstable depends on the sign of the lowest eigenvalue of eq.(1). If there are no negative eigenvalues, the



plasma is stable; If the lowest eigenvalue is a negative value, the plasma becomes unstable. In this paper

we deal with the situation that the lowest eigenvalue is negative and discrete.

3 Approximation of Function Spaces

We apply a finite element method to eq.(1). The integral region [0,1] is divided into N intervals, and
the i-th interval is written as (¢;.-1,%:) with N + 1 points )5 = 0 < ¢); < --- < ¢y = 1. The maximum
width of interval is expressed as h. In the following discussions, we assume ¥; = i/N = ¢h, for simplicity.

For a given integer , we introduce the following finite dimensional function space K} ;
Kj = {f ] f is a polynomial of degree <! on (¢_1,¢:) i=12,.., N} (4)

Furthermore the following two kinds of finite dimensional function spaces S! and T} are defined;

SL={f|feK,nH F(0) = (1) =0}, | (5)

Th={f|feK'n#H™"}, (6)

where H™ denotes the Sobolev space of the order of m. We choose the function spaces S} and T} as the

finite element subspaces of X and Y, respectively [8]. Then the errors in eigenvalues scale as
A — Aa| < CR™, Q)

where A, denotes the approximated eigenvalue, and according to the minimax principle, the lowest

eigenvalue is approximated from above.

4 Numerical Integrations

The integrations in eqs.(2) and (3) are numerically carried out by using a quadrature formula over
each element. When we use k(> {)-point quadrature formulas, the errors in integrations are O(h%*)
and they are much smaller than the errors by finite elements OQ(h*), so that the estimation of the
errors in eigenvalues (7) would be not changed; the lowest eigenvalue is still approximated from above.
When we employ the just [-point quadrature formula, the errors in integrations and the errors by finite
eléments are both O(h*); the convergence properties of eigenvalues are affected by the errors of the
numerical integration. An example of such a change of convergence properties is shown in Fig.l. The
profile functions are here given as p(r) = 0.05(1 — r?)? and g(r) = 0.8 + r2(1.82 — 1.92r?)/(1.21 -~ r?).
The internal kink mode of n = 1 and n = —1 becomes unstable in this equilibrium. The piecewise
linear function and the step function are employed as the base functions in hybrid({ = 1}. The symbhols
0O represent the approximated eigenvalues of the lowest eigenvalue in case of k& > ! points Gaussian
quadrature formula, and the symbols ¢ in case of one point Gaussian quadrature formula{k = 1). These
vaiues are plotted with the fitting line versus N~2. The number of intervals used are 64, 100, 128 and

200. In both cases the approximated eigenvalues converge towards the same value but from opposite



sides, i.e., the lowest eigenvalue is approximated from above in case of k > [, and from below in case of

k=1L

A x107
h
-2.12 T ———————————r

-2.14
-2.16
~218,

-2.20

-2.22
o]

Fig. 1 : Example of a change of a convergence line when Gaussian quadrature formulas are used. The parameter for the base
functions is { = 1. The symbols O are the approximation of the lowest eigenvalue in case of k = 2,3,4 and 5(> I) points
Gaussian formulas; the lowest eigenvalue is approximated from above. The symbols o represent the approximation of the lowest

eigenvalue in case of one point Gaussian formula(k = (= [}); the eigenvalues converge from below.

5 Evaluation of Errors Caused by Quadrature Formulas

The lowest eigenvalue is defined by

A = min 221 _ alZd]
7 WZ) " HZo)’

where Zj is the eigenfunction of the lowest eigenvalue. The approximated eigenfunction of the-lowest

(8)

eigenvalue Z), is introduced as Z, = (X,,Ys) where X, € S} and Y, € T,'l. The value of a{Z,]
estimated by using the just {-point quadrature formulas is denoted by a*[Z},], and the error caused
by the numerical integration is written as da[Z)), i.e., a[Z4) = a*[Z,] + da[Z,]. Similarly, we put
b[Zr] = b*[Z4]) + 6b[Z ). The approximated eigenvalue A} is defined by

- at[Zy] _ a’[Z)
A = min = o
" TZ, b[Zh] T b2

(9)

where Z}, is the function which minimizes the quotient :—[{%ﬂ We express the relation between Z},
and Zy as Zo = Z}, + 8Z},. We can estimate the errors in the eigenvalue by the quadrature formula
up to O(h?") as follow

b"[6Z}0]
B[ Zy]

_a’[6Z3]
b 16Z},0]

3b{Zy)
b[Zo)

(5(1[.20]

MW= 58{Zo]

)

(Ak

)+

(Ah ~



b*|Z)
= b[Zo]

b 2] da[Z)

———un[Zo], mlZ] = b*[Z]( 56[2])

(10)

We note that the value bT[%ﬁl is almost unity. If ps[Zg] is negative, we obtain Aj < A, i.e., the lowest
eigenvalue is approximated from below.

We investigate the sign of the value ux{Zg). In evaluating the value up[Z,], we shall use the ap-
proximated eigenfunction Z}g instead of the eigenfunction Zy which is unknown. In the following
discussions, we choose Gaussian quadrature formula as the quadrature forimula and use the lowest order
finite elements({ = 1). On the i-th interval, the abscissa of the integral point locates the middle point
of the interval & = (¥;_; + 1;)/2, and the components of eigenfunction can be written in the following
forms,

Xro= X3 + (0 - &)XT, Yio=Y7, (11)
i.e., the function Y7}, is a constant value Y3, and the function X} is a linear function. Then the errors

da[Z},] and 8b[Z},) are estimated up to the order of errors O(h?) as

p2 Y .
8a[Zh] = 3 x4, (6) X7
h? N . _— .
% X;l (C1(&)-XT" + A (&) X5 + AL (6)- YY)
" D' CciE)" cpe)” \ [ Xt
o (i X ye®) | oven ane ane)® || xi | 2
’ Ci(&) AL(&) An&) ) \ YT
and
hz N h2
MZhol = 5 X3 Bie) X+ Zx B(&)- Xy
h'2 ,“-H " wt . .
Z(X BY(&)- X5 + Y3 By(&) YY) (13)

We here regard eqs.(12) and (13) as approximations of some integrals. Then the integral for 8b{Z}], for

instance, is written as
- « fH .
Bh{Z5g) = / Xio™ Bu(&)-Xio'dv

+ H *1
+ﬁ ( Xio "B(&) Xio+ Yy Bg(ﬁi)'Yo )dy. (14)
Here we use the integration by parts. The error db[Z};] consists of the terms concerning the variation
of the eigenfunction(the first term) and of the coefficients(the second term). If we assume the variation

of the eigenfunction is much larger than the variation of the coefficients, we get

* h2 : * 1H * ! h‘2 * *
3b(Z}o] = R A Xto Bip-Xpdy= 2b [DZ},), (15)
where D' Z7o = (5(35) X 50, 0). We can obtain the form for 5a[Z;0] in the same way,
. O
dalZry] =~ I A X Aun-Xig "dip = a~[DZ},] {16)



Then the value p, is reduced to the following form

h?b*DZ7,)

' * a [D Z ;:0]
inlZiol = 33 123

6 {DZ 1)

(Ak - )- (17)

If we use the higher order finite elements, instead of eq.(17) we obtain

(IR b [D*Z}y)]

. a*[D!Z;)
i Zial = (20 + 12D b7(Z3] =

P Z5,)

(A; - (18)

From this expression, we can conclude that y <0, since A;, is the lowest eigenvaiue.

6 Numerical Examples

We shall examine numerical examples in cylindrical plasmas. The one-point Gaussian quadra.tufe
formula is here used(k = 1), and the piecewise linear function and the step function are employed as the
base functions in hybrid(l = 1).

First, we give the the same profile functions in Fig.1, so that the lowest eigenvalue is concerned with
the internal kink mode of m = 1 and n'= ~1. In Fig.2, the symbols o and ¢ represent the calculated
lowest eigenvalues A} in eq.(9) and the values uy in eq.(18), respectively. These values are plotted with
the fitting line versus N~2. The number of intervals used are 64, 100, 128 and 200. The calculated
eigenvalues A} quadratically converge towards —2.16 x 10~* from below, and the errors p; towards

—9.40 x 10718, The slopes of two fitting lines in Fig.2 agree up to three significant figures.

¥ = MO~ M%) Yz MO+ M1%X
Mo | -0.0002t6 ‘MO| -9.408-16.
a 'xlof M ~0.0227 1 ‘ -0.0227 2 %] o¢
h R 1 R 1 L

-2 S e : 0

~2.17}

-2.19F

-221}F

NZx10*

Fig. 2 : The approximated eigenvalues A; for the internal kink mode and the estimated errors in eigenvalue yy, are plotted as a
function of the number of intervals N~2. Both values converge from below with the O(A?) rate. Convergence lines are written
in a form Y=MO+M1*X, where MO represents the converged value when N — oo, M1 the slope of the convergence line and X

= N7% x 10%. The slopes of two convergence fines agree up 1o three significant figures.



Next, we consider the case that profile functions are p(r) = 0.0015(1 ~ r2)? and ¢(r) = 1.45 + 0.2r2,
When we choose the poloidal mode number m = 3 and the toroidal mode number n = —2, the interchange
mode becomes unstable. In Fig.3, the calculated eigenvalues A} and the values p, are plotted with the
fitting line versus N~2. The number of intervals used are 64, 100, 128, 200 and 220. The calculated
eigenvalues A}, and the errors p;, converge from below towards —1.18 x 1076 and 2.32 x 10—, respectively.

In this case, the slopes of two fitting lines agree fairly well. The relative errors is about 30%.

¥ = MO + M17K Y = MO + HI=X

10 -1.18e-06 MO 232e-14

. mi|  -0o0177 Mi] -00135
Ay, w,x10° R 1 R 1

Fig. 3 : The approximated eigenvalues A; and the errors up ave plotted as a function of the number of intervals N2 in case
of the interchange mode. The meanings of M0, M1, and X are the same as in Fig.2. Quadratic convergences from below are

observed in both values.

7 Conclusion

As is shown in this article, the lowest eigenvalue is approximated from below when Gaussian
quadrature formulas, of which errors are of the same order of the errors by the finite element method,
are employed. We note whether the lowest eigenvalue is approximated from above or below depends on
quadrature formulas. For example, the sign of remainder in Lobatto’s quadrature formulas is opposite
to those in Gaussian formulas, so that the use of such a formula reverses the sign of the value g, ie.,

the lowest eigenvalue would be approximated from above.
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Abstract

Effect of the linear shear flow on linear interchange modes in incom-
pressible neutral fluid, and linear two-dimensional electromagnetic inter-
change instabilities in incompressible plasmas are investigated. Although
the transient growth may occur in a short period, background shear flow
overcomes the interchange instability and makes it damped away in a long

term due to phase mixing.

Key Words: MHD, poloidal shear flow, interchange modes, Alfvén wave,
non-modal approach, spatial Fourier harmenics, phase mixing damping

1 Introduction

Since old times the instability problem for stationarily flowing MHD plasmas has
been calculated and discussed in various ways [1, 2, 3, 4]. But it is remarkably
difficult to estimate the exact linear stability of the system with stationary
shear flow, because the spatial operator becomes nonselfadjoint for differentially
flowing plasmas and the spectral resolution is not guaranteed for nonselfadjoint
operators [5], and the perturbations might show the faster growth than the
simple exponential dependence for such operators.

Recently, Kelvin’s spatially-inhomogeneous Galilean transform method [6]
* is applied for some linear shear flow problems {7, 8, 9, 10, 11, 12]. For neutral
fluids, the following fascinating phenomena are shown; the ability of the shear-
modified waves to extract emergy from the background flows [8}, shear flow
induced coupling between sound waves and internal waves and the excitation
of beat wave [9], and the asymptotic persistence for two dimensional shear
flows [10].

It is also shown the occurrence of the emission of the magnetosonic wave by
the stationary vortex perturbations even in the linear regime for plasmas [11].
The authors have also applied this method {12] to investigate the basic prop-
erties of kink-type instabilities under the existence of background shear flow

*tatsuno@k.u-tokyo.ac jp



and obtained the result that the shear flow mixing always overcomes the kink
driving in a long term.

In this paper, we will show by following Kelvin’s method again that the
interchange mode is also damped away in a long term due to the background
shear flow in the same way as kink-type mode. In Sec. 2 we will work on
the neutral fluid, and extend it to treat plasmas in Sec. 3. In these sections
we will show that the governing equations can be reduced to a single second
order ordinary differential equation with respect to time for each, and that they
show the damping behavior of the perturbations in terms of the analogy of the
Newton’s equation. We will summarize the result in Sec. 4.

2 Interchange instability of neutral fluid

We assume an in.compressible, ideal neutral fiuid. Adding gravitational term,
we obtain the following basic equations:

dv

Rrnk -Vp + pg, (1)
dp
m +pV.-v =10, (2)
dp
E+7pV-v_0. (3)

Here we have chosen the adiabatic variation as an equation of state and d/dt
denotes the convective derivative.

Considering a stationary shear flow with vg = (0,02, 0} in Cartesian coor-
dinate and gravitational force acting in +# direction, the equilibrium condition
becomes

poop - Vvo = —Vpo + pog, ' (4)

which can be reduced under this stationary flow as
Vpo = pog, _ (5)

where the subscript 0 denotes that the quantities are equilibrium ones. This
equilibrium equation denotes that the pressure gradient is produced by the
gravitational force in 2 direction, which is the same as the static case; i.e. a
diver feels more pressure who dives deeper.

On linearizing eqs. (1)-(3), we denote the perturbed flow as vy = (u,v, w),
and formulate these equations following Criminale and Drazin [7], where the -
subscript 1 denotes the perturbed quantities. We carry out an inhomogeneous
Galilean transform (t,z,y,z) — (T,£,7,() expressed as

T=t,
§ ==z,
7=y —otz, (6)
(==



Under these coordinate transforms, the differential operators are written as

8 = 07 - 00,
0y = 0 — oT0y,

8y = on, (7)
8. = 0,

therefore the convective derivative can be reduced as
6; +ozd, = aT (8)

By carrying out a Fourier transform on perturbed quantities with respect to
the transformed spatial variables {£,7,{) as

+ 00 .
w(ke, ko, ke; T) = f / f w(€, 7, & T) eilkebtknntkeO) ge dnde, (9)

we obtain the following ordinary differential equations with respect to trans-

formed time T for perturbed components.

da . - ,
pogy = ilke — oTho)pr + prg,
do T
POgT + pooit = ik, P,
do
POTT = ke, (10}
djy .
ﬁ + P‘ou = 0,

(ke — oThky)a + kb + ket = 0,

where the prime denotes the derivative with respect to the original coordinate z,
and the local approximation is also assumed for pg. The last equation expresses
the incompressibility condition for the perturbed velocity v,. Note that pyog -
Vog = 0 since we have assumed the equilibrium flow as vy = (0,02,0). This
formulation (Fourier transform with respect to Galilean transformed spatial
coordinate) is formally equivalent to the following ansatz,

fe
O + ozdy, — Op,
Oy ++ ~ik, (T) = ~i(kg — 0Tk,), (11)
& — —iky, = —ik,,
d: — —ik; = —ik¢,
where f denotes the representative of the perturbed quantities. This ansatz
means that the wave number for z in the original coordinate system is time de-

pendent due to x dependent shear flow directed along y axis. In other words, the
wave numbers k,, k, are constants but k, is transformed to be time dependent;



the flow shear mixes the plasma and induces the time-varying wave number
kz(T). If we consider the compressible fluids, we can observe the coupling of
sound wave and internal gravity wave due to this coefficient [9].

Substituting and reducing dependent variables in these equations, we obtain
the following single second order ordinary differential equation with dependent
variable % and independent variable T,

2 1

é%a( 2&):-—02§§gﬁ, (12)
where «* = k. (T)? + k] + k? and o = k2 + k2. Here we have used the Boussi-
nesq approximation in which the spatial variation of the equilibrium density is
neglected in the inertial term, but not in conservation of mass density since it
is the driving term for interchange instability [13). This is justified when the
spatial scale of the variation of equilibrium density is much larger than that of
the perturbation. _

When no equilibrium shear flow exists (o = 0), the wave number k. becomes
independent of T and eq. {12) is reduced to the usual interchange instability
equation for static equilibrium. In this case dividing both sides by x?, we obtain

d"’_u = —ﬁi . (13)
dT? k% pg
If pj > 0, we have an purely‘ oscillating solution in time as et where the
frequency is locally expressed as

7
w= 2, /2, (14)
&\ po

which expresses the internal gravity wave. Instability results when p}, < 0, and

a ']
v=2,/-E0g (15)
=\ po

which grows in time scale of gravitational interchange mode 7, = \/—pp/phg.
Note here that k, has an stabilizing effect in the meaning of reducing the growth
rate, though it unchanges the stability condition pj > 0. As we can see from
eq. (11), k; is also constant in time when &, = k, = 0, and shear flow mixing is

the growth rate 4 leads to -

not seen,

Now we will consider how the interchange instability is affected by inducing
shear flow. We assume pj < 0 hereafter. Before operating numerical calcula-
tion, we will carry out the following normalization for variables in the Galilean
transform:

T= —,

Tq
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Figure 1: Solution for the initial value problem. The parameters are follows:
k¢ = k, = k¢ = 1.0, and initial perturbations % = 0 and d&/dT = 1.0 at T = 0.
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where 1, = \/—po/phg is previously defined characteristic time for the growth
of interchange mode, @ is the characteristic length of the system, and & = 7o
denotes the normalized shear parameter. In the same way we normalize the
dependent variables by a in space and 7, in time; i.e. the velocity is normalized
by a/7, and the wave number is normalized by a~!. Then the normalized ODE
1s written as 42

W(:Jﬁ) = a’i. (17)
We can rewrite it to the following form,

d2a 4k, ok (T) dis ngaz —a?
S - — +
d7T? x? dT K?

#=0. (18)

In the analogy of the Newton’s equation, we notice that the coeflicient of the sec-
ond term represents the damping or forced oscillation as pointed out in Ref. [12].
As T — oo, po(T) = —4k,0k,(T)/K* becomes positive and large, and all initial
perturbations are damped away due to the phase mixing effect of the back-
ground shear flow. A numerical result is shown in Fig. 1. As shown in eq. (18),



it is also seen in the numerical calculation ¢hat the gravitational instabilities in
the case of static equilibria are stabilized due to shear flow,

3 Interchange instability of plasma with con-
stant magnetic field

We will investigate an effect of the shear flow on interchange instability of plasma
under the influence of hemogeneous magnetic field. In case of treating plasmas,
we must add 7 x B force in the rhs of the equation of motion (1) and also include
induction equation,
oB
— - Vx(vxB)=0. (19)
: ot
We assume that there applied an strong toroidal field in z direction such as
tokamaks with adding weak shearless poloidal field in y direction. The plasma
is assumed to be incompressible following the previous analysis. The perturbed
magnetic and velocity fields are assumed to be 2 dimensional in z-y direction,

and thus we introduce the following poloidal flux function and stream function;

By, = Vy xe,,
vy = V¢ x g, (20)

where the subscript 1 denotes again the perturbed quantities, | expresses the
direction with respect to the dominant magnetic field; i.e. z direction, and e,
denotes the unit vector. Using these notations, we can eliminate the pressure
from governing equations.

Here taking dot product with e, after taking the curl of the equation of
motion leads to '

1opol(B: + voydy) Vi — vi, 8, 0] = Bo - V(V2) + podyprg, (21)

under the assumption of the shear flow as v = (0, vgy(x), 0) and constant mag-
netic field By = (0, By, B;). The component of the flow perpendicular to the
ambient magnetic field can be considered to be produced by the E x B drift,
taking account of the ideal Ohm’s law, and it doesn’t make any contradiction.
Here we have also assumed that the gravitational force is acting in the z direc-
tion. The zeroth order stationary momentum balance is given by eq. (5) same
as in the neutral fluid case, due to the straight and homogeneous magnetic field.
It is noted that we recover the Rayleigh’s equation [14] if we neglect the effect of
the magnetic field (B = 0) and consider a constant density plasma. Induction
equation is the same as ordinary RMHD which can include poloidal shear flow

as

(9: + voy 0y )¢ = By - V. ’ (22)

Conservation of the mass density is same as that in the previous section eq. (2).



On assuming the linearity of the spatial dependence of the shear flow as
vy = (0,0%,0) again, and combining eqs. (21), (22), and (2) with the ansatz
{11), we obtain

d s . - .
popo 3 [ (k=(T)" + k) 8] = —iF (ko (T)? + k) + ikywoing,
d - "

— Y = —iF 2
o= ik, | (23)
d ., . 5

arh = iky Py,

where F = k - By = ky Boy + k. Bp.. Thus these equations are reducea to

2 !

4 G + ) 32 = k(TP ) - KBS )
Considering the case with no shear flow (¢ = 0), we find that the usual in-
terchange instability equation can be obtained for static equilibrium. The first
term on the rhs expresses the stabilizing effect due to the tension of the magnetic
field, therefore the most unstable mode can be obtained in case of k- B = 0
for pj < 0. When we normalize time by 74 = a,/uopo/F, we can rewrite this
equation in dimensionless form as

3|07+ 8

where the wave vectors are normalized by characteristic spatial scale length a.

)d"' = — (ke(T)? + ky) th + £ ‘«p. (25)

We can rewrite this equation just the same way as in the previous section,

2 i ~
PP n-smp=o (26)

where .
Yok, ko (T)
Ty= —32 2\~
wT) =y k2
13 /72
S(T) = kI —A 2.
Yo (T)? + ki
Here u(T) represents the forced oscillation/damping term and §(7°) is the inter-
change drive term in analogy with the Newton’s equation again. With neither
density gradient nor shear flow, p(T) = S(T) = 0 and we have a pure oscilla-
tion representing the Alfvén wave. Including the density gradient, S(T) # 0,
we obtain the interchange mode; when p becomes larger, the Alfvén wave rep-
resents an electromagnetic interchange instability. Further including shear flow,
ko(T) = k¢ — 0Tk, becomes larger with proportional to T, and finally, inter-
change drive term S(T) becomes negligible compared to 1. In any case of the
sign of given parameters o, k¢, and k,, the numerator of p(T) becomes nega-
tively large; this means forced damping. These behaviors of the instability are
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Figure 2: Solution for the initial value problem. The parameters are follows:
k; = ky = 1.0, G = 1.0, and initial perturbations % = 0 and d;ﬁ/dT = 1.0 at
T=0

Just the same as that of the kink-type mode. See eq. (32) and the following
analysis in Ref. [12]. Shear flow mixing effect always overcomes the interchange
drive and makes the oscillation damped away in a long term.

We will show the results for the numerical calculation. In Fig. 2 we have
solved the initial value problem for the same initial condition and wave numbers
on the different flow shear parameter . Now the ratio of the time scale G =
Ta/7; = 1. Here we see that the shear flow mixing effect is stronger for larger
shear parameter o. It is different from the previous case that the time evolution
in this case involves the oscillation. Since there is no branch inctluded in the
equation for neutral fluid in case of pj = 0, the interchange mode is the only
physical mechanism to perturb the system, but here we also have the Alfvén
wave in a plasma which propagates stably in the static case, therefore, we have
an oscillatory damping behavior when included the shear flow.

4 discussion

Applying the Kelvin’s non-modal approach, we have shown that the interchange
modes are always damped away in a long term due to the phase mixing by
the background shear flows. Note that we don’t have Kelvin-Helmholtz type
instability which comes from the second spatial derivative of the background
shear flow [?, 14]. Another point is that shear flow stretches the perturbation
field and continuously varies the wavenumber component with the flow shear as
can be seen in Fig. 3, which is extremely similar to the nonlinear effect.
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Figure 3: Mixing effect seen by the spatially inhomogeneous Galilean transform.
The isophase surface is drifted and stretched in the stationary shear flows from
upper left figure to the upper right, lower left, and begins to be stretched in the
final lower right figure.

It should be noted that the form of the equation for the interchange instabil-
ity (26) and that for kink-type instability (32) in Ref. [12] are exactly the same
way in their time evolution. Of course these two modes may have spatially
different structures, at least so they are for the static equilibria. But the fact
means that they have no difference in time evolution, and we can say that these
terms have the same effect to make the spectrum shift to more unstable side.
Since we have dropped all spatial inhomogeneity in our calculus, we have get to
the same equation for both modes.

Finally, this method is restricted only for spatially linear shear flow and
for local perturbations. Thus we have considered the infinite plasma with ho-
mogeneous magnetic field, and assumed a spatially linear shear flow without
including the boundary effect. In a linear shear flow case we have the partial

differential operator 3, as in eq. (8) in terms of our spatially inhomogeneous



Galilean transform (7). Therefore, we have the ansatz (11) and the x depen-
dence as o sin{k; —k,ot)z, i.e. we could have carried out our analysis only in the
framéwork of a single sinusoidal function, although the wave number is shifted
continuously to a larger value, If the flow profile is not linear, e.g. parabolic as
voy(z) = oz?/2, then we’ll have the partial differential operator 8, as

62 = 65 - O‘ET@W,

by modifying our Galilean transform as 7 = y — oz?t/2. Thus we have the
following # dependence,
o sin(kg — kyotz)z,

which is no longer a simple sinusoidal function with respect to . Of course this
expression is not rigorous, but it might explain why the non-modal approach
is restricted only to the linear spatial dependence for stationary shear flows.
Although the inhomogeneity of the magnetic field might be treated in some
modification, we must be careful to extend to flows with spatially nonlinear
dependence. This will be left as our future study.
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Comparison of shear flow formation between resonant and
non-resonant resistive interchange type modes
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Abstract

With a numerical code, time evolution of nonlinear resistive inlerchange type modes are studied
mumerically. Formation of poloidal shear How due to mode coupling is seen for both the resonant and
non-resonant case. There are soine differences in the formation of shear flow and effect on density
evolution between these two modes.

Keywords: poloidal shear flow, resistive interchange inode, resonant mode, non-resonant mode, non-
linear simulation

1 Introduction

It is observed that a poloidal flow with velocity shear is generated according to the L to H transition. The
flow shear destroys a global mode structure of vortex and suppresses a radial transport across magnetic
field lines. Thus the shear flow may improve the plasma confinement.

Our conecern is in the nonlinear model that the poloidal shear flow is created from the mode coupling
of nonlinear resistive interchange type modes[1][2]. The model includes an average unfavorable curvature
and finite plasma resistivity for destabilizing pressure-driven modes. The rotational transform, «{(r) is
assumed non-monotonic, which is seen in currentless finite beta plasmas such as in Heliotron E and
LHD{3). Fluctuations are assumed as single helicity in a cylindrical model plasma. The helical mode
with (m,7n) = (3,2) and its 15 higher harmonic modes are included numerical calculations. There are
two resonant surfaces at the ¢ = 2/3 surface for our typical non-monotonic ¢ profile. We can change the
absolute value with keeping the « profile, and non-resonant cases are possible. ‘

From simulation results, it is shown that a shearing rate exceeding the linear growth rate suppress
a convective diffusion, and the decay of density becomes weaker than the case without the shear fHow
component,

In section 2, model equations used in our simulation code are described. In section 3, mnnerical
methods to solve the model equations are explained. Numerical results are given in section 4, and in
section 5 ain results are discussed.

2 Model equations
The reduced two fluid equations for describing electrostatic fluctuations in a eylindrical geometry are

d €2

PP Vhe = SV - ¢) + Tux V- 24 VY, ' (1)
2
(;—‘:l(n +7) = %Vﬁ(ﬂ. — )+ V(n—¢) x VQ- 2+ D Vin, (2)



with normalized quantities[4]{5}. These reduced equations are useful for numerical calculations to study
physics of electrostatic turbulence.

In model equations, ¢ is a perturbation of electrostatic potential, » is a perturbation of density, v is
an electron-ion collision frequency, #i is a background density and p is a Larmor radius measured with an
electron temperature. Also

Vi = —8—Z+V‘lﬁxﬁ'v, (3)

o= - A*‘ ri(r)dr, (4)
e/, "

Q = ﬁl—-— (‘r‘:,('r) + 2]0 *rf.(r)rl‘r) )]

are used in eqs{1) and (2). Here NV is a helical pitch number and { is a pole number.

The dissipative termns are added to the model equations to obtain a saturation of linear instability.
These terns should be small in order to change the behavior of turbulence. In egs.(1) and (2) p is a
viscosity and D, is a diffusivity. These terms have also the effect to suppress the numerical instability.

The model equations (1), (2) are normalized with,

r z ps)z
- =, = = 2, Wei f — ) t=t
a R « ( a ’
[ ny .
— b, = — =, 6
1‘{3 ¢)e ¢7 19 ( )
D
J-2 = DL?_Q = L.
Wei 73 Wei Py

Here, py = vTomifeBy, wei is ion eyclotron frequency and wee is electron cyclotron frequency.
When v is equal to the E x B drift velocity, the vorticity, w is given by

w=Vig (7)

3 Numerical method

Here, the numerical methods used in our simulation code are explained.

Numerical instabilities from the advection terms can be suppressed when numerical dissipations are
included to the numerical scheme. However, the time step is limited with the CFL criterion when the
explicit scheme is used. If the diffusion term and the viscosity term are solved with the expiicit scheme,
these terms might produce a numerical instability when the time step does not satisfy the CFL criterion.
In the code we use the implicit scheme for the diffusion term and the viscosity term to avoid the numerical
instability and a severe limitation for the time step. Thus, the model equations are solved with the semi-
implicit scheme, or the dissipation terms are solved implicitly and other terms are solved explicitly.

The mode! equations, (1), (2) are the partial differential equations with respect to », 6, z and t. These
equations are expanded with the Fourier series in the poloidal direction (@ direction) and the toroidal
direction (z direction) as follows :

olr,8,z,1) = Z Dian,my (s t) explimfl — inz),
M N=E—C0
w(r,b,z,t) = Z Wion ) (1 1) explimb — inz), (8)

mn=—oo



(8]

ni{r,8,z,t) = z T, m){r t) explimé — inz)

m,n=—0o

In the numerical calculations, however, summations are limited within finite number terms.

For the radial derivatives, we use a finite difference method. For the time evolution, the two-step
method is used to keep the second order accuracy of the time steps.

For the boundary conditions; it is assumed that there is a completely conductive wall at » = a. Thus,

"'(m-,ﬂ) i‘r‘:a =1, ¢(1u.,n)|rﬁ“_ =0, W(m,'n}|r=a =0. (Q)

At r =90, for (m # 0,n) modes,

an,m) |r':U =0, ¢'(m,n) |T.=0 =0, Wimm) |.,,.=0 = (). (10)
And for (0,0) mode and (m = 0,n) modes,
Mo n) o) Bwio,n)
. =0, —/—— =0, —— =0. (11)
ar |,.—g ar .o or  |,—o
In the following numerical simulations we assume, v = 1.0 x 1074, 5 = 50 x 107*,D; = 5.0 x
1073, 129(r) = exp{—2.0r?) — exp(-2.0},p = 0.02,¢ = 0.1, N = 19,{ = 2. Here, v is the normalized
collision frequency with v = Vi fwe. 1 is the viscosity coefficient normalized with g = g/ (wap?). D1
is the diffusion cocfficient normalized with D) = D /(wep?), also. p = psfa. The spatial meshes
are assumed 200. Although our code can treat multi-helicity cases, (m,n) = (3,2) single helicity mode
is studied in the following, where m(n) is a poloidal {torcidal) mode number. In this case, the mode
resonance surface is located at the « = 2/3 surface, where + is a rotational transform.
A small fluctuation is necessary as a seed of turbulence at ¢ = 0. Here, the following fluctuation is
assumed initially,,

bizoy(r t=0)=1.0x 10731 — r2)4p 12
(3,2)

for the (m,n) = (3,2) mode.
The rotational transform profile is assumed as in Fig. 1. Each solid line is the + profile assumed in
each simulation. To label each & profile, the value Ar is defined as A = n/m — tqin-

4 Numerical results

At first, the generated poloidal flow velocity profiles are shown. Fig. 2 (a)—(f) correspond to Ai =
-0.07, —0.04, —0.02, 0.00, 0.02,0.04, respectively. And, the case of monotonic rotational transform is
shown in Fig. 2 {g) as a reference.

When the two resonance surfaces are separated, the case of Ac = —0.07, the poloidal flow is formed
in the —# direction at the region near the inner resonance surface, and the 48 direction flow is formed
between the two resonance surfaces. The property near the inner resonant surface is similar to the case
of Fig. 2 (g), showing that the —@ direction How are formed near the single resonant surface. When
the two resonant surfaces become close each other, or As becomes small, the —8 direction poloidal flow
is formed over a broad region and has a peak near the minimum ¢ surface. And the magnitude of Aow
velocity becomes larger than the case of Ar = —0.07. When the mode becomes non-resonant, the —@
direction poloidal flow is also formed near the minimum ¢ surface.

Next, the behavior of fluctuations in the presence of the poloidal shear fow are shown. Here, in
order to clarify the effect of the poloidal shear flow, we also tried the numerical simulations in which the
poloidal flow component is removed.
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Figure 1: Rotational transform, ¢(r), profiles. The broken line is i = 2/3, and the mode resonant surface
corresponds to the ¢ = 2/3 surface. Here, A¢ is defined as a difference between the minimum value of ¢
and 2/3. :

Fig. 3(a)—(f) show time evolution of the kinetic energy of the fluctuations with (m, n) = (3,2), (6,4), (9,6)
modes for the cases of Ay =-0.07 — +0.04, respectively. The solid lines denote the cases including the
poloidal flow component. On the other hand, the broken lines denote the cases removing flow component.

For the cases of A¢ = —0.07 and Ax = 0.04, the suppression of the fluctuations are observed clearly
when the poloidal flow component is included. However, for the cases with As =~ 0, the suppression is
not clear,

Fig. 4(a)—(f) show time evolution of the shearing rate of the poloidal flow and density at several
radial positions. The shearing rate is nornialized with the linear growth rate of the (1, n) = (3, 2) mode.
The solid line denotes the cases including the poloidal flow component. The broken line denotes the case
removing the poloidal flow component. .

The normalized shearing rate becomes small as Ar becomes close to 0. For the cases with Ay = —0.07
and At = —0.04, the normalized shearing rate are larger than the cases with Av = —0.02 or Av = 0.0.

I the time evolution of the density, there is a difference between the solid line and the broken line.
At the inner region with r = 0.04[m], the density shown by the solid line becomes higher than that shown
by the broken line. At the outer region with » = 0.08m], the density shown by the solid line becomes
close to that shown by the broken line. This result suggests the suppression of the particle transport
from the inner region to the outer region with the poloidal shear flow.

When the mode becomes non-resonant, the normalized shearing rate becomes large. Thus the density
keeps a higher value when the poloidal flow is included. This means that suppression of transport may
be more effective in the case of non-resonant mode than the case of Aw = 0.

5 Discussion

When the two resonance surfaces are separated, for the case of Ar = —-0.07, the generated poloidal Aow
is localized near the inner resonant surface and the velocity shear becomes large. This poloidal shear flow
has an effect to reduce the radial particle transport.

When the modes becomes non-resonant and is still linearly unstable, it generates a similar poloidal
fiow. This poloidal flow has a larger shearing rate than that in the case Av = 0.0, and is effective to
reduce the radial particle confinement.

When A is close to 0, the velocity of the generated poloidal How becomes large. "T'he linear growth
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0.08[m]. The shearing rate is normalized with the linear growth rate of the (m,n) = (3,2) mode.



rate also becomes large in this case because the magnetic shear vanishes at the resonant surface. However,
the shearing rate normalized by the linear growth rate is not large compared to the case of Av = ~-0.07
or Ay = .04. Thus, in the case of Ay = (1.0 the obtained poloidal flow may have less effect on the radial
particle transport.

As a next step we will study a multi-helicity case to understand a relation between the poloidal shear
flow generation and the radial particle transport in a edge region.
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Abstract

Effects of density gradient on the kinetic m=1 (m/n=1/1) internal kink mode in a cylindrical tokamak plasma are
studied by the gyro-kinetic particle simulations. When the density gradient is not large enough to change the
full reconnection process, the phenomena after the full reconnection, such as the secondary reconnection and the
evolution of the safety factor profile, are changed considerably due to the self-generated radial electric field, i.e.
the m/n=0/0 mode. The growing mechanism is explained by the difference of ExB drift motion between ions
and electrons, which is caused by the fast parallel motion of electron. Once the radial electric field is triggered by
the symmetrical flow induced by the 1/1 mode, the 0/0 mode grows up to the same level as the 1/1 mode, and
drives an ExB plasma rotation in the ion diamagnetic direction, which breaks the symmetrical plasma flow
induced by the 1/1 mode. The density and current distributions, and therefore minimum safety factor q.,, after
the full reconnection, are found to be affected by the asymmetrical flow driven by the 1/1 and 0/0 modes.

Keywords
fusion, tokamak, internal collapse, m=1 mode, magnetic reconnection, gyro-kinetic model, particle simulation,

radia! electric field, density gradient, diamagnetic effect

1. Introduction

In fusion plasma research, the tokamak type device has a great advantage for a candidate of commercial fusion
reactor. However, there are still several physical problems to be clarified untii the construction and operation of
tokamak reactor. Then, it is necessary to clarify this problem experimentally in support of theoretical and
numerical results.

In tokamak plasma with the safety factor q at the magnetic axis less than unity, a magnetohydrodynamic

(MHD) mode with m/n=1/1 becomes unstable. Here m and n are the poloidal and the toroidal mode numbers,
respectively. The m=1 mode has attracted much interest, since it is accompanied by fast‘magnetic reconnection
and triggers a subsequent internal collapse, and this process would be repeated (sawtooth oscillations) in a
steady-state operation,

In the early period of plasma research, the internal collapse by the m=1 mode has been explained with the
resistive MHD model[1]. However, as the plasia temperature is getting higher, the behavior of the m=1 mode
in many tokamak experiments [2,3] (in particular, the magnetic reconnection time and the behavior of the safety
factor after the collapsc) are not well explained using only the resistive MHD model, suggesting the importance



of somne other effects.

It is also found that the m=1 mode can be influenced by kinetic effects of the plasma, such as the electron
inertia, density and temperature gradients, finite jon Larmor radius and high energy trapped ions. Because the
kinetic effects are crucial in the linear and nonlinear development of the m=! mode, a model including the
kinetic effects is required to simulate the collisionless nature of the mode.

Wesson pointed out the importance of electron inertia to explain the fast collisionless reconnectionf4]. In his

theory, the widih of the current layer is of the order of the collisionless electron skin depth.
Naitou et.al. performed a nonlinear gyro-kinetic particle simulation of the m=1 mode in a cylindrical geometry
with an uniform plasma pressure[5,6]. They showed that the magnetic reconnection is triggered by the electron
inertia in a much faster time scale than that caused by the resistivity, and the magnetic configuration with
Qni,<! can be reconstructed after the full reconnection. This two step model was firstly proposed by Biskamp
et.al. [7] with the two fluid MHD model. In the first step, the full reconnection process due to the electron
inertia is completed, and the m=1 mode of the electrostatic potential retains after the full reconnection. In the
second step, a secondary reconnection is observed due to the current reconcentration which is caused by.strong
ExB motion.

In this paper, in order to study effects of density gradient on the kinetic m=1 mode. we extend the previous
gyro-kinetic simulation to the non-uniform plasma with a density gradient. In Section 2, we present a
gyrokinetic simulation model where the density gradient is taken into account, and describe the model
configuration and parameters. In Section 3, the simulation results with a non-uniform density profile are shown
and are compared with those obtained with the uniform density profile. The diamagnetic effect and the density
gradient effect are shown in the full reconnection process. The mechanism of the charge separation is also
shown by the fast parallel motion of electrons. In Section 4, the nonlinear kinetic effect due to the density
gradient are shown. In particular, the growth of the radial electric field is found to change the behavior of the
plasma such as the density and current profiles. The energy history is also explained with the above results.
Finally, a summary is given in Section 5.

2. Simulation Model

In our study. we employ a gyrokinetic model[8] to simulate the m/n=1/1 modc, because it is efficient
compared with the full kinetic model from a view point of the computation. In the gyrokinetic model, the
characteristic time scale is larger than the ion cyclotron period. Hence, the time step can be chosen much larger
than the standard particle simulation model in which time step is of the order of electron plasma period.

We adopt a 8f method to reduce the statistical noise drastically. In order to include the effect of density
gradient in the formulation of the gyro-kinetic equations. we modify the perturbation part of Ampere's law and
the time evolution of the weight function obtained in Ref.5. These formulations are given in Ref.9.

The dynamics of the 8f are computed in a three dimensional rectangular box with the Cartesian coordinate
(x,y,2). Toroidal effects are ignored for simplicity. A periodic boundary condition is adopted in the z direction,
and a perfect conducting wall is imposed on the x-y boundary surfuces. We assume a uniform temparature
profile.

The length and velocity used in this simulation are normalized with the ion Larmor radjus p; and the Alfven
velocity L,/V,, and the main parameters are listed on Table 1. In the present simulation, we choose the skin
depth (8, = c/ww,.) as 8, = 4p, and the grid size in the z-direction as 1000 times larger than that in x or

y-direction.
3. Internal Collapse

3.1. Diamagnetic Effect
It is well known that the behavior of the m/n=1/1 mode is affected by the pressure gradient due to the



diamagnetic effect. The linear growth rate of the 1/1 mode is restricted with the dependency of a square of the
diamagnetic frequency, as been evaluated by the resistive and kinetic models [10]. In the two fluid simulation, it
is also shown that the 1/1 mode could be saturated nonlinearly, and result in a new equilibrium with m=1
magnetic island[11].

In our simulation model, the diamagnetic effect is induced only by the density gradient, since the temperature
profile is assumed to be uniform. Figure 2 shows the linear growth rate of the n=1 mode in the presence of the
density gradient. The @, stabilization is found to have a parabolic dependence which is similar to that obtained
in Ref.10

However, the purpose of our research is to clarify the nonlinear kinetic effect of the density gradient on the
sawtooth crash rather than the . stabilization effect. Then, for the case of the non-uniform density profile, we
mainly choose ®.=0.196V /L, which is much less than the growth rate for the uniform density

(Yo~0.87V /L), and has an adequate density gradient as shown in Fig.1(b). Therefore, the w. stabilization is
negligible, and the nonlinear kinetic effect of the density gradient becomes clear as mentioned in the next
section.

3.2. Full Reconnection ’

Next, the simulation results of the non-uniform density case are compared with those obtained for the uniform
density case. Figure 3 shows the Poincare plots of the magnetic field lines before and after the full reconnection
in the simulations with (I) non-uniform and (I} uniform density profiles. As shown in Fig.3(I-a) before the full
reconneclion, the core plasma has concentric flux surfaces and the m=1 magnetic island has a crescent shape.
The core plasma is swept out from the central region due to the ExB motion induced by the m=1 mode of the
electrostatic potential which grows inside the g=1 rational surface.

As a resuit of the full reconnection, the magnetic configuration has nested flux surfaces as shown in
Fig.3(I-b). The process of the full reconnection with the density gradient is almost the same as that obtained
with the uniform density profile as shown in Fig.3(Il-a,b). Figure 3(I-c) and (ll-c) are the magnetic
configurations from which we find the discrepuncy between them. For the uniform density case (II-¢), the
secondary reconnection occurs, while for the non-uniform density case (I-c), the secondary reconnection is
unclearly seen.

Figure 4 shows the electrostatic potential energy decomposed in the longitudinal mode numbers n in (I) the
non-uniform and (11} the uniform dengity cases. After the full reconnection is completed [t = 34~35(V /L), near
the arrows of (I-b) and (II-b) |, the n=1 mode is dominant in both cases. Figure 3 shows the electrostatic
potential contours at z=0. In the poloidal direction, the m=1 mode is obviously dominant in both cases, as seen
in Fig.5(I-b) and (11-b). Then, the m/n=1/1 mode is dominant through the full reconnection process.

3.3. Charge Separation

From the above results, it seems that the behavior of the magnetic configuration and the 1/1 mode is not
affected so much by the density gradient during the full reconnection. However, as the core plasma is swept out
due to the ExB flow. the 0/0 mode grows with negative sign at the central region. Figure & shows the difference
of the n=0 mode energy between the non-uniform and the uniform density cases, which means the charge
separation with the increase of the plasma shift until the end of the full reconnection (t~32.5V /L ;).

The elementary process causing the charge separation is explained by the difference of motion between ions
and electrons. The parallel velocity of electrons is much faster than that of ions by (m/m.}'? if T.~T,. Then, in
the process of ExB motion, the electrons are obedient to the electric field averaged along the magnetic field line,
while the ions faithfully submit to the local electric field. As a result, the electron ExB motion delays compared
with the ion motion. In the presence of the density gradient, the charge separation can be induced by this
process. Therefore, the radial electric field 1s closely relevant to the motion of high density plasma region.



4. Nonlinear Effects
4.1. Nonlinear Evolution of Radial Electric Field

After the full reconnection, on the contrary, the density gradient is found to affect considerably the nonlinear
behavior of plasma. In the presence of the density gradient, the n=0 mode grows exponentially to be the same
level as that of the n=1 mode, as shown in Fig.4(l) (t = 35~ 38V ,/L,). At the same time, we found that the m=0
component of the electrostatic potential, i.e. the radial electric field, grows up as shown in Fig.5(1-d). Then, it
is found that the 0/0 mode grows nonlinearly with positive sign at the central region.

On the other hand, the radial eleciric field is not observed in the uniform density case. In the poloidal
direction, the m=! mode is still dominant, although the electrostatic potential has a reversed structure radially.
Then, the m/n=1/1 mode is dominant at t = 38.45 (V /L), as can be seen in Fig.5(I1-d) and Fig.4(11).

The evolution of the density profile in the nonlinear phase is affected by the ExB rotation due to the
self-generated radial clectric field. The black region in Fig.7 represents the high density region in the
non-uniform density case. The high density region of the initial equilibrium (I-a) is swept out from the central
region because of the full reconnection. as shown in Fig.7(I-b). After the full reconnection, the high density
plasma rotates in the ion diamagnetic direction. and comes into the central region spirally as shown in Fig.7(1-c)
and (I-d).

The formation of the vortex structure is found to be closely related with the radial electric field. The
mechanism of the nonlinear growth of the 0/0 mode and the vortex density is shown prior to this.

4.2. Physical Mechanism

The ExB motion just after the full reconnection is sustained by the m=1 mode, as shown in Fig.5(I-b). The
high dense plasma comes into the central region again by the symmetrical flow induced by the m=1 mode. At
that moment, the ion comes inside faster than the electron due to the electron delay process mentioned in the
previous section. Then, the weak charge separation makes the seed radial electric field, i.e., the m=0 mode which
changes the symmetrical flow pattern into the asymmetrical one, as shown in Fig. 7(I-b).

Once the seed field is generated, the ExB rotation is induced, and more dense plasma enters into the central
region. Then, the charge separation is facilitated due to the electron delay. As a result, the radial electric field is
self-generated by this positive feedback mechanism.

4.3. Break of Symmetry _

Such a radidl electric field (0/0 mode) is found to play an important role on the nonlinear behavior of the
current and density profiles and on the stage after the full reconnection such as the secondary reconnection and
the density redistnibution. The growth of the radial electric ficld means the destruction of the symmetrical flow
produced by the m/n=1/1 mode. Then, in the presence of the density gradient, the plasma behavior after the full
reconnection is characterized by the resultant asymmetrical flow induced by the 0/0 and 1/1 modes.

As seen in Fig.5(1-d), the sign of the radial electric field is positive at the central region. Therefore, the ExB
rotation induced by the radial electric field is in the ion diamagnetic direction. Figure 8 shows the deviation of
the longitudinal current from the equilibrium distribution 8J, =1, - 1., for (I) the non-uniform and (11} uniform
density cases. The dashed line represents the symmetry line of the ExB motion produced by the m=1 mode, as
shown in Fig.5(I-b) and (II-b). Afier the full reconnection the current which is swept out from the central region
is equally divided into two parts, as shown in Fig.8(I-b) and {ll-b}.

In the uniform density case, both parts of dJz move around symmetrically along the same potential contour
and concentrate again after a half poloidal rotation. As seen in Fig.8(I1-b'), the current concentration induces an
negative peaked current which causes the secondary magnetic reconnection in Fig.3(II-c). At the same time, the
positive tongitudinal current comes into the central region again[8]. However, in the non-uniform density case,
the self-generated radial electric field breaks the symmetrical motion of 8J observed in the uniform density case.



Then, as shown in Fig.8(1-¢), only a part of the longitudinal current can coniribute to the induction of the
secondary reconnection, and the amount of longitudinal current coming into the central region is less than that
of the uniform density case. Therefore, the radial field is found to weaken the reconcentration of the longitudinal
current and to restrict the secondary reconnection as scen in Fig.3(I-c).

The magnetic configuration depends on the behavior of the current density profile. Figure 9 shows the
minimum safety factor vatue { q,,;, ) for the non-uniform and the uniform density cases. The rapid increase of
gmin observed at t ~ 33 (V,/ L,) is caused by the full reconnection. After the reconnection, the safety factor
increases above unity in the whole plasma region. For the uniform density case, the gmin decreases due to the
concentration of the longitudinal current and the secondary reconnection. The qmin becomes less than unity
again at t ~ 38 (V, / L;). However, for the non-uniform density case, the radial electric field restricts the
secondary reconnection. as discussed above. Then, the reduction of the gmin is observed but is weaker than that

observed for the uniform density case.

4.4. Energy History

In the process of the internal collapse, the density gradient effect is also presented on the energy history.
Figure 10 shows the time evolution of the energy deviation from the initial value for (1) non-uniform and (I}
uniform density cases.

Until the end of the full reconnection, the energy history is almost the same in both cases. The poloidal
magnetic energy produced by the parallel current is consumed into the electrostatic potential energy of the 1/1
mode. In the process of the magnetic reconnection, the electron is accelerated by the electric field near the
resonant (q=1) surface, so that the kinetic energy is also increased. The deviation of the total energy is relatively
small even at the end of the simulation (AE, /E; < 0.02 %, where E; ~ 5.34 x 10", so that the total energy is
well conserved.

However, after the full reconnection, the electrostatic potential energy is not reduced because the 0/0 mode
grows up due to the density gradient effect. On the other hand, in the uniform density case, the parallel current is
reconcentrated in the central region due to the ExB flow induced by the 1/1 mode. Then the electrostatic
potential energy is returned to the poloidal magnetic energy again so as to increase the parallel current density

which induces the secondary reconnection shown in Fig.3(1l-c}).

5. Summary

The density gradient effect is taken into account in a gyro-kinetic nonlinear simulation of the kinetic m=1
internal kink mode in a cylindrical plasma. TH(—: simulation results of the non-uniform density case are compared
with those of the uniform density case. The core plasma is swept cut by the ExB motion due to the m=1
electric field produced by the unstable kinetic internal kink mode. The process of the full reconnection is
completed without saturation, and is almost the same as the one obtained for the uniform density simulation.

It is found that even when the w. is not large enough to change the lincar growth rate of the I/ mode, the
nonlinear phenomena after the full reconnection are considerably changed due to the self generated radial electnic
field, i.e. 0/0 mode. This mode is induced by the electron delay process during the ExB motion in the presence
of the density gradient, and grows to the same level as the |/] mode. Tt should be noted that a radial electric field
with positive central charge is experimentally obtained in the JIPP T-1IU tokamak just after the internal collapse
of the sawtooth oscilations[12].

The self-generated radial electric field drves an ExB plasma rotation in the ion diamagnetic direction, which
breaks the symmetrical plasma flow induced by the [/l mode. It is found that the density profile becomes a
vortex structure due to this plasma rotation. The formation of the vortex is closely related with the growth of
the radial electric field. It is also found that the concentration of the parallel current after the full reconnection is

weakened by the nonlinear growth of the radial electric field. As a result, the minimum safety factor does not



recover the value enough smaller than unity after the full reconnection in the presence of density gradient.

In high remperature plasmas, the effect of FLLR (Finite Larmor Radius) becomes important. In the case of
large FLR compared with electron skin depth, the reduction of the linear growth rate can be expected from the
two-fluid theory[10] and the results of the gyro-fluid simulation[13]. However, it is not easy to estimate the
effect of large FLR on the nonlinear phase of internal collapse, especialty on the nonlinear growth of radial
electric field. The large FLR effect, and the mechanism of the nonlinear growth of the radial electric field are
being analyzed now, and will be shown in the near future.
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Abstract:

To understand the fuelling process in a fusion device by a compact toroid (CT} plasmoid injection method, we have carried out
MHD numerica! simulations where a spheromak-like CT (SCT) is injected into a magnetized target plasma region. So far, we
revealed that the penetration depth of the SCT plasma becomes shorter than that estimated from the conducting sphere (CS)
model, because in the simulation the Lorentz force of the target magnetic field sequentially decelerates the injected SCT while in
the CS model only the magnetic pressure force acts as the deceleration mechanism. In this study, we represent the new theoretical
mode! where the injected SCT is decelerated by both the magnetic pressure force and the magnetic tension force (we call it the
non-slipping sphere (NS) model) and investigate in detail the deceleration mechanism of the SCT by comparison with simulation
results. As a result, it is found that the decrease of the SCT kinetic energy in the simulation coincides with that in the NS model
more than in the CS modef. It means that not only the magnetic pressure force but also the magnetic tension force acts as the
deceleration mechanism of the SCT. Furthermore, it is revealed that magnetic reconnection between the SCT magnetic field and
the target magnetic field plays a role 1o relax the SCT deceleration.

Keywords: fuelling, compact toroid, MHD simulation, magnetic reconnecticn

1. Introduction

In recent year, the compact toroid (CT) plasmoid injection has been considered as one of the advanced methods for deep
fueling in a fusion reactor. This method is expected to supply the high density plasma deeply, since the injection velocity of fuel
by this scheme is much faster than that by any of the other schemnes. So far, the CT injection method has been discussed in
relation to several experimental | 1-7} and theoretical [8-11] studies. Since 1997, in Japan Atomic Energy Research Institute, the
CT injection experiment into JFT-2M tokamak has been carried out in cooperation with Himeji Institute of Technology {12-14].
Also in National Institute for Fusion Science, the CT injection experiment into LHD has been planning [15]. Although these
studies have shown the possibility of fuelling by this method, the CT dynamics in the fuelling process as well as the penetration
depth of the CT has not been well understood. To reveal this, we have camied out MHD numerical simulations where a
spheromak-like CT (SCT) is injected into a magnetized target plasma region [16-20].

In our previous paper [19,201, it is revealed that 1) the magnetic configuration of the injected SCT is disrupted by magnetic
reconnection between the SCT magnetic field and the target magnetic field, which leads to supply of the SCT high density
plasma, 2) the penetration depth of the SCT plasma into the target region becomes shorter than that estimated from the
conducting sphere (CS) model, because the Loreniz force of the target magnetic field sequentially decelerates the SCT while in
the CS model only the magnetic pressure force decelerates it. In this study, we represent the new theoretical model where the
injected SCT is decelerated by both the magnetic pressure force and the magnetic tension force and investigate in detail the

deceleration mechanism of the injected SCT by comparison with simulation results.



2. Theoretical model

So far, the CS model has been widely employed to estimate the penetration depth of the injected CT [2,5,13]. This model
indicates that the CT, for which an incompressible, perfectly conducting sphere is substituted, penetrates with slipping the target
magnetic field, that is, the CT can penetrate until its initial kinetic energy is exceeded by the magnetic energy required to exclude

the magnetic field from its volume:

4a }—szdv=—£’- L pa (1)

dr %7 2 dt 7 2u,

where g, Vand 8 are the CT density, the CT velocity and the strength of the target magnetic field at the point where the CT is
penetrating, respectively. Taking V = V., B = 0 for the initial condition and V=0, B = B, for the final condition when the CT
stops, we can lead

| 3 1
5 PVerver = ‘2'""0‘ Bfarget Vor (2)

where v is the CT volume. Thus, the CT can penetrate until the pint where the swength of the target magnetic field is |

'Btarget = JquVCT ' (3)
Furthermore, taking a z-axis for the injection direction, we can lead the equation of motion from eq. (1) as follows:
4a lpV_zdv [ 929 1 B*dv ()
drer2 P T T e T o a2
_[ V. ipV, dv=| -V i—l—Bzdv (5)
or s o Tl T
d J B
—pV. =F—— (6)
ot oz 21,

where F is the CT acceleration force. Therefore, in this model only the magnetic pressure force acts as the deceleration
mechanism of the CT. However, the CT actually has the finite resistivity, which could inhibit the CT from slipping the target
magnetic field. 1t is confirmed from the simulation with the finite resistivty that the injected SCT does not slip the target magnetic
field but bent it with the SCT penetration. In addition, it is revealed that the Lorentz force of the target magnetic field sequentially
decelerates the SCT through the penetration process. The Lorentz force consists of the magnetic pressure force and the magnetic

tension force:

2

JxB=-V

+(B-V)B A7)
21,

Therefore, the magnetic tension force could also decelerate the SCT. If we approximate the bent target magnetic field with a

cosine function, the z component of the magnetic tension force is lead as follows:

;o L+ Lo, cod 2 )s L+ Ly ®
- 2 R 2
L
dy B, 2R R
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Fig1: The schematic diagram of the bent target magnetic field.

L +L
BzBo[—mT—)sin(%]z+y] (12)

2R

B:rilL +L
[B.VB_]T:O:__SL_(“_’..&T) (t

o My 2R°
where L., L and R are the half size of the SCT, the SCT penetration depth and the radius of a target region, respectively (Fig. 1).

The equation of motion for the SCT is given by adding the term (11) to eq. (6):

3 . o B _Blnz(LD-rLSCT)

= (12}

— oV —-
P’ 0z 24, 2u,R’

Neglecting the convection term. we call it the non-slipping (NS) model. Thus, we respectively represent
CS model:

p.aL —F__a._ 32 (13)
ot 0z 24,
NS model:

paL=F_i B’ _Bzﬂz(LD+L5CT)
or oz 24, 2u,R’

(14}

where the magnetic pressure force and the magnetic tension force are averaged over the SCT volume. Futhermore, from the

simulation result, we approximate the decrease of the SCT density with

0.
p=- ir\it[+p (15
Vv

(Fig. 2: approximate line), where p™ and v™ are the initial SCT density and the initial SCT volume, respectively. The SCT
penetration depth is determined by solving simultaneously

dL
e =V ..{16)
dt -

In addition, each mode! in the following section is calculated based on the case with null target magentic field (B, = 0).
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Fig2: The time evolution of the SCT (the bare plasmoid) density.
The broken line is aporoximated by the eguation: -0.3t ™"yt
3. Comparison with simulation results
Figure 3 shows the SCT penetration depth given by the NS model, the CS model and the simulation with <8,> =0.46 and
B,,,=0.1]19,20]. It can be seen that the SCT penetration depth in the NS model well coincides with that in the simulation while
it in the CS model is longer. It means that the magnetic tension force effectively acts as the deceleration mechanism of the SCT.
However, the SCT penetration depth in the NS model is a little shorter than that in the simulation with time. Figure 4 shows the
time evolution of the SCT kinetic energy both in the NS model and the simutation by subtracting them from the nuli target
magnetic field case. Tt can be seen that the SCT kinetic energy in the NS model well coincides with that in the simulation uniil
about 30 1,. After that, however, the SCT kinetic energy in the NS model continues to decrease while it in the simulation begins

1o increase. [t means that in the SCT penetration process the deceleration force is a little relaxed by some mechanism,

4. Effect of magnetic reconnection

As indicated in § 1, it is observed that magnetic reconnection between the SCT magnetic ficld and the target magnetic field
takes place, which leads to supply of the SCT high density plasma in the target region | 19,20]. Magnetic reconnection could also
relax the SCT deceleration, since it can dynamically change the topology of the magnetic field. Thus, to examine the effect of
magnetic reconnection, we carried out.the simu]ation in which the bare plasmoid, that is, the SCT with null magnetic field is

injected (B, = 0). All parameters except the SCT magnetic field in this case are the same as those in the previous paper [19,20].

>
) s (0
?
6| 0
3
4 | Z 027
a =X
1 (’7]
2 | a 03
H ' I
- '\ P
0 B 04 [ Bscr>=048 .
Bta - 0 3 simulation
[ﬁrg rgetT MY NG model
-9 \u} 0.5 [ SR W WO TR i
) Lt
0 5 10 15 20 25 30 35 40 45 b 0 & 1015 20 25 30 35 40 45
t / tA AD t / TA
figd: The time evolution of the SCT penetration depth in the CS Fig4: The time evoiution of the SCT kinetic energy in the NS model
model, the NS medel and the simulation with <Bgg> = 046 ard and simulation, which is shown by subtracting the case with the aull
Biuger = 01, The target region corresponds to 0 { Lp < 8 target magnetic field.
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Fig5: The spatial structure of the high density plasma and Figh: The time evolution of th.e SF:T penetration depth The arget

:2 rsnggrnre:;cg::::c Iiﬁnjd'at 1 =0 and 30 r, in the case without ::;ir.\:rsfii:ﬁbﬁt;:x, =03, which is three times larger than the

Figure 5 shows the spatial structure of the high density plasma (dark region) and target magnetic field lines at t=0and 30 1,. It
is found that the high density plasma penetrates into the target region as shown in the SCT injection [19,20]. Since the initial
pressure profile is spatially constant and the heat conductive time is longer than the Alfvén time, the diffusion of the high density
plasma is not so different from that in the SCT injection (Fig. 2). In addition, it is obvious that such a magnetic reconnection as
observed in the SCT injection does not occur. In figure 4, the time evotution of the bare plasmoid kinetic energy is also shown. It
is found that this time evolution coincides with that in the NS model more than that of the SCT kinetic energy does. These results
mean that magnetic reconnection between the SCT magnetic field and the target magnetic field relaxes the SCT deceleration.
Magnetic reconnection could give the SCT penetration the same effect as the stipping indicated in the CS model, since it takes
place between the SCT magnetic field and the bent target magnetic field. Therefore, it is considered that the relaxation of the

magnetic tension force by magnetic reconnection causes that of the SCT deceleration,

5. Dependence on the target magnetic field strength

Figure 6 shows the SCT penetration depth in the case with B_, = 0.3. It is found that in this case also the SCT penetration
depth in the CS model is longer than that in the simulation. On the other hand, it in the NS model becomes shorter. In figure 4. the
time evolution of the SCT kinetic energy in this case is also sholwn. The difference of the SCT kinetic energy between the NS
madel and the simulation is larger when the target magnetic field is stronger, which causes the larper difference of the SCT
penetration depth between them. We have not yet examined the dependence of the time scale when the relaxation is triggered as

well as how long it continues on the strength of the target magnetic field. It would be reported in a future work.

6. Summary

We investigate the deceleration mechanism of the SCT injected into the magnetized target plasma region. It is revealed that in
the SCT penetration process both the magnetic pressure force and the magnetic tension force effectively decelerate the SCT. In
addition, it is found that magnetic reconnection between the SCT magnetic field and the target magnetic field relaxes the SCT
deceleration. However the dependence of the ame scale when the relaxation is triggered as well as how long it continues on the
strength of the target magnetic field has not been examined yet. Furthermore, in the current simulation the target magnetic field is
fixed on the boundary wall, which would cause the over estimate of the magnetic tension force. These would be reported in a

future work.

— 102 —



References

[1] Brown, M.R., Beltan, PM., Nucl. Fuston 32 (1992) 1125.

(2] Raman, R, et al., Phys. Rev. Lett. 73 (1994) 3101.

[31 Raman, R., et al., Nucl. Fusion 37 (1997) 967.

[4] Raman, R, et al., in Controlled Fusion and Plasma Physics (Proc. 24" Eur. Conf. Berchtesgaden, 1997), Vol. 21A, Part [,
European Physical Society, Geneva (1999) 293, '

[5] Gouge, M.L, et al., in Fusion Energy 1996 (Proc. 16" Int. Conf. Montreal, 1996), Vol. 3, IAEA, Vienna (1997) 481.

6] Slough,].T. Hoffman, AL, in Fusion Energy 1996 (Proc. 16" Int, Conf. Montreal, 1996), Vol. 2, IAEA, Vienna (1997) 237,

[7] Yee,]., Bellan, PM., Nucl. Fusion 38 (1998) 711.

[8] Parks, PB., Phys. Rev. Lett. 61 (1988) 1364.

{9} Perkins, L.J., Ho, S.K., Harmmer, J.H., Nucl. Fusion 28 (1988) 1365.

[10] Newcomb, W.A., Phys. Fluids B 3 (1991) 18i8.

[11]Hwang, D.Q., Ryutova, M., McLean, H., Phys. Plasmas 6 {1999} 1515.

[12] Fukumoto, N., et al., Bull. Am. Phys. Soc. 42 (1997) 1961.

[13]Ogawa, T et al., Nucl. Fusion 39 (1999) 1911,

{14)Uyama, T., Nagata, M., Journal of Plasma and Fusion Research 74 (1998) 200.

[15]Miyazawa, 1., Yamada, H., Motojima, O., Ipn. J. Appl. Phys. 37 (1998) 6620.

[16] Suzuki, Y. et al., in Plasma Physics and Controlted Nuclear Fusion, JPFR Series (Proc. Joint Conf. 11" Int. Stellarator Conf. &
8" Int. Toki Conf, Toki, 1998), Vol. 1, The Japan Society of Plasma Science and Nuclear Fusion Research, Nagoya (1998)518.

[17]8uzuki, Y. et al., to be published in Chinese Physics Letters (2000).

[18] Suzuki, Y. et al., in Plasma Physics and Controlled Nuclear Fusion, JPFR Series (Proc. 9° Int. Toki Conf. Toki, 1998), Vol. 2,
The Japan Society of Plasma Science and Nuclear Fusion Research, Nagoya (2000) 271.

{19]Suzuki, Y. et al., Journal of Plasma and Fusion Research 75, (1999) 10_CD.

{20] Suzuki, Y. et al., to be published in Nucl. Fusion (2000).

— 103 —



Nonlinear Density Wave Theory for the Spiral

Structure of Galaxies
Shigeo Kondoh, Reiji Teramoto, and Zensho Yoshida®

Graduate School of Engineering, University of Tokyo,
7-8-1 Hongo, Bunkyo-ku, Tokyo 113-8656

Graduate School of Frontier Science®, Unwersity of Tokyo,
7-8-1 Hongo, Bunkyo-ku, Tokyo 113-8656

Abstract

The theory of nonlinear waves for plasmas has been applied to the analysis of the density wave theory
of galaxies which are many-body systems of gravity. A nonlinear Schrédinger equation has been derived
by applying the teductive perturbation method on the fluid equations that describe the behavior of
infinitesimally thin disk galaxies. Their spiral arms are characterized by a soliton and explained as a

pattern of a propagating nonlinear density wave.

Keywords: density wave, galaxy, nonlinear wave, soliton, reductive pertubation method, nonlinear Schrodinger

equation.

1 Introduction

A galaxy is a many-body system composed of stars interacting with each other through a long range force,
gravity[1]. There are a lot of common characteristics between the physics of galaxies and plasmas, which are
systems of charged particles interacting through the Lorentz force. Macroscopic description of these systems
can be casted in a fluid model including internal forces which bring about collective behavior such as waves
or instabilities{1, 2].

The spiral of a galaxy has been explained by the density wave theory[l, 3, 4] as a pattern of a rotating
density wave on a disk. This theory resolves the winding, i.e. the spiral arms must be would up far beyond
the observed structure in normal ages of galaxies if we assume a simple rotational deformation ansatz[l].
Lin and Shuf3] treated galaxies as compressible fluids and showed that the linearized fluid equations for an
infinitesimally thin disk galaxy have a spiral wave solution that is proportional to exp(wt — mé + Af(r)),
where w is the frequency of the wave, m is the azimuthal wave number {(which is also the number of arms
of the galaxy), A is a constant (A 3> 1), f(r) is the phase factor of the wave in the radial direction (Fig. 1).

They obtained the dispersion relation

K2 — (w—mN)?

2rGng (1)

AMF(n)l =

where € is the sign of f'(r), Q(r) is the angular frequency of the rotation of the disk, no(r) is the equilibrium
surface mass density, G is the gravitational constant, and « is the epicyclic frequency defined by

d0
K2(r) = 40° (1+1-——). (2)
T
The physical meaning of the epicyclic frequency is explained as follows: Orbits of stars in a galaxy are usually

not exact circles and always have a certain amount of randomness. If one of the perturbed orbits is observed

on a framework rotating with the mean angular velocity around the center of the galaxy, it is known to be
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A=15 B =2 f(r)+C

Figure 1: An example of curves on which the phase of exp{wt — m@ + Af(r)) is constant. This curves are

explained as the arms of the galaxy in the linear density wave theory.

a small circle[l]. The frequency of such sinall cyclic motions that originate from randomness is called the
epicyclic frequency.

In this report, we extend Lin and Shu’s analysis to the nonlinear regime and characterize the spiral
structure as an asymptotic soliton-like nonlinear wave. Using the reductive perturbation theory[5], we
derive a nonlinear equation for the envelope wave, which resembles a Schrodinger equation.

Within the framework of linear approximation, the pattern of galaxies is still undetermined, because any
linear combination of spiral waves solves the linear equations. A specific structure stems from the nonlinear
effect that yields coupling among linear modes and selects a special pattern which can sustain for a long

term.

2 Nonlinear Density Wave Theory and Soliton Structure

We consider a galaxy whaose mass density is concentrated on an infinitesimally thin disk. The set of the fluid
equations (the mass conservation, the momentum equations, and Poisson’s equation) reads, in the cylindrical

polar coordinates (r, @, z),
. 18, a
37 e+ g =0, ' 3)

du Bu  wvdu v 99

5 e Tra T T e .
v v v ww 194
"o res T T roe N
2 2 2
8¢ 16_4;. 1 8% &% = —4rGn(r, 8)6(z), (6)

a2 e tam taE

where n is the surface mass density, v and v are the r-component and the 8-component of the fluid velocity,
respectively, and ¢ is the negative of the gravitational patential. Mean fields are given by n = ng(r), 2 = 0,
v = ri(r) > 0. Here we normalize r and z by the mean wave length of the carrier wave in the radial direction
2x R/, where R is the radial size of the galaxy and )\ 3 1 is a dimensionless constant, ¢ by the period of the
carrier wave 27 fw, n by ng({)),ru and v by the phase velocity wR/A, ¢ by w?R?/)A%, and G by w?R/2ns(0)A.
Using a small parameter £, we transform the independent variables (r, 8, z) into stretched variables (£, 7, 7)

‘E = E(T - Vt)a
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a . a
ar ¢’
a )
e 8
% = ° 5y (8)
a a 3
E = —EV'B—g + E _
We expand the dependent variables around their mean values as
=ng + Z g™ Z n(") (£, m, 7)explil{wt — mb + Af(r))], (9)
n=1 i=—00
Z " Z u §,1;, Yexp[l{wt — mé + Af(r))], (10)
n=1 —o0
v=rl+ Z e Z v}n)(f,n, T)explif{wt — mb + Af(T))], {11)
n=1 {=—o0
where, we assume, nfn), ufn), and v,{n} vary much slower than exp {il(wt —m8 + Af(v))}. The reality

conditions on physical quantities demand

ngn)t — n(_':), (12)
(")* (_ﬂt), (13)
'vfn)* =7, (14)

where asterisks (*) denote the complex conjugate.
We approximate the potential gradient as

g-? >~ —r1F +2rGeY Y Re [2z'n§"’ explil{wt — m# + A f(r))]] , (15)
n=t =1
8¢
3 =0 (16)

which means that the phases of ¢/8r and n{"} are shifted by 7/2. Equations (15) and (16) are in principle

the same as Eq. (11) of Ref. [3], wheré the phase shift is given by the complex expression 3¢/dr in(_"}.

Note that the first term on the right-hand side of Eq.(15) is equivalent to the zeroth-order gravitational field.
‘Substituting Eqs.(7)-(16) into the fluid equations (3)-(5) gives

z exp {tl{wt — mb + Af(r))} [(z!w—eV—.}.g )an {n)
l=—
£’ n ' {n n d = n
v (1-—-5) (non ™ 4 Z Z Z wn ) o )) (zuf (r)+56£) (nozgnu} ))
I'=—oon=1n'=i n=1
+ i dAf'(r) +€ Z Z ninp(m ) = (11— is ng { —ilm + £2 29 is""u(n)
p= et ok V Vr o) =
+0 —zlm+.s£ Ze" (n)+€2 1—-—£—e i —1lm+z—— ZZ ™ ()
67] n=1 vr Vr l'=—0co n=1n'=1 e
=0, (17)
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Z exp {il{wt — m# + Af(r))} l('dw — 51/ = + 2 ) Z n)

{=—ca =
+ Z Z Z et “l I (ﬂ Af (T)+E§§) wy LRy (—zlm+£ —) Z n)
'=—oon=1n'=1 oo
£2 f oo oo oo () . 2 8 (') o
o) XX X el (—ima et o )l -0 e
=—oon=1n‘=1l =
52 E (o] oo oo i , ( ) (n)
TVr l_ﬁg ZZZE Yy Yyp
l'=~on=1n'=1
=2nGe Y e 3 Re 2in{") explil(wt ~ m8 + Af(r))] (19)
n=1 =1
t=z_:m exp {il(wt — m8 + Af(r))} l(:lw - EV% +e i) Zeﬂ (m) . = Z ey (n)

o o
ntn' T Q 6 3
£ 5 3 el (s e g ) ol + 2 (it )Zs of

i oo o0 ' 3 )
500 £ S (ome )
£? 3 e et (n) (n)
+V_r(1_W)ZZZEnnH"“!' ]
. I'=—ocon=1n"=1
=0, (19)

Here we used a relation

l=ﬁ=i—l—zi(1—ei). (20)
r el +e Ve Vrl4el/(Vr)  Vr Vr
Because the coefficients in Eqs (17)-(19) are slow functions of ¢, r, and  in comparison with the “carrier”
exp {zl(wt — mf + Af(r))}, we can assume that each Fourier component is linearly independent, and hence,
Eqgs.{17)-(19) demand vanishing of every Fourier coefficients separately.

Now we separate terms in Eqgs. (17)-(19) into each order of . The coefficients of the order of ¢! read

(see Appendix)

zlu)n +zlAf( nouI — zlmﬂn“) =0, (21)

z'lwul — zlmﬂufl) - 25’2'0,‘” = 2mGen£”sgn l (22)
2

ilwv,m + ;—ﬂufl) - z'lmﬂvl(l) =0, {23)

for each Fourier component [. Equations {21)-{23) immediately vield the linear dispersion relation Eq. (1)

and
ughll) = _p'n'ghll)'v (24)
vy = Fignll), (25)
where '
w —m0
=___ 26
p /\f’('f‘)no ) ( )
2
[
- 7
= 500 (r)me (27)
Note that we have assumed
u = =nfY =0 (28)

for { # £1, which means that the “carrier wave” is sinusoidal.
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The coefficients of £2 in Egs.(17)-(19) yield relations

(1}

8
z'l(w—mﬂ)ngz)—V%é—+il/\f'(r)nou§2) (nou,”)ﬂw Z iyl = (29)
l'=—oc
2 0" @, (W (1) (2)
il{w — mQ)u ’—sz-—mn, + Y A (gt =2miGen,Vsgn L, (30)
I'=—00
(2) au§1 ) (1)
il(w — mQ)v;” — V—— 9% + Z WAf (D =0, (31)
? H=—00

for each I. Substituting Eqs. (24)-(28) and {=2 into Egs. (29)-(31) gives

ub? = bynlt?, (32)
02 = ibon{?, (33)
(2} = byn{?, (34)

where

(w — m{ -k + 41rGeAf {r)ng)
A'(r)nd [4(w — mQ)? — 6% + 4nGeAf'(r)no]’

by =

b = — k2w — mf‘!)2 (36)
2 A ()0nd {Hw — m0)° - &* + ArGer f'(r)ng]’

_ 4(w — mN)? '
ba = ng [4((.0 —mf)? — & + 47rGeAf'(r)nU] ) ‘ (37)

Similarly substituting Eqs. (24)-(28) and {=1 into Eqs. (29) and (31) yield

r ontl) T
(V + nop) 31 '
ilw—m) Af{ring 0 (2) 3
. . (1)
—2mtGe  i(w —mi) -2 u(12) - _pV G, (38)

] i t(w — mil) o\? %

20 ' , 511(11)
—igV BE

Since the determinant of the matrix in Eq. (38) is zero due to Eqgs. {21)-(23), there are no solutions to Eq.
{38) unless

TGnge

V= (39)

w—-m’

Equation (39) determines the group velocity of the nonlinear wave. It might seem a contradiction that the

right-hand side of Eq. {39) is a function of 7, while V is a constant. However, Eq. (39) is locally justified
by the fact that the mean fields are slow functions of r.

Under the condition {39), solutions to Eq. (38) cannot be determined uniformly, because the determinant

of the matrix in the left-hand side is zero. Hence we assume
n{¥ = 0. (40)

Equations {38) and (40) yield

(2y _ 1 a W= THQ (2)
U T I (r)me B€ [V mapind] - S Fir ’ (1)
(1)
2 _ _ 1 v, 2 (1) Iny (2)
e, [( 55 (ngp)) + nopg—— 35 —igni". (42)

— 108 —



Furthermore, we substitute { = 0 into Eqs. (30} and (31) and use Eqs.(12) and (24)-(28). Then the
following equations are obtained:

2 2
uf? = Z ") (43)
Mo
véz) =0 (44)
The coefficients of €% in Eqs.(17)-(19) read

ol aa®
t(w — ilmQ)n, (3) Vg—t€+ :';fr +v} n0u51)+ilAf"(r)n0uf3)

S il aniV
+ Z {ﬁ)«f ( S:l}u$2}p +n§,2)u$1),,) + = (nf, )ugl),,)} - mv}” + Q—P-'—--

g ()

oo /3 Vr a7
- O%f(u — il - vag_f:) 2’ | (43)
3 {mm (20nf? 4 o2?) o2 2 4 02 20
= 2“‘{% Aol - L 2 (46)

a6t or T

S (,l) '
+ Z {Zt Af (ull)t.vl(,z) +u§ ‘I’Ut{ll)) +u51_)11 ;lé +Q ;‘:7

'=—o0a

=0, . (47)

for each {. Substituting ! = 0 into Eq.(45)} and using Eqs.(12) and (24) give

2 2 .
o€ (-—Vn‘(f) + nguff) ) =0. (48)
Substituting Eq. (43) into Eq. (48) gives
ong”) _ 0 (49)
o
which can be immediately integrated as ' .
ng = ¥(n,7), - (50)
where ¥(n, ) is an arbitrary function of 5 and 7. Here we assume 3 = 0 to obtain
nff) =0. (51)
For =1, Eqgs. (45)-(47) yield
i(w ~ m@n{ +irf (r)neul® + g, =0, (52)
iw — mﬂ)u1 2Qv( ) 2mGen1 +4g2=0, (53)
i(w — ml® + S ul® 4 gy =0, (54)
Tan"
where
Bu?) Bng ) (1) a (2) iﬂgm (1) Bn(l)
9 Y 5¢ a-.r + VT vt g (mon) - an
+idf () (nul + nfuf” + n +afl), | (55)
au(2) au(l) Sutl L
g2 = -V 6(15 + 6;' +0 6717 + tAf'(r) ( (_ll)u(z) u((f)u(ll)) , {(56)
A L RPN W) | 1,0 _ L2
g = =V 2 + 5y + 0 on +zAf(r)( + u U vﬁl). (57)
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Under the condition given by Eq.(1), Egs. (52}-(54) are not independent with respect to n(a) (, ), and v§3).

Equation (54) times 2iQ/(w — mQ) minus Eq. (52) times 27Ge/{w — mf}) becomes
2i0g; — 2nG
ifw - m)ul®) - 200" - 2miGen(®) + ZLZZEIIL (58)

where the dispersion relation Eq.(1) has been used. Comparing Eqs. (53) and (58), we obtain
{w—mQ)gs = —27wGeg + 2i0g3. {(59)

Finally, we substitute Eqs. {24)-(28), (32)-(34), (40)-(44}), (51), and (55)-(57) into Eq. (59} and assume that
o, q, f'(r), Q, and ng vary much slower than n(ll). Then, we obtain

9 3 azaltt 4
'(aﬁ”an) il T+ Y ol =0 (60)

where

_ 2V(w — mQ) — 2nGeng 4+ VA f'(r)
4= 2w — mQ)Af (1) ’ (61)

nGend A f'(r)(mq + p)
(w — mOQ)2V ’

dy = (62)

3(w — mQ)x?

dy = — .
f [K? + 2(w — m§)?|nd

(63)

Taking the limit of 7 — oo, Eq. (60) reduces into the nonlinear Schrédinger equation, which describes
envelope solitons[6]. We thus see that the spiral structure of galaxies approaches to a soliton-like state.

Note that exp {i(wt — m8 + Af(r))} does not express an observable wave pattern any longer. In other
words, the variable m is not a number of arms of a galaxy any longer (which used to be in the linear theory
by Lin and Shu[3}). Instead, exp {il{wt ~ m8 + Af(r))} expresses the carrier of the nonlinear wave here.

3 Numerical solutions

Atlthough Eq. (60) reduces into the nonlinear Schridinger equation in the limit of 7 — oo, no exact solutions
to Eq. (60) have been found for d; # 0. In this section, we study the solutions for finite 7 numerically.
If dy = 0, the analytic solution to Eq. (60) is well-known to be

\/7(e+vlr+eolexp[ (42 8) e itiese) (6)

VE v
exp [ (d;;A _E)T_Z_Z?l(g-'_&)] (65)

n(ll} Asech

for dyd; > 0 or

n(ll) = Atanh [A —m(f + Vit + &)

for d1d; < 0, where A, Vi, &, and £, are arbitrary constants. The constant A determines the amplitude
and the width of the soliton, ¥} (and V) determine(s) the group velocity, and & and &, determine the initial
positions of the soliton and the carrier wave, respectively. Equations (64} and (65) correspond to the bright
and dark solitons, respectively.

Figure 2{a) shows an analytic solution for dy = 0 given by Eq. (64). Here d; =d3 =1, A =2, V] = —-10,
& = 6, & = 2.76, and the initial time 7 = 1. We can see that an envelope soliton propagates in the
£-direction without change of its shape. On the other hand, Figs. 2(b) and 2(c) show numerical solutions to
Eq. (60) for dy = 1. The initial time 75 = 0.5 in Fig. 2(b) and 75 = 0.1 in Fig. 2{c). The initial positions
of the solitan and the carrier wave in Figs. 2(b) and 2(c} are the same as Fig. 2(a). We can see from these
figures that the amplitude of the solitary waves decreases as it propagates in the £-direction. This result is
quite natural, because the wave propagating in the £-direction, which corresponds to the radial direction,
decreases its energy density (the 1/7 term in Eq. (60) comes from the 1/7 terms in Eqgs. (3)-(5)).
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Figure 2: (a) An analytic solution for d» = 0 given by Eq. (64) and (b),(c) numerical solutions for d; = 1.
Here 79 = 0.25 in Fig. (b) and 75 = 0.1 in Fig. {c). The initial position of the wave is the same as Fig. (a).
We can see that the amplitude decreases as the solitary wave propagates in ¢-direction when do = 1.

4 Concluding remarks

We have derived a nonlinear Schrédinger-type equation that describes a spiral structure of a galaxy. As well-
known to plasma physics, the Langinuir wave, which is a density wave propagating on electrons, can generate
an envelope soliton that is described by a nonlinear Schradinger equation. A galaxy is a gravitational many-
body system, while a plasma is an electromagnetic many-body system, which, in the electrostatic limit, obeys
the same set of equations. Hence, the fact that the galactic density wave has a soliton-like structure can be
naturally deduced. A unique feature of the present formalism is that a thin-disk geometry is considered and
the soliton-like structure of a gravitational medium is obtained.

Galaxies resemble plasmas in that their components interact with each other through a long range force
produced by the particles themselves. In particular, single-species non-neutral plasmas such as pure electron
plasmas are quite similar to galaxies except that electrons are repulsive while stars are attractive. Because of
this nature of galaxies and non-neutral plasmas, they exhibit similar collective phenomena such as vortices|7).

The behavior of single-species non-neutral plasmas is often analyzed under the assumption that they
have an infinite length in the axial direction, while galaxies are often assumed to have a zero thickness.
The advantage of the infinite-length analysis is that the Poisson’s equation becomes two-dimensional, which
makes our problem completely two-dimensional. Then the analysis is greatly simplified. It is meaningful to
analyze the behavior of galaxies in such a way because of its simplicity. Such an analysis is to be published
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elsewhere.
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Appendix
We show that the following two equations are equivalent:
oc oo
Y explili) (X,""’ + mq"”) + 3 Re [2iZt(n)exp(il(p)] =0 (V) (66)
[=—00 i=1
x4 ay!™ 4 izg{Msgnt=0 (¥I) (67)
! t ! :4 - s
where XI("), Y,{“}, and Zf") are complex constants or slowly varying functions of ¢ that satisfy the reality
condition
Xl(n)* — X(_":), (68)
v =y, (69)
z™ =z (70)

Equation (66) can be written as

i [(X};" - thg")) cos(lp) — (Xfi"’ + lYfr")) sin(lz;))]

f=—00
+3 i (X5 + 1787 costle) + (X - V) sin(li)|
l=—c0
- i [2Z,(in) cos(ly) + 2Z.!(F) sin(hp)] =40, (71)
i=1

where subscripts r and i denote the real part and imaginary part, respectively. The second term of the
left-hand side of Eq. (71) vanishes because of the reality condition Eqs. (68)-(70). Then Eq. (71) becomes

3 [2 (X,‘;" -1y - z}i"") cos(lp) — 2 (in"’ +Ivi 4 z};‘)) sin(hp)] =0. (72)
=0 .
Thus,
X - -z =0, (73)
x4+ 2 =0, (74)

for each ! > 0. Equations (73) and (74) are identical to
xMpay™piz™ =0 @>o). (75)
Taking complex conjugate on Eq. (75) gives

X _avin _iz =0 (I>0)
= X" yayM —izl™ (<o) (76)

Equations (75) and (76) are written as

XM iyt +iziMsgni=0 (V). (77)
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Investigations on Application of Multigrid Method to
MHD Equilibrium Analysis

Soichiro Ikuno

Faculty of Engineering Science, School of Engineering, Tokyo University of Technology
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Abstract

The potentiality of application for Multigrid method to MHD equilibrium analysis is investigated. The nonlin-
ear eigenvalue problem often appears when the MHD equilibria are determined by solving the Grad-Shafranov equation
numericatly. After linearization of the equation, the problem is solved by use of the iterative method. Although the Red-
Black SOR method or Gauss-Seidel method is ofien used for the solution of the linearized equation, it takes much CPU
time to solve the problem. The Multigrid method is compared with the SOR method for the Poisson problem. The results
of compuiations show that the CPU time required for the Multigrid method is about 1000 times as small as that for the SOR
method.

Keywords: MHD equilibrium, Multigrid method, Red-Black SOR method.

§1. Iz

BRAEA OIET A2 ML h oA 40« 77 X OMHD - 28R kD B84, 2 BOBRTRENS HRR
T3, Grad-Shalmnov FRROHEAMEMEICAEIHLD. MEREMNEIIIHREETEREEZZ L, B7 A7 M
T4 FN e 75X DOMHD B/ NEFHCRET 2BAREEL KDDLt LV REENRD. L LKL, FHEE
RIETHIEOMNCR ORRETHD. ZOHEERZTRT 20, FRBFREIUCRELLEEL 7T X8
B—, HL<IT BEBEORRNE (/M) P—ELRIREESAVWTENEEYRET 5. —fic, SOREE%R
AWTHBBALFEREM L, HEFME#HrYFTEL LN RAZ DO

EW OB, Poisson FEAZHIZ & b Red-Black Gauss-Seidel #% & Red-Black SOR ¥ & O % fTv,
Multigrid#: (Multigrid Method, MGM) D44 BMMICFEMT 22 £ TH 5. 3 HiT, Multigridik (Multigrid Method,
MGM) © MHD E8fific o ¥ 5820 T 2. '

§ 2. Multigrid #;

EHOHEROERMEMEL HERCRBE, FIFARERTCoBLESFEERWTERILT 5. 85
HEBRIL, Jacobi ¥, Gauss-Seidel X SOREFOREHEAZAVWTREL ON—ROTHS., L LRAEL, domRk
DU I B B RS OMEOWAITEE L THWDZ EXb o TWS 2] TOR), Bk BB SR S OB E
LT, HERAsER-oTLES LW EAE B

Multigrid i D#E AN 72 % H12, Coarse-Grid Correction Scheme ¥ MHIN B HEEIC & 5. Fig 2. 17 T L 5
PUVERT (Nine grid) THESHHER QF EHVWET (coarse grid) THFIShAE Q"EEx 5. QL LogEn=20
BEE Q" ERERLELTA L MUEBTH Q' LTREBRERS LR TWEDON, QY ETREHERD LR
ZERTES. B, fine gid L TUIHK L35 WEIKERS OfR#iL, coarse grid LREFEBRTHZ Lz X - Tl ERS
DB|BEREN, coarse grid L TREHHEATIZ LI LV ERICHERZNEISRLZ LD TES. LR0X 52
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e S

(b)
Fig. 2.1 The wave with wavenumber &£ = 2 on (a) Q* and (b) Q.

ORERTEMEEME L, TNEh O TEREL PR S ¥ 5 F % Coarse-Grid Correction Scheme & FE5 [2-4]. R,
Coarse-Grid Correction DR 2T 5.

2.1 Coarse-Grid Correction Scheme

AR T2 ST FIANOBMBEYS F RO RMIEE 2 MIC ¥, Coarse-Grid Correction Scheme {25 Tk

<5, LZEFER

fu=f, 2.1
OHERMEMBEER B, ML, LB OBMBERIEIET£7 L, AIEREECH S, B2 0B ORT (fine
grid) THEL, FHREAT 1) R BT,

L= . ' (2.2)
TRESNSBHILHTRAERD. BL, L[S EREMEETTHY, [t sh e BoEs 27T, ¥
T u L Q22) OBERETY. T2T, QOITHT HEMRE L LT 5 L (2.2) ARV & & OB

vi=|uy - iy | ' - {(23)
THAOND. FBIC. L, 2AN3 L 22) OBEd 2

dy=Lyji, - f | (2.4)
LREONDE. T LARBREGEETTHI LEANVS L, REFER :

Ly,=~d, , {2.5)

EB5. (2.5 #RERE (sweeper) THHMNCMRE, Bt d k. FEETIE sweeper & LT Red-Black Gauss-
Seidel 7% & Red-Black SOR B\ T3,

Rk & 5z, ‘Ei&ﬁﬁiﬁ'@%%%&iﬁﬁﬁﬁU)%fﬁﬁ:fr’q\b\‘féﬁﬁﬁtl[}l% Liz< v, 20K, EikERS ORETE
BORERIETHELTLES Z &BbhoTn3 2. b, (2.5 ¢ Bl THRbh bREd Ohiil 3, &
WREDORENREEILTWE LE X 53, Coarse-Grid Correction Scheme TIXATROE S A ST B0, B d,
% coarse grid WHEMB L, REEMSEEREES L LTHIZLICED, WHOSEHLR LERETNE, b, BE d,
ERHEH (h< H) O coarse grid KRR EFAWTERT S,

dy=Rd, . (2.6)
{E L, R restriction i85 T & MHEA BB T TH 2. RIL OV TR CREic B2 5. oy TRLNE 4 ERNTHE
EHER: '

Lyvy=—d, , 27
RS L, L3AKEHDgrid 2 My THEBIL LR B TH 5. (2.7) % sweeperic & 0 Bl ic =, coarse
grid Oy, #B5. ZIT BEy, NIIZAAEH LV DEWERERS OEERETETS. L Lakb, ~h
b OBFEIXIGHE fine grid FICFR L, RFEATsweeper #lIVN3Z 2z k¥, BRI REZ ENTRETH B, B)
%, prolongation i&4EF P % BV T fine grid 1oz v EROL DT RS,
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(a) (b)

Fig. 2.2 The structure of multigrid cycles. (a) V-cycle, (b) W-cycle.

Fig. 2.3 The structure of Full Multigrid V-cycle. The number of cycle is two.

v,= Py, . (28)
PizowTiIR L ARic RETTHMICERS. 28) LvBbhiy #ANWTEHFEHL, HrkREZBERTS. Lt
DOFERELXBE L BESNEARBZETRETDZLIREY, Q) AT HEUEE L ER5.

2.2 V-cycle & W-cycle

Coarse-Grid Correction Scheme 12 2 OB+ 2 AW THET 2 FHETH S5, Multigrid #id Coarse-Grid Cor-
rection Scheme Z ANTFRIZ L, S b EBHERDOBEOINHEEZMN LEXEIFETHS. £ AHMEORLZ DR
FTARBRFABMNICER L, BLEWETF (coarser grid) # L4 1 L L, BFXEALRITHEY, LRAVL, LN
3. - - kTE, El, BLMNVET (finest grid) # 5 coarser grid ¥ T Coarse-Grid Correction Scheme 247V, 1
U finest grid ¥ TR » T 3FE#HEE % cycle LS. Fig 22RTE5K, bAA k-1 (k> 1) TO Coarse-Grid Cor-
rection Scheme %4175 FIE yIc X > THA Z L OEENIREEND. v= 1 DBEE V-cycle LFFY, y=2 OBEHE W-
cycle LR A,

2.3 Full Multigrid V-cycle (FMV)

BT L7z V-cycle & W-cycleid, finest grid » &8 M AWM X v %210, BREFRFTHETRET LR
HRETHD. EHETHRATS Full.Muttign'd V.cycle (FMV) 2. coarse grid TORERE W ORKHRTHY, BER
RAREORFEZHEM LR LV A CEAFHTHS. Tk, Coarse-Grid Correction Scheme 1T 5RY, TR~V
O grid IAE L2 ZR LRNOT, A€ Or AR, 5K, coarser grid ETORELREMBRERDOL NV
TOPTMEE LTHERLTWS D, &L ~ULTH 5 sweeper DK EEE V-cycle & W-cycleic @A L, #Hifkd
BAfTE 5. Fig 2.3 Full Multigrid V-cycle O A 7 A& TT.
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2.4 prolongation {5 -F & restriction {8 -

coarse grid £ (L~ k) OBEEE fine gnd £ (LA k+ 1) WEHT S prolongation EF & LT 9 A&H
WERERHES—BRHTHY, ROLHCRIND.

T I - H H H
Sx,y = (psH)(xvy) Yy 2(sz+H ¥ + Sx—H.y+ Sz.y+H +s.r.y—H) (2 9)

H H H
Z(SI+H._V+H + sz-H'.y-h‘ + Sz—H.y+H+ S:+H,y—H) -

L7B. {BL, s, s¥, 12 fine grid k. coarse grid F DEEHR (x, y) L BT BHBER 2hENRT. Wb, P OAHEIL,

B=|112 1 112

{2.10)
1/41/2 1/4

1/4 1/2 1/4]

L3, ~ﬁ:mmmm@ﬁ%RﬁP@%#ﬁﬁ%tLTmﬁf%P}ﬁﬁ'ﬁ@ﬁ#ﬁﬁ%ﬂ%i%ﬁétbk,u
TONFEEEST B,

(s* ") = th" *,. (2.11)

mLJhﬁvﬂydﬂ&Mhmﬁ%tmﬁﬁuqokhﬁ%%ﬁﬁ%m? (2.11) ORFEERNEZ LIt kv, FEEE
F P igaiE H OlRF LT

(s”, ﬁ'r")H = (133”, r")h , (2.12)
LEBTED. 22T H=2h P =R1TBL

S3y E(R )(ty) % "Elé'(si+”-?+s£-h-?+sﬁ-y+ﬁ+5£..v—h) (2.13)
"i%(52+h.y+k+S£—k,y—h+52—h,y+h+32+h‘y—h)
&7y, RoEBRIZ
|11 18 1416
R=| 18 1/4 U8 (2.14)
1/16 /8 1/16

LEkEhs.
K EiTiL, Poisson ﬁﬂﬁ@ﬁﬁfﬁﬁﬂ%%ﬁlk¥ﬁf Muitigrid ?E@ﬁﬁ%#ﬁﬁ&’]h&’!‘é’é

§ 3. FIEHR
A THE, Poisson FEROERMAEZFAICEYF, Mullignd 2 0% % Red-Black Gauss-Seidel # & Red-Black

SOR # & ol LR R4 2. BIFERIE (L FEAD [0, 1[0, 1§ THy QL ¥45. £k, HRE QL
5.

BERRE QAT

—Au=f@xy) . €B))
BRIDEL, (3.1) OBREMHIL 0Q L TR Dirichlet §

=0, (3.2)
BH2%. BL, 3.1)0OFREKHORES(x, y) 1 casel DB A,

flx. Y =sinnxsinzmy , (32
ThHZ, case2 DIBA, '

Slx, ¥) = (sin mx + %Sil‘l 8nx) sin my , (3.3)
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Abstract

For the second order time evolution equation with a general dissipation term, we introduce a
recurrence relation of Newmark’s method. Deriving an energy inequality from this relation, we
consider the stability and the convergence criteria of Newmark’s method. We treat a dissipation
term under the assumption that the coefficient damping matrix is constant in time and nonnegative.
We can relax however the assumptions for the dissipation and the rigidity matrices to be arbitrary
symmetric matrices.

Keywords: dissipation term, energy inequality, Newmark’s method, recurrence relation, stability

1 Introduction of Newmark’s method

We introduce the basic ideas of Newmark’s method[9] for the second order time evolution equation in
the d-dimensional Euclidean space R?. Let M, C and K be d x d matrices on R¥ which are constant in
time, and let f(¢) be a given R%-valued function on [0,00). Throughout this paper, we assume that M
is symmetric and positive definite:

M>2ml, m>0. (1)

Here I is the identity matrix on R, We consider the approximation method for the following initial
value problem of the second order time evolution equation for an R?-valued function u(t):

Lith
dt?

Let ap, v, and u, be approximations of (d?/dt?}u(t), (d/dt)u(t) and u(t) respectively at ¢ = vn with a
positive time step 7 and an integer n, and let f, = f(rn). Then Newmark’s method for (2) is defined

ML ult) + Chu(v) + Kult) = 1), w(0) =0, Fu0) = . (2)

through the following relations:

Ma, + Cv, + Ku,, = fn,
Unt1 = Un + TU; + §72an + B7%(ang1 = an), (3)

Vpal = Vp + T0n + Y7{@n41 — Gn).

The first relation corresponds to the equation (2), and the second and the third relations correspond to
the Taylor expansions of u(t + 7) and v(t + 7) at { = rn respectively. Here, 8 and -y are positive tuning
parameters of the method.
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An interpretation of the parameter § related to the acceleration (d? /dt®)u(t) can be seen in [9]: The
case 1 = 1/6 corresponds to the approximation that the acceleration is a linear function of ¢ in each
time interval; the case § = 1/4 corresponds to the approximation of the acceleration to be a constant
function during the time interval which is equal to the mean of the initial and final values of acceleration;
the case 8 = 1/8 corresponds to the case that the acceleration is a step function with the initial value
for the first half of each time interval and the final value for the second half of the interval. 1t is often
the case that -y is equal to 1/2.

2 Iteration scheme of Newmark’s method

Based on the formulas in (3), Newmark’s method generates the approximation sequence u,,n = 0,1, 2,
..., N by the following iteration scheme:

. Step 1. Forn =0, compute ag from the initial data up and vg:

ag = M7 (fo — Cup — Kug).

Step 2. Compute ap4y from fo.y1, tn, vy and a, solving a linear equation:

np1 = (M +47C + pr2K)!
X[~Kup, — (C+1K)va + {(y = 1)7C + (8 - )7*K}an + foty1).

Step 3. Compute 4 from g, vp, Gp and anqy:
Unsl = Un+ TUn + (3 — B)%an + Brlany.
Step 4. Compute v,,4; from v,, a, and a,44:
Unt1 = Un + (1 = 7)70n + 77041

Step 5. Replace n by n+ 1, and return to Step 2.

Here, Step 1 is nothing but the first relation of (3) with n = 0. The expression of a,4; in Step 2 is
obtained by eliminating #,4; and v,4+, from the second and the third equalities in (3) together with the
first equality in (3) with n replaced by n + 1:

Mapi1 + Cvper + Kung1 = fanr.

Step 3 and Step 4 are from the second and the third relations of (3).

3 R_ecurrence relation of Newmark’s method

Newmark’s method (3) for the second order equation (2} is reformulated as follows in the recurrence
relation{[1], (2], [3] and [13]). Eliminating v, and a,, from {3) by a series of tedious manual computations,

we have

(M + B72K)D,u,

4
+7C D un + {(1 = 7)C + (v = })K}Drun + Kup = {I +7{y — $)Ds + B7° D13} fu, @
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where

Doupg = (tpg1 —un)/7,
Dzu, = (un - un—l)/T:
Dosun = (Drup — Drugnlfr.

We confirmed this result by a formula manipulation software NCAlgebra[6] on Mathematica[12]. Espe-
cially, in the case v = 1/2, we have:

(M + ﬁTzK)DTT-Un + ~%C(DT + Dv")un + Ku, = (I + ﬁTzDT'T')fn- (5)

These recurrence relations are useful for the stability and error analyses of Newmark’s method. See [8]
and [10] for the case with C = 0.

4 Derivation of an energy inequality

Taking a scalar product of (4) and (D, + D;)u,, we can derive an energy inequality for Newmark’s
method. From this inequality, we obtain the stability conditicns for Newmark’s method. In the following,
we use the usual Euclidean scalar product (-,-) and the corresponding norm || - || in R¥.

From now on, let T be a fixed positive number and N be a positive integer, and define 7 := T/N and
n=2012,...,N -1 Let C be nonnegative: C > 0, let K be positive definite: K > kI, k& > 0 and
m > 0 is the smallest eigenvalue of M. We also assume that

> 1
T2 5
The main result of this section is the following theorem for the energy inequality.

THEOREM 4.1 Let {u.}_, be a sequence generated by the scheme in Section 2. Then for a positive
constant 1o determined as below, there exists a positive constant Cp such that the inequality:

“‘ﬂ"d'lfz‘Druﬂll2 + T‘z{ﬁ - %('Y - é‘) - %a}||K1/2D,.un||2 +(1- ﬁ)”-Kl/z'Mn”2 <Gy (6)

holds for all + < 1y and an arbitrary positive constant o, where 79 is determined either as

To>0whenﬂ2% (7)
or as
i v
0<n < when0< G < —. 8
o<\ GBI 0S8, ®

REMARK 4.1 The constant Cy in the theorem depends primarily on the coefficient matrices M, C and
K, and secondarily on the tuning parameters 8 and v and it also depends on the initial values up and

vg and the inhomogeneous term f, and finally on 1y in the way described above.

Proor. Using {4), we derive an energy inequality as follows (see [1} and [2] for the case v = 1/2).
Rearranging (4}, we have
1
(M + Br°K)D,su, + 5C(Dr + Ds)un

(9)
+(’Y - %)C(Dr - D'F)un + T(’Y - %)KDT_'“'“ + Kup = Gn;
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where 1
gn = A{I+7(y = 35)Ds + B’ Drr} fn. (10)

We take a scalar product of (9) and (D, + D;)u,. Since C is nonnegative, we have

((M 4+ Br*K)D.zun, (D; + Dy )u,)
+('Y - %)(C(DT - D?)um (Df + D=)u,)
+r{y - %)(KD?um(Dr + D:)uy) (11)
+{Kun, (D7 + De)un) — (gn, (D- + Dz )un)
= ~(3C(Dr + Ds)upn, (D; + Ds)us) <0.

Using the assumption for M, C and K, we obtain the following lemma:

LeMMA 4.2 When we put

wy, = (M + ,@T2K)D-r'un, Doun) + (Kttny1,un) .
+7(y — ${CDsupn, D;u,) — 372(y — 1)(K Dy, Druy),

we have

W S Wn-1 + T(gn;DTun + Drun—l)- (12)

Proor. We omit the proof. 0O

Using the equality:
(K'un+lv un) = T(KD'rumun) + (Kup, uﬂ)!

we can modify the expression of w,, as

1 1
wy, = [|MY2D u,||? + {8 — 5(7 - 5)}“1{1/29,%”2

(13)
+7(K Do, 1) + JK Y 2|2 + 7(y — $CH2 D un|?,
Using (12) repeatedly, we have
Wn S Wp-1 +7'(9m Drun +Drun—1)
Wno1 X Wpo2+ T(gn—la Drtg_y 4+ Druy o)
Wp_m < Wp_m-1-+ T(gn—m1 Diugem + Drun—m—l)
twh < wp+ T(gl,D,.ul + DT’U.Q).
Summing up these inequalities, we obtain
wp < wo + Zr(gi,DTu,- + Dyu;_y). (14)
i=1
To modify (14), we show the next lemma.
LEMMA 4.3 Under either the condition
(Mand 0 <5 <m, {15)

— 123 —



ar

1
(B)and T < 70 andO<5Sm—rg(§7-ﬁ)|lf(1/2”2, (16)
we have
8| Drusl® < wi. (17
ProoGF. Let & be a positive number. Using the assumptioﬁ that M and K are positive definite, C is

nonnegative and v > 1/2, we have

w; — 8[| D7usf?
> |MY2Dow|? + 72(8 = 3NIE 2D wl|? + K2 (r D + 2ug)|? ~ 81| Drwil 2
> (m = 8)||D,will® + 728 - INIK2Drwil? + LK (rDrui + 2ui)||*.

If 3 and 7 satisfies the condition (7) and § < m, then w; — &]|D,u;||* becomes nonnegative for any 4.
On the other hand, if 8 — /2 < 0, then we have

uwy — 6]|D,u,—||2
> mliDu|l* — 723y — AIK 2PN Drwil? = )| Dril?
= {m = 7 (ky = BIKY2? ~ S| Druil®.

If 7o satisfies the condition (8) and 7 € 7o then
m = 72(5y = BKM2P = 6 > m — (5 = DK -6
Hence, if 6§ < m — 73(3vy — B)IK*?|?, then w; — §||D;usf|* > 0 for any 4. Thus we obtain (17). O
Using Lemma 4.3, we have the next lemma.
LEMMA 4.4 Under either the condition

(7) and 0 < 8 < min{m, 2/75}, ' (18)

or
(8) end T < 7 and 0 < § < min{m — & (1v — BIIK 2|2, 2/n0}, (19)
we have, for 1 < 19,
w, <Co, n=0,1,2,..., N -1 {20)

ProoF. Using (17), we modify {14) as follows:

n
Wy < wo+TZ(g,-,Dru,-+D,u,-_1)

i=1

n
< wo +7 3 lgill(I1Dyuill + 1D uiall)
i=1
n
T T4? 78?
< wo+ ) {glloll® + (G I Dewill® + 11 Druima )}
i=1 i1 n
ér T
< wot 5 Z('wi twi) + 5 Z llg:1I?
5 =t n~1 r J\}fll.
2
< wp+ ?w"+61'§w,- + 53 .z_; HNa:ldl*-
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If £(t) is bounded on [0,7], then, for i > 1, we have

lg:ll = I{I+7(y~3)Dr +Br*Dr:} fill
= |fi+ (v = 3)fi— fic1) + B(firr — 2fi + fim1)|l
< (48+2y) oup EFIl-
Hence we have
5 n—1 r N-1 ’ R
w, < w0+—2—-w"+572wi+5—22{(4ﬂ+27) sup_ Ilf(t)“}
i=1
n 1
< wot Dt ir Y wit 62{(4[3+2v) sup £
i=0

Since 0 < 1 — 570/2 from (18) or (19}, we have

n-1

wa < (1= 56m) o + 673 wi + 52{(4B+27) sup 1SNV

=0

Using the Gronwall inequality, we then obtain
1 _ T 1 _
n < (1= 5070) wo + 5 {(48 +27) sup |IF()II}?]exp(5(1— 56m0)~"T),
2 s 0<t<T -2

where we use N7 = T. Thus, we can define Cy as follows

1 T 1
Cp = (1 - =070) [wo + = {(48+27) sup IO} exp(6(1 = =bm) 71T, (21)
2 4 0<t<T 2
where
= M2 Do) + 7*{B - —('r - )}nK”?Druuuﬁ
(22)
+7(K Dyug, up) + ||K1/2ug||2 + 'r("y - —)||CI/2D uol|2. ,
O

Lastly, under either the condition (7) or (8), using the following inequality with an arbitrary a:

T(KWD Un, K1 %0,)
> 7 | K2 Drug|l x a x J= x ||KM2u,|
> —Har?|| K2 D un? + a||K1/2un|[2},

we obtain the energy inequality (6) from (20) in Lemma 4.4. From (14) we have

If f, =g, =0, then Cy = wy.

5 Stability conditions for Newmark’s method

In this section, using the energy inequality {6) we derive stability conditions for Newmark’s method.
With respect to a parameter 3, we divide the stability condition into two cases and lead to the next

theorem.
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THEOREM 5.1 Let M and K be positive definite matrices and C be a nonnegative matriz. Let m and k
be the smallest eigenvalues of M and K. Assume vy > 1/2. Then, Newmark’s method for (2) in a time
interval [0, T is stable in the following two cases with respect to B:

Case 1: If .
E'Y < 16,
then with 7o > 0 and § given in (18) we have, for T < 79 and N =T/,
(48 - 2y + 1)
ol €4 ——————Cs, =0,1,2,...,N. 23
e ”—\/(4[3-27)k 0 0 (23)
Case 2: If 1
<pg< =
0<B<5m
then for my satisfying
n
O0<m< ) (24)
’ \/ Gy - BIK7P?
we have fort <t and N =T/r
lunll < lfuoll + Co =012, N (25)
T m—r3(3y - BN T

Here, in both cases, Cy is given by (21) together with (22).
PROOF. We omit the proof. O

REMARK 5.1 H. Fujii investigated in [{] and [5] the stability condition for the Rayleigh damping case
with C = aK + bM, a,b € R.

6 Relaxation of restrictions on C and K

To extend the applications of the stability theorem in Section 5 and also the convergence theorem in
Section 7, we consider the case with weaker assumptions for C and K as in the next lemma. (See pp.
30-33 in [11].)

LEMMA 6.1 For the second order equation:
M Zru(t) + CHu(t) + Kut) = £(t), (26)

we gssume that M, C and K are symmetric and satisfy the following conditions:

(Mw1w) 2 m“w”2: (Cwaw) 2 _C”wl|21

(Kw,w) > —c|lwl}? for w € RY, @7)
where m and ¢ are positive constants. Then, we can transform (26) into the equation:
ME5u(t) + (2AM + C) Zu(t) + (A2M + AC + K)u(t) = e (1), (28)
where

v(t) = e Mu(t), (2AM + C) 2 0,(AM +AC + K) > kI, (29)

with positive constants X and k.
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Proor. We omit the proof. 0O

So we can obtain the energy inequality based on (28).

7 Convergence of Newmark’s method

Using the recurrence relation (4} and the stability theorem, we show in this section the convergence
of Newmark’s method together with its convergence order.

Let T be a fixed positive number and N be a positive integer, and define 7 := T/N. Let u(t) be the
solution of (2) and u, (n =0,1,2,..., N) be the solution of Newmark’s method for (2). We assume that
M and K are positive definite and C is nonnegative.

The discretization error e, is defined as én = u(7n) — u,. Then we have the following theorem.

THEOREM 7.1 We assume that f € C?([0,TY)), then we have the estimate |le,|| = O(r!), where

B =

=2 fory=

=1 fory>

L

ProorF. To prove this theorem, we first show the following two lemmas.

LEMMA 7.2 Al the mesh points t = tn withn = 0,1, we have
eo =0, e, = O(7%).

Proor. Since up = u{0}, we have ey = u(() — up = 0. Next we estimate e;. From Step 3 in the
iteration scheme in Section 2, we have

ur =g+ TU0 + (3 — ,B)-rz_ag + Bra,,
where
2
vy = ad—tu(O), ag = %Q'H(O)

and

a = (M++7C+ 82 K)™!
x[fi —(C+7K)uwg - Kug+ {(y ~ 1)rC + (B — %)TzK}ao].

On the other hand, by Taylor’s theorem, we have

u(r) = up+7vp + §7%ap + O(7%)
up +Tvg + (3 — B)r%a0 + frlag + O(7?).

So, we obtain

Briag + O(7%) - priay
Br3{ap — a1) + O(7?),

u('rj — U

€

and from the relation
ap = M7} fo — Cup — Kug)
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and the above expression of ¢;, we have

(M~1 +0(7)) x [(fo + O(7)) — (Cup + O(1)) = Kug + O(7))
M~ fy - Cvg — Kug) + O{7).

ay

Thus we obtain e; = O(r%). O

At the mesh points t = rn, n = 0,1,2,..., N, we have u, = u(rn} — e, and f, = f(rn). Using the
recurrence relation (4), we can prove the next technical lemma.

LEMMA 7.3 Define p, as

pn = (M +ﬂT2K).D.,..T.en

30)
+[{vCDr + (1 —=¥)CD:z} + 7{y — 3)KDrlen + Ken. (
Then it is expressed as follows:
pn = —T1{y— %)M%u(v‘n) + O(r?). (31)

PROOF. Substituting u(7n) — e, for u, in the recurrence relation (4), we have

pn = (M +372K)D:ren
+[{yCD; + (1 —7)CDs} + 7(v - 1)K Ds|en + Ken,
= (M + 812K)Dsu(mn)
+{vCD; + (1 = y)CDs} + 7{y — 1)K D;]u{rn) + Ku(rn)
—{I +7(y — })Ds + B2 Dz } f(rn).

Using the expressions

D,u(tn) = {u{r(n+1))—u(rn)}/7,
D:f(rn) = {f(rn)— fr(n - 1)}}/7,
Dy:u{rn) = {u(r(n+1)) - 2u(rn) +u(r(n— 1)}/72, etc.,

we rewrite the right hand side of the above formula. Applying Taylor’s theorem to u(r(n+1)), f(r(n—1)),
etc. at £ = ™n, we have

P = Mj‘—;;u(rn )+ C%u('m) + Ku(rn) — f(Tn)
+7{y — 2)(C’ a,u('m) + Kdtu('rn) (rn)) + O(7?).

Using the equalities:
M Spu(rn) + C Lu(rn) + Ku(n) — f(rn) =0

and
CLu(rn) + K Su(rn) - & f(rn) = —M Sru(rn),

we obtain (31). O

Proof of Theorem 7.1 (continued). Using Lemma 7.2, 7.3 and the stability theorem we can obtain the
estimate of ||e,||- To apply Theorem 5.1 to (30) we consider a modification of (21). If we look the proof
of Theorem 4.1 again, we can replace (48 + 27) supg<; <1 [l F()]]? with SUP1<n<N_1 lpr]|?. Then we have
in this case

Co = (1-idn) ™ we+2% sup |lpall®}exp(6(1 — Ld70)~'T).
1<n<N~1
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Hence we have from (23) or (25)
llenll < Crv/Co + lleoll = C1+/Co,
where C; is independent of uy, vp and p,. By Lemma 7.2 and (22), where up is replaced by eg, we have

wo = [[MY2Dreol® + 7B — §(v — P}IIK /2 Dreoll?
+7(K D, eq, e0) + 1K' ?eo||* + (v ~ )IC' /2Dy eol®
= |IMYV2Lerl? + 728 — 3(y ~ 5IINK 2 Ley]?
+7(y = PIIC 2 Ley|?
= O().

From this we obtain with another constant C,

Co < C{O(r*) +  sup  |pall?}-
1€n<N -1

On the other hand, from Lemma 7.3, we have
sup |pall® = O(r?) for v =3,
1<n<N—1
sup |lpall* = O(r*) for v > L.
1<n<N-1

Thus we obtain the result_s. 0
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Numerical Conformal Mapping by the
Charge Simulation Method *

Kaname AMANO, Dai OKANO and Hidenori OGATA
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Abstract

We present a method of numerical conformal mapping of a bounded Jordan domain onto the unit disk,
which is a basic problem of conformal mapping. We reduce the mapping problem to a Dirichlet problem of the
Laplace equation with a pair of conjugate harmonic functions and employ the charge simulation method, where
the conjugate harmonic functions are approximated by a linear combination of complex logarithmic potentials.
We give some schemes of approximating mapping function which is continuous and analytic in the problem
domain using the principal value of logarithmic function in computation. Numerical examples show that high
accuracy is obtained if the problem domain has no reentrant corners.

Keywords: numerical conformal mapping, Riemann’s mapping theorem, charge simulation method, continuity,

analyticity

1 Introduction

Conformal mappings are familiar in science and en-
gineering. However exact mapping functions are not
known except for some special domains. The numeri-
cal conformal mapping has been an attractive subject
mn scientific computation.

Symm [29, 30, 31] proposed an integral equation
method of numerical conformal mappings of interior,
exterior and doubly-connected Jordan domains onto
the unit disk, its exterior and a circular annulus, re-
spectively. He expressed a pair of conjugate harmonic
functions by a complex single-layer logarithmic poten-
tial and reduced the mapping problem to the singular
Fredholm integral equation of the first kind. The inte-
gral equation method was improved by Hayes, Kahaner
and Kellner [16] and Hough and Papamichael [18, 19].
Amano [1, 2, 3, 6], with these points as background,
proposed a charge simulation method of numerical con-
formal mappings of the interior, exterior and doubly-
connéected domains. He approximated the conjugate
harmonic functions by a linear combination of complex
logarithmic potentials and reduced the mapping prob-
lem directly to a system of simultaneous linear equa-
tions.

See Gaier [15], Henrici [17], Trefethen [32] and Kythe
{25] for surveys of numerical conformal mappings.

We here present some schemes of approximating
mapping function of the numerical conformal mapping
of a bounded Jordan domain onto the unit disk. The
approximate mapping function is continuous and ana-

*Supported by the Grant-in-Aid for Scientific Research of the
Ministry of Education, Science, Sports and Culture in Japan
(09440081}.

lytic in the problem domain using the principal value
of logarithmic function.

2 Charge Simulation Method

The charge simulation method is a solver for potential
problems. We have two schemes, i.e., the conventional
scheme [26, 28] and the invariant scheme [27].

Consider the two-dimensional Dirichlet problem of
the Laplace equation

Ag(z) = 0 in D,
g(z) = bz} onC,

(1)
(2)

where D is the problem domain with the boundary C
and b(z) is the boundary data. We abbreviate (z,y) as
(z) for z =z + iy.

In the conventional scheme, the solution is approxi-
madted by a linear combination of logarithmic potentials

N
G(z) = EQi log|z ~ Gil, (3)

i=1

where the points {;,{s,...,{y, called charge points,
are placed outside . The unknown constants
Q1,Qs,...,Qy, called charges, are determined to sat-
isfy the boundary condition (2} at the same number of
points zy,22,...,2n, called collocation points, placed
on C. That is to say, they are solutions of the simul-

-taneous linear equations

N
> Qiloglz; -Gl =b(z) (G=12...,N), (4

i=1
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which are called collocation condition. This simple ap-
proximation can be highly accurate, but does not re-
main invariant with respect to trivial affine transfor-
mations [27].

In the invartant scheme, the solution is approximated
by

N
G(z) =Qo + ZQ:‘ log |z — (il

(5)

i=1
.and the - constant term (Jo and the charges
Q1,82,...,Qn are determined under the con-

straint »_;_, @; = 0. That is to say, they are solutions
of the simultaneous linear equations

N
ZQilOglzj_C:'l:b(zj) (j:l,?,...,N), (6)
i=1

N
ZQi = (.
=1

It is called the invariant scheme and satisfies mathe-
matically nice and physically natural properties.

The approximation Gz} exactly satisfies the Laplace
equation. If D is bounded, the maximum principle
for harmonic functions tells us that the error takes its
maximum value somewhere on ¢ and is estimated as

(7)

1G(2) - g(2)] <

max |G(2) — b(z)|

~ lgljaéxN 1G(zj41/2) — blzj5072)0,
(8)

where z;;1/5 is an intermediate point on C between
the collocation points z; and z;41. It is known that
the error decays exponentially with respect to N if C
is smooth and b(2) is analytic {20, 21, 22, 23, 24].

We extend the charge simulation method to the com--

plex function and, in application to the numerical con-
formal mapping, approximate a pair of conjugate har-
monic functions by a linear combination of complex
logarithmic potentials.

3 Problem and Theorem

We are concerned here with the basic problem of con-
formal mapping, ie., the mapping of a domain D
bounded by a closed Jordan curve € given in the z-
plane onto the unit disk |w| < 1 in the w-plane.

Theorem 1 (Riemann) The mapping function w =
f(2;20) is uniquely determined by the normalization
conditions f{29;20) = 0 and f'{zg;z0) > 0, where z; is
an arbitrary point in D and is called the normalization
point.

We take zp = 0 and abbreviate f(z;0)} as f(z), which
does not lose generality. Then the normalization con-
ditions are f(0) = 0 and f'(0) > 0.

Figure 1 shows the situation of the problem.

4 Numerical Method

4.1 Conventional Scheme
The mapping function is expressed as
f(2) = zexp(g(2) +ih(z)), (9)

where g(z} and h{z) are conjugate harmonic functions
in D, They should satisfy the boundary condition

|f(z)] = 1 (¢ € C} and the normalization condition
f'(0) >0, ie,
g(z) = —loglzl (z€C) (10)
and
h(0) = 0, (11)

respectively. From (9), the normalization condition
f(0) = 0 is satisfied. Conversely, if (10) and (11) are
satisfied, (9) is the mapping function of the problem.
The uniqueness of the solution tells us that the problem
is reduced to finding the conjugate harmonic functions
g(z) and h(z) satisfying (10) and (11).

Amano [1, 6] applied the conventional scheme of the
charge simulation method (3) to g(z) + ih(z) and ob-
tained the following scheme of the numerical conformatl
mapping.

Scheme 1 The approzimate mapping function is ez-
pressed as

F(z) = zexp(G(z) + iH(z)), (12)

N

G(z) +iH(z) = Y _ Qilog(z — §) + 8y

=1

N
= ) Q {loglz — Gil +iarg (1 - Ci)} (13)
1=1

1

where Qg is the constant of rofation determined
by the normalization condition (11). The charges
1,Qa, ..., Qn are the solutions of the N simultaneous
linear equations

.
D Qiloglz; — Gl = —loglz;| (j=1,2,...,N).

i=1

(14)
4.2 New Continuous Schemes
The same mapping function is also expressed as
Z .
f(z) = — exp(g(z) +ih(2)), (15)

™D

where 75 is a constant to be f'(0) = 1/rp > 0, i.e., the
mapping radius of D at z = 0 (strictly speaking, at the
normalization point z = zp). The boundary condition
|f(2)} = 1 (2 € C) and the normalization condition
f0)y=1/rp are

g(z) —logrp = —loglz| (z€0) (16)
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Figure 1: Conformal mapping by the charge simulation method. The normalization conditions are f{0) = 0
and f'(0) > 0, and ¢; and z; are the charge points and the collocation points, respectively.

and
g(0) +ih(0) =0,

respectively. The problemis reduced to finding g(z)

and h(z) satisfying (16) and (17). '
We apply the invariant scheme of the charge simula-

tion method (5) to g(2) +ih(z) under the constraint

N
ZQi = -1
i=]

instead of (7) as proposed hy Amano and Inoue [11],
and have the approximate mapping function

(17)

(18)

Ri exp(G(z) +iH(2)), (19)
D

N
Qo+ Y_Qilog(z — (),

i=1

F(z) =

G{z) +iH(z)

(20)

where @y is a complex constant.

4.2.1 Starlike Case

Assume that C is starlike with respect to the origin.
We rewrite (20} to

Gl2) +iH(2)
= Qo+ ;NIQi {log (1 - é) + 108(—45)} (21)

for H(z) to be continuous in D using the principal
value of logaritmic function. Note that discontinuity
of Arg{l — z/¢;) appears on the radial line behind (;.
The normalization condition (17) requires

N .
G(0) +iH(0) = Qo+ > _ Qilog(—¢:) =0.  (22)

i=1

We eliminate @ from (21) and (22), and obtain the
following scheme of the numerical conformal mapping.

Scheme 2 If C is starlike with respect to the origin,
the approzimate mapping function is expressed '

Flz) = Riexl)(c(z)+iﬂ(z)), (23)

I
N
Same(1-2), e
i=1 ¢

where the charges (1,2, ..., Qn and the mapping ra-
dius rp are the solutions of the N + 1 simultaneous
linear equations :

G(z) +1H(z)

N
> Qilog[1 - 2| ~logRp = ~loglz;i  (25)
i=1 !
(1=1,2,...,N),
N
ZQ,- = —1. (26}
i=1

If C is starlike with respect to a point z, in D, which
may be different from the the normalization point zp,
we obtain the following scheme of the numerical con-
formal mapping in a similar way.

Scheme 3 If C is starlike with respect to z, in D, the
approzimate mapping function is expressed as

F(z) = ——};"D exp(G(z) +iH(z)), (27)
N
. z— Zg
Glz) +iH(z) = Z;Qi{log (1—@_%)

—log (1— Ci__zzs)}, (28)
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where the charges Qy,Q-,...,Qn and the mapping ra-
dius rp are the solutions of the N + 1 simultaneous
linear equations

ZQ, {log — —logll — __ZZ }
—logRp = —loglz,| (j=12,...,N), (29)
N
Y Qi=-1 (30)

4.2.2 General Case
If C is not starlike, using the constraint (18), we rewrite
{20) to

G(Z) +iH(z) = Qo + Ql log(z — (1)
i i—1

N
+Z ZQ&*ZQ&) log(z — ¢:)

i= I

Qo+ Z (Z Qk) (log(z — ;) — log{z — (it1))

N
+ (Z Qk) log(z — (w)
k:a'\l'-l i 2 — C
Q()-I-Z (ZQ’”) log (z ..a )
i=1 k=1

- Ct+l

I

— log{z — (w) (31)
for H(z) to be continuous in D using the principal value
of logarithmic function. The discontinuity of Arg({z —
G}/ (2 — Ciy1)) appears on the straight line connenting
{; and ;1. The discontinuity of leg(z — ¢x) term
is mentioned later. The normalization condition (17)
requires

G(0) +iH (0)

Qo+; @Qk) og () - tog(~gx)

(32)

= 0.

We eliminate ¢}y from (31) and (32}, and obtain the
following scheme of the numerical conformal mapping.

Scheme 4 Whether C is starlike or not, the approzi-
male mapping function is expressed as

2 exp(G(z) +iH(2)),

F(z) = o

(33)

G(z) + iH(z) =

Z @ {]"g (z _ cil) log (C%)}
“log (1 - Ciw) ,

(34)

where the unknown constents, the partial sums of
charges,

Q=3Q (i=12...,N-1) (35
k=1

and the mapping radius rp are the solutions of the N
simultaneous linear equations

i C Ci )
1 -1 —-logR
% (o] - el ) e
=log |l — =] — log|2;] (36)
(7=1,2,...,N).

The charge point (x should be placed for disconti-
nuity of Arg(l — 2/{n) not to intersect D also in this
scheme.

5 Some Remarks

1. We can obtain the mapping radins with Scheme 1

by N
Rp = exp (— Y Qilog| - Cil) - (@37
i=1

However, it is advisable to use schemes with a con-
stant term [11].

2. The maximum modulus theorem for analytic func-
tions tells us that the error takes its maximum
value somewhere on C and is estimated as

Ee(z) = |F()- f(2)

< max|F(z) - f(z)| = Er. (38)

The collocation condition means |F(z;}| =1 (j =

1,2,...,N), so that
Ey = max||F(z)| -1
~ max (1F(z0p2) = 1. (39)
Many examples imply
Ep = Epy, (40)

which is useful to estimate errors when analytical
solutions are unknown,

3. A simple method of charge placement is

q
G =2+ 5lme = 7l

L exp {i (arg(z,-H — 2z} — -g—)} , (41)

where ¢ > 0 is a parameter called assignment fac-
tor. It gives numerical results of high accuracy in
many problems [5].
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6 Numerical Examples

‘We show numerical examples on typical problems.

1. an eccentric circle: |z — zo] < 1 (2o = 0.75),

(a) i = o+t eigi,

(b) Zj Tjei9j1
Ty = wocosBi44/1— T3 sin® 0;,
9, = 21(j—1)/N.

2. an ellipse: z/a® +y? < 1 {(a = 4),

(a) z; = acos#; +isind;,

(b) z; = 7%,
r; = afy/cos?0; +a?sin’@;,
8, = 2m(j-1)/N.

3. a Cassini’s oval: |22 — 1] < a? (a = 1.0219),

z; = T‘jeigj )
Ty = \ﬁos 20; + /cos?28; +a* — 1,
9, = 2m(j—1)/N, '

4. asquare: {{|z| < )N {|y| <1},
|2j+1 bt Z_—,.I = S/N, ] = 1.

5. an L-shaped polygon: {(Jz—0.5] < 1})N(|y—0.5] <
D} - {(z>05)N(y >0.5)},
|ZJ'+1 - Zj| = S/N, zy = 0.5+ 0.5i.

We use (41) for charge placement, and compute

Ey = lgi.ag(NﬂF(sz/z” - 1),
Ep = max {|F(z)} - f(5)],

1<G<N
IF(2j+1/2) - f(2j+]/2)|}

for error estimation. :

Table 1 shows the numerical results by Scheme 1.
Errors are estimated by Ef for the eccentric circle and
the Cassini’s oval since thier analytical solutions are
known, and by Ear for the others. The relation (40)
holds in the former cases. They show that high accu-
racy is obtained if the problem domain has no reentrant
corners. The error decays exponetially with respect to
N in the problems 1-4. As g increases, i.e., the charges
move away from the boundary, the error first increases
and then decreases till the coefficient matrix of the lin-
ear equations hecomes numerically singular.

We can obtain an approximate inverse mapping func-
tion z = F~!{w) by the same algorithm using the
boundary correspondence between z; and F(z;) estab-
lished in advance {4]. Figure 2 is an example of the bidi-
rectional numerical conformal mapping by the charge
simutation method.

7 Concluding Remarks

The charge simulation method has first been applied to
the numerical conformal mappings of interior, exterior
and doubly-connected domains onto the unit disk, its
exterior and a circular annulus, respectively (1, 2, 3, 6];
and then mappings of unbouded multiply-connected
domains onto the parallel, circular and radial slit do-
mains [7, 8, 9, 10, 12]. The latter three problems are
important in the two-dimensional potential flow anal-
ysis [13].

The method presented here for the mapping of a
bounded Jordan domain onto the unit disk has the fol-
lowing advantages.

e High accuracy by simple computation for domains
with curved boundaries.

o Explicit forms of approximate mapping function
continuous and analytic in the problem domain
using the principal value of logarithmic function
in computation.

These characteristics are important from applicational
viewpoints. See Amano, Okano and Ogata [14] for
details of the continuity problem of the approximate
mapping function.

Numerical experiments by Schemes 2-4 should be
made in future studies.

References

[1} Amano, K.: Numerical conformal mapping based
on the charge simulation method (in Japanese),
Trans. Inform. Process. Soc. Japan, 28 (7), 697-
704 (1987).

[2] Amano, K.: Numerical conformal mapping of ex-
terior domains based on the charge simulation
method (in Japanese), Trans. Inform. Process.
Soc. Japan, 29 (1), 62-72 (1988).

[3] Amano, K.: Numerical conformal mapping of
doubly-connected domains by the charge simula-
tion method (in Japanese), Trans. Inform. Pro-
cess. Soc. Japan, 29 (10), 914-924 (1988}.

[4] Amano, K.: A bidirectional method for numeri-
cal conformal mapping based on the charge sim-
ulation method {in Japanese), J. Inform. Process.
Soc. Japan, 31 (5), 623-632 (1990).

(5] Amano, K.: Error properties of numerical con-
formal mapping based on the charge simulation
method (in Japanese), Trans. Inform. Process.
Soc. Japan, 32 (1), 1-10 (1991).

[6] Amano, K.: A charge simulation method for the
numerical conformal mapping of interior, exterior
and doubly-counected domains, J. Comput. Appl.
Math., 53 (3), 353-370 (1994).

—134—



Table 1. Numerical results with N = 64 simulation charges.

1. an eccentric circle Ep (a) 2.7E-05 26E-06 6.2E-06 7.5E-06
(b} 44E-07 10E-10 13E-13 8.7E-12

q 2 4 6 8

2. an ellipse Eus (a} 2.7E-05 1.2E-05 1.5E-05 1.5E-05

(b} 4.5BE-05 1.8E-06 1.6E-08 1.8E-09

q 2 4 6 8

3. a Cassini’s oval Ep 1.3E-04 1.0E-05 1.0E-06 9.3E-05
q 1 2 3 4

4. a square Ejpy 1.6E-05 2.1E-07 2.4E-09 1.5E-10
q 3 6 9 12

5. an L-shaped polygon Ejs  9.5E-02
q 0.5

- e,
I A%

Figure 2: Bidirectional numerical conformal mapping between a square domain and the unit disk.

— I35 —



[7] Amano, K.: Numerical conformal mapping onto
the circular slit domains (in Japanese), Trans. In-
form. Process. Soc. Japan, 36 (2), 219-225 (1995).

[8] Amano, K.: Numerical conformal mapping onto
the radial slit domains by the charge simulation
method (in Japanese), Trans. Japan SIAM, 5 (3),
267--280 (1995).

[9] Amano, K., Shibuya, Y., Tsuchie, M. and Sug-
ihara, M.: Numerical conformal mapping onto
the parallel slit domains by the charge simulation
method (in Japanese), Trans. Japan SIAM, 6 (4),
353-371 (1996).

[10] Amano, K.: A charge simulation method for nu-
merical conformal mapping onto circular and ra-
dial slit domains, SIAM J. Sci. Comput.., 19 (4),

1169-1187 (1998).

[11] Amano, K. and Inoie, T.: Dilatation invariance of
the numerical conformal mapping by the charge
simulation method (in Japanese), Trans. Japan

SIAM, 8 (1), 1-17 (1998).

Amano, K., Okano, D., Shimohira, H. and Sugi-
hara, M.: Numerical conformal mapping onto par-
allel, circular and radial slit domains, Advances
in Numerical Mathematics (Proceedings of The
Fourth Japan-China Joint Seminar on Numerical
Mathematics, Edited by Kawarada, H., Nakamura
M. and Shi, Z.), Mathematical Sciences and Ap-
plications, 12, 1-10 (1999).

Amano, K., Okano, D., Shimohira, H., Okamoto,
T. and Igaue Y.: Potential flow analysis by the
numerical conformal mapping, Information, 3 (1),
73-88 (2000, to appear).

Amano, K., Okano, D. and Ogata, H.: Numer-
ical conformal mapping onto the unit disk with
concentric circular slits by the charge simulation
method (in Japanese), Trans. Inform. Process.
Soc. Japan, 41 (4), (2000, to appear).

(12]

[13]

(14]

[15] Gaier, D.: Konstruktive Methoden der konformen

Abbildung, Springer-Verlag, Berlin (1964).

[16] Hayes, J.K., Kahaner, D.K. and Kellner, R.G.: An
improved method for numerical conformal map-
ping, Math. Comput, 26 (118), 327-334 (1972).

[17} Henrici, P.: Applied and Computational Complex
Analysis 3, John Wiley & Sons, New York (1986).

[18] Hough, D.M. and Papamichael, N.: The use
of splines and singular functions in an integral
equation method for conformal mapping, Numer.
Math., 37, 133-147 (1981).

Hough, D.M. and Papamichael, N.: An inte-
gral equation method for the numerical confor-
mal mapping of interior, exterior and doubly-
connected domains, Numer.. Math, 41, 287-307
{1983).

[19)

[20] Katsurada, M.: A mathematical study of the
charge simulation method II, J. Fac. Sci. Univ.
Tokyo Sect. JA Math., 36 (1), 135-162 (1989).

[21] Katsurada, M.: Asymptotic error analysis of the
charge simulation method in a Jordan region with
an analytic boundary, J. Fac. Sci. Univ. Tokyo

Sect. IA Math., 37 (3), 635-657 (1990).

[22] Katsurada, M.: Charge simulation method us-
ing exterior mapping functions, Japan J. Indust.

Appl. Math., 11 (1), 47-61 (1994).

[23] Katsurada, M. and Okamoto, H.: A mathematical
study of the charge simulation method I, J. Fac.
Sci. Univ. Tokyo Sect. TA Math., 35 (3), 507-518

(1988).

[24] Katsurada, M. and Okamoto, H.: The collocation
points of the fundamental solution method for the
potential problem, Computers Math. Appl., 31

(1), 123-137 (1996).

[25] Kythe, P.K.: Computational Conformal Mapping,
Birkhaiiser, Boston (1998).

[26] Murashima, S.: Charge Simulation Method and
Its Applications (in Japanese), Morikita, Tokyo
(1983).

(27] Murota, K.: On “invariance” of schemes in
the fundamental solution method (in Japanese),
Trans. Inform. Process. Soc. Japan, 34 (3), 533-
535 {1993).

(28] Okamoto, H. and Katsurada, M.: A rapid solver
for the potential problems (in Japanese), Bull.
Japan SIAM, 2 (3), 2-20 (1992).

[29] Symm, G.T.: An i'ntegral cquation method in
conformal mapping, Numer. Math., 9, 250-258
{1966).

(30] Symm, G.T.: Numerical mapping of exterior do-
mains, Numer. Math., 10, 437-445 (1967).

[31] Symm, G.T.: Conformal mapping of doubly- .
connected domains, Numer. Math., 13, 448-457
(1969).

[32] Trefethen, L.N. (ed.): Numerical Conformal Map-
ping, North-Holland, Amsterdam (1986).

— 136 —



Forced Magnetic Reconnection due to Boundary Perturbation

Alahiro ISHIZAWA and Shinji TOKUDA
Department of Fusion Plasma Research, Naka Fusion Research Establishment,
Japan Atornic Energy Research Institute, Naka, Ibaraki, $11-0193, Japan
e-matl: ishizawaBfusion.naka.jaeri.go.jp

Boundary layer analysis of forced magnetic reconnection due to an exiernally imposed
boundary perturbation is revised. This revised analysis iniroduces correct asymptotic
matching to take into account the effect of inertia in the inner layer precisely, and adopts
a time dependent boundary perturbation which is suitable for this analysis. The revised
analysis demonstrates a new reconnection process and clarifies the role of stability against
the tearing modes in the process. The initial evolution of this new reconnection process is
characterized by some significant features. One is that the reconnected flux increases on the
same time scale as the boundary perturbation, which excludes the Sweet-Parker time scale
obtained by use of the invalid constant-¢ asymptotic matching. Another is that an induced
surface current on a resonant surface is in such a direction as to oppose the progress of the
reconnection, because the equilibrium is stable against the teanng modes in the absence of
the boundary perturbation.

. Keywords: MHD, forced reconnection, boundary layer, asymptotic maiching

L INTRODUCTION

In plasma confinement, there are two kinds of magnetic reconnections: free reconnection and forced
reconnection. Free reconnection is caused by spontaneous instabilities such as the tearing mode [1].. Even if
a magnetic equilibrium is stable for resistive modes, an externally imposed bourdary perturbation gives rise
to magnetic reconnection called forced reconnectlon [2]. The energy source of the perturbation of the forced
reconnection is the boundary perturbation, while that of the free reconnection is the equilibrium magnetic
field.

The boundary perturbation is caused by resonant magnetic field errors in tokamak plasmas. The error
field is the small deviation from axial symmetry of the magnetic field lines and it perturbs the plasma
boundary to form the magnetic islands [2]. The boundary perturbation is also caused by, as a model, the
toroidal coupling with a magnetic signal produced by another MHD event and it gives rise to the seed
islands for the neo-classical tearing mode [3].

The response of the plasma to the applied boundary perturbation is descnbed by a simple model [2]. In
this model, the perturbation is caused by a deformation of the plasma boundary. This deformation yields
two ideal MHD equilibria with different topologies of magnetic field lines. One magnetic equilibrium has
the same topology as the original equilibrium, while it has a surface current on the resonant surface. The
other has the different topology with magnetic islands on the resonant surface and no surface current. The
former is called equilibrium (I), and the latter is called equilibrium (II) [2]. The existence of equilibrium
(II) implies that the boundary perturbation can change the topology of the magnetic field lines and give
rise to the forced reconnection to form the magnetic islands on the resonant surface.

The time evolution of the forced reconnection is represented by the superposition of these equilibria
with an unknown coefficient, called the reconnected fiux. The reconnected flux is calculated by use of the
boundary layer theory as an initial value problem [2-7]. In the previous analysis, the time scale of the initial
evolution of the forced reconnection is believed to be the Sweet-Parker time scale. We reveal that this time
scale stems from the use of the matching condition which is valid only in the constant-t approximation; the
effect of the inertia in the inner layer is neglected in this matching condition. Therefore the results in the
previous works do not reflect the effect of the inertia correctly.

In this paper, we adopt the appropriate asymptotic matchmg and use the exact solution for the inner
layer equation to take into account the effect of the inertia in the inner layer, precisely [12]. Moreover,
we adopt a time dependent boundary perturbation to be suitable for elucidating the process of the forced
reconnection. The corrected reconnection process exhibits the new time evolution of the magnetic islands
and of the surface current induced on the resonant surface. Furthermore, the role of tearing stability in this
reconnection process is clarified in terms of the tearing stability parameter.

The paper is organized as follows. We present the model and the initial value problem of the reconnected
flux by use of the boundary layer theory in Sec. II. A new Laplace transformed reconnected flux based on
the appropriate matching condition is presented in Sec. III. The initial evolution of the forced reconnection
is calculated in Sec. IV. Finally Sec. V is devoted to the summary and discussion.
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II. MODEL AND BOUNDARY LAYER THEORY

In order to investigate the process of forced reconnection due to a boundary perturbation, we consider
the response of a plasma to the perturbation as an initial-value problem by adopting the boundary layer
theory [1,2]. We impose a time varying boundary perturbation on a static equilibrium which has a current
density gradient. By correctly taking account of the effect of the inertia in the inner layer, we deduce an
asymptotic expansion of an inner-layer solution to obtain a matching condition which yields a significantly
different reconnection process from the one in the previous works [2-5].

We consider the response of a slab of an incompressible plasma to an applied boundary perturbation.
The magnetic field is represented by B = Bre, + €, x Vi, where Br stands for a uniform toroidal field
and 1 is a magnetic potential. The plasma is supposed to be bounded by two parallel perfectly conducting
walls. We assume that the zy-plane is normal to the toroidal field and the y-axis is parallel to the wall and
the z-axis normal to it.

A. Outer region

In the outer region, following Hahm and Kulsrud [2], we introduce a quasi-static equilibrium as the
response of a plasma to a boundary perturbation. We retain the effect of the current density gradient of
the equilibrium to clarify the effect of stability of a tearing mode on the reconnection process. The outer
region is governed by the ideal MHD equilibrium equation,

V x(j x B) =0, . (2.1)

where j = V x B /4w is the current density.

In the absence of the boundary perturbation there is a static equilibrium which is represented by an even
function, ¥ = tp(z), subjected to the boundary conditions ¥o(-a) = const., where ¢ = +a expresses the
boundaries of the plasma. This equilibrium is assumed to have the resonant surface at the center of the
plasma, ¥4(0) = 0, and is supposed to be stable for the usual tearing mode.

Let us impose a boundary perturbation on the original static equilibrium. It is described in terms of a
deformed plasma boundary as

Y(z = £(a — d cos ky)) = const.,

where & and § are the wave number and the amplitude of the boundary deformation, respectively. The
boundary perturbation is assumed to be weak, § < a, such as the error fields in a tokamak. In this work,
we consider the time varying boundary perturbation, § = §(t/7.), instead of the suddenly imposed boundary
perturbation, because the time varying perturbation is suitable to clarify the reconnection process in the
analysis which includes the effect of the inertia in the inner layer correctly as shown below. The time scale
of the deformation r. is assumed to be much slower than the Alfvén time scale but much faster than the
resistive time scale, 74 € 7. « TR; T4 and Tg are defined below.
The magnetic potential perturbed by the boundary deformation is written as

Pz, 1) = ¥olx) + ¥1{2,t) cos ky, (2.2)

where 1(z,t) denotes the perturbed part due to the boundary perturbation. Since the perturbation is
imposed on a time scale much slower than the Alfvén time scale, the plasma is quasi-static and obeys the
ideal MHD equilibrium equation except in the vicinity of the resonant surface, where £ = 0. The ideal
MHD equilibrium equation, Eq. (2.1), for the perturbation ,(x,t) is reduced to

2 T
s { T e} - v =0, (29)

with the boundary condition

Yi{xa,t) = §(t/7)¥p(a) = ve(t/7).

The solution to this equation, ¥1(x,1), should be an even function of z, because Eq. (2.3} and the boundary
condition are unchanged for z — —z. : _
Here we consider the solution ta Eq. (2.3) for Taylor’s model, ¥:§'(z) = 0 [2]. It has the form

_ | sinh kx| | sinh kx|
¢1(w,t) = 11}1(0, t) {COSh kx — —t&nh ke + ¢e(t/T3)m, ‘ (24)



where 1(0,¢) is the magnetic potential on the resonant surface. Equilibrium (I) [2] which has the surface
current and no magnetic islands corresponds to 11(0,t) = 0 and ¥, (t) # 0. On the other hand equilibrium
(IT) [2] corresponds to $1(0,t) = ¥y(a)d/ coshka and #.(t/7.) = ¥j(e)d, and it has the magnetic islands
with width 24/2a41(0)/¢;(a), and no surface current. Therefore the non-zero value of 11(0,t) implies the
formation of magnetic islands by the reconnection. Moreover, (0, t) represents the amount of reconnected
flux; hereafter we call it the reconnected flux.

In this paper, we consider the general form of the solution to Eq. (2.3) which includes the gradient of
the current density of the static equilibrium to elucidate the effect of the stability of a tearing mode on the
reconnection process. The solution is written as

¥1(z,t) = $1(0, 1) f(z) + ¥.(t/7)g(z), (2.5)

where f(x) and g(z) satisfy Eq. (2.3) respectively, and are subjected to the boundary conditions f{0)=1,
f(£a) = 0 and ¢(0) = 0, g(+e) =1 [3,6]. The first term is related to the tearing mode and corresponds to
the first term in Eq. (2.4). Equilibrium (I) is described by :(0,) = 0 and %.(t) # 0. The surface current
vanishes when 11(0,¢)f(0) + ¥¢(t)¢'(0) = 0, and thus it corresponds to equilibrium (II). Note that the
first term and the second term in Eq. (2.5) correspond to the reconnected flux and the shielded flux for the
cylindrical geometry [6,7], respeciively.

The quasi-static equilibrium, Eq. (2.5), is determined only by the reconnected flux ¥ (0,t), because
Ye(t/Te) is assumed to be a given function. In order to obtain the reconnected flux we should investigate
the dynamics in the vicinity of the resonant surface, i.e. the inner layer. In the analysis of the inner layer it
1s important to include not only the resistivity but also the inertia of the plasma correctly as shown below.

B. Inner layer

In the inner layer, we adopt the reduced MHD equations,

p(%%—v-‘?) Vi¢=B.Vj,, (2.6)
a
% +B-Vp= %vzfp, (2.7)

where j; = V21 /47 and v = e, x Vg indicate a z-component of the current density and a velocity of the
plasma respectively, and ¢ is a static potential or a stream function, and the constants 7 and p are the
magnetic diffusivity and the density of the plasma. Since the deformation of the boundary is very small,
the perturbed quantities are small and the magnetic potential and the static potential can be written as
Eq. (2.2) and ¢ = ¢1(x,t)sinky. Thus they obey the linearized reduced MHD equations. We apply the
Laplace transform

fao)= [ faea (2.8)
0
to these linearized reduced MHD equations. The initial conditions for the perturbations are (z,0) =

¢1{z,0) = 0, because there is no deformation of the boundary at £ = 0, ,(0) = 0. By stretching the
variables in the vicinity of the resonant surface according to

)

where

the equations in the inner layer become

azr T T aar 29)
o . . d*4;
s‘)bl'n - EPin — d:’f2n’ (210)



where

T om oAy ‘;1(3’3) Aoy #1(=, 5)
¢i"(z's)_¢3(0)a2' 'plﬂ(zwg)'_ vaa ]

ra = a/va, T = 4ma’/n and vg = ¥§(0)a//Arp. 1t follows from Eqs. (2.9) and (2.10) that the inner-layer
equation is

de 2 dx 2 2 2
s{CX _29XY (32 1 82y = —xood 2.11
(G- 3 - = e (211)
where
LdPin 2 d Pin
= — =¥ — . 2.12
X= =8 txe = 852 (57) (2.12)

in Ref. [8] by rewriting the variables & — 2/3§!/4

S

This inner-layer equation corresponds to the equation (IT1.9
and 5§ — A.

In the forced reconnection process, it is important to take account of the effect of the inertia in the inner
layer, because the plasma is forced to move by the externally imposed boundary perturbation. Therefore,
we solve the inner-layer equation without any approximation to obtain the reconnected flux which includes
the effect of the inertia correctly. The exact solution to the inner-layer equation, Eq. (2.11), is given by Ara
et al. [8] as

82 pl a2 q
X:xw—‘%[) y(’ ! 5)l4\/1+yexp( 1 y) dy. (2.13)

251214y

Since the solution in the outer region has the symmetry 1{—z) = ¥1(2), ¢in and ;, should be odd and
even functions of #, respectively. Integrating Eq. (2.12) to satisfy these parities gives the solutions for
positive & as

e -
funlt3) = 5 [ (= x)d?

- ¢1d
Bin(,5) = ~—x+:i-f il 73
o

2 dz

4372 1 _ =2 1—

3 ;3/3 _ Z y
P i (i 5)/4 Y
= xm+xm25,2f0 y Vv 1+yexp (231/21+y) dy

/w4 fl (5/3-5)/4 ( 3 JVi-y
- i VI—gerf [ —— Y ——= | dy, 2.14
+Xood Y verf \ s igs ) & (2.14)

where erf(x) indicates the Error function and the normalization factor x o is related to the magnetic potential
at the origin of the stretched coordinate, 1:,(0, 3}, as

- J’iﬂ(oj 3)
Xoo - 53/2 ..3/2 3
HEF(1,-1/2,8/2 /4 + 3/4,1/2) - 1

(2.15)

where F is Gauss's Hypergeometric function [9}.

C. Outer and inner expansions

We have obtained the solutions in the outer region and inner layer, Eqs. (2.5) and (2.14), respectively.
Here we expand these solutions to obtain the matching condition. We derive an asymptotic expansion of
the inner-layer solution without the constant-i approximation to reflect the effect of the inertia correctly.

We consider the time evolution of the quasi-static equilibrium as an initial-value problem, by applying the
Laplace transform, Eq. (2.8), to the outer-solution, Eq. (2.5). Then we derive the expansion to the outer
solution as

I

Brle.8) = $(0,9) + 91(0,9) a4 254, (2.16)
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where

d(z9)]" EUVUVR 20!

El e R e

AL (s) =

and where

N [df(z)}”’ A - [M]“’_

dz | _, dz |_,

The first term, Ay, is the tearing mode stability parameter in the absence of the boundary perturbation.
Since the original static equilibrium is supposed to be stable, A, is negative.
On the other hand the inner-layer solution, Eq. (2.14), can be expanded asymptotically as

w3482 /4 - 1/4)

3 P(33/2/4+5/4) g+, & +oo, (2.18)

‘Jﬁ'ﬂ(‘%! 5) R —Xoo + Xeo

where T is the Gamma function.

"We have obtained the expansion of the outer-solution which represents the quasi-static equilibrium due to
the time dependent boundary perturbation, and we have obtained the expansion of the inner-layer sclution
which correctly includes the effect of the inertia in the inner layer. Asymptotic matching of these expansions
yle]d a greatly different time evolution of the reconnected flux from the one in the previous works, as shown
in the following section.

III. RECONNECTED FLUX BY EXACT ASYMPTOTIC MATCHING

Demanding that the solution to the inner-layer equation matches asymptotically with the solution in the
outer region yields the exact matching condition. On the other hand the matching adopted in the previous
works is available only in the constant-i approximation. In order to clarify this point, we rewrite the
asymptotic expansion of ¥;,, Eq. (2.18), as

- AJ
¢in(i)z¢m{l+fm+---} % — +o00, (3.1)
where
oo = —Xeo: (3.2)
f d¢tﬂ
Aiﬂ(s) eawm [
3 oo g dx A -_1:.55/4 F(§3/2/4 _ 1/4).
B Eﬂ#’m /.c., 327" Thea T(:%/%/4 + 5/4)° _ (3.3)

In the previous analysis [2-5], [dvin/d2]? % is divided by ;s (0, §) instead of 1o, in Eq. (3.3). That is valid
only in the constant-i approximation realized by neglecting the effect of the inertia of the plasma in the
inner layer, because the effect of the inertia makes ;,(0) deviate from ¥o, = —xo as shown in Eq. (2.15).
Therefore the matching condition derived by the expansion, Eq. (3.1), reflects the effect of the inertia in
the inner layer correctly.

Asymptotic matching of Eqgs. (2.16) and (3 l) yields the matching conditions as

$1(0,9) = $§(0)a’ Yo, (3.4)

eut(8) = A (s). (3.5)

Combining Eq. (2.17) and the matchmg condition, Eq. (3 5), we have the new Laplace-transformed recon-
nected flux

Ajde(s)

$1(0,8) = A ()= &1 (3.6)
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Notice that in the absence of the boundary perturbation, 1. = 0, the initial-value problem reduces to the
eigenvalue problem and Eq. (3.6} gives the dispersion relation for general resistive modes, Al,(s) — Aj =
8,10

[ Tl'}ere are two reconnected fluxes to be precise. One is, as introduced above, the reconnected flux at
2 = 0, Eq. (3.6), and represents the temporal change of the quasi-static equilibrium, Eq. (2.5). The
other is a reconnected flux at the origin of the stretched coordinate & = 0, J)m(O 3), and represents the
reconnected flux in the inner layer; it is called the inner-layer reconnected flux in this paper. The inertia
of the plasma affects the inner-layer reconnected flux, ¢,n(0 §), to be different from the reconnected flux,
¢1 (0, s). This difference between the inner-layer reconnected fux and the reconnected flux is given by the
matching condition, Eq. (3.4), with Eqs. (2.15) and (3.2} as

§3/2 -
Pin(0,3) = :,b"(;) - {1 -7 1F(l, —1/2, 33/2(4 + 3/4, 1/2)} ¥1(0, 5). (3.7)

Notice that this difference corresponds to the one between the reconnection rate, R, and ¢é in Eq. (18) in
Ref. [11].

The exact matching gives the Laplace-transformed reconnected fluxes, Egs. (3.6) and (3.7). In the next
section, these reconnected fluxes provide a new reconnection process.

IV. INITIAL EVOLUTION

"The inverse of the Laplace transform of Eq. (3.6) yields a new time development of the reconnected flux.
In this section we calculate an initial evolution of the reconnected flux by use of the theorem that the
Taylor-series expansion of a function f{t) at ¢ = 0 corresponds to the asymptotic power expansion of the
Laplace-transformed function fi (s) for s — co (Appendix A).

Before calenlating the initial evolution, we discuss the time dependence of the boundary perturbation. The
suddenly imposed boundary perturbation ¥,{t/7.) = 3069( ), where 8 is the Heaviside function, corresponds
to the time dependent perturbatlon in the case 7. — 0 in our analysis. However, in this case, the constraint
on the time scale 74 < 7. its not valid. Thus our analysis may not clarify the process of the forced
reconnection by this perturbation (see Appendix B for the details). We consider, therefore, the time
dependent boundary perturbation. In this paper, the function 3.(t/7.) is assumed to be even in t for
simplicity, so it can be expanded at ¢t = 0 as '

LA L O L S O 5
2t 2 41 1' 6! 1'3

e

Pelt/me) = 5 4oy (4.1)

because #.(0) = .
Hence the Laplace-transformed reconnected flux, Eq. (3.6), can be expanded in s as

- A i) "o “0 giv)
"’“"’“’“‘zi{’fr}(sa” .()+( AU (0))%5

TaT2st 272 i

" 0 . gl") 0 1
NCACIRIRO!
1212 ra To 88

(o) | wr(o) | w£(0) | 5vr(0) \ 1
€ e e e el .
+( R A R =) P (32)
as s — oo, where
_ =A% s i
Ta = —-ﬂ—m, Te = Wgﬁ (4.3)

denote the ideal time scale and the typical time scale in the inner layer, respectively. Note that the tearing
stability parameter, Aj < 0, is included in the ideal time scale, 7,. The inversion of the Laplace transform
of Eq. (4.2) gives the Taylor-series expansion of the reconnecteéd flux as :

t H 2 " 3 " (iv) 4
$1(0,8) = _2_{) {¢’=(°)L AN (%(0) LY (0))%

2 20 17?3 7272 3
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7372 rd Tl
vi0) | w0y | wE0) | syro) e
+( 8 * rird + Tir2 + a2, 73 o ' ‘ (4.4)

The initial evolution of the reconnected flux is dominated by the first term, therefore its typical time scale
is the same as the time scale of the boundary perturbation, 7., which can be faster than the Sweet-Parker

time scale [2,4,5], 7y, = Tinr}i‘”, and 1-,2;‘,!(2+b)1':/(2+b) [3], where b = 2 in this paper, obtained by use of
the constant-y matching (Appendix C). Hence we find that the appropriate matching leads to a different
time scale of the initial evolution of the forced reconnection compared to previous works. Each term in
the Taylor-series expansion, Eq. (4.4), contains t/7,, ¢/74 and t/ (-ri/ 31_1}‘/ 3) and the resistive time scale in
T, X TilaT;/3 appears at higher than 5th order. Notice that the stability parameter for the tearing mode,
Ay, included in 1, is important, because it makes 7, different from the Alfvén time scale, 74, as shown in
Eq. (4.3): for instance, large Aj makes the time scale 7, large.

When the boundary perturbation is imposed, the surface current is induced at the resonant surface. The
amount of the surface current is represented by the total current in the inner layer and is equivalent to the

finite jump of the y-component of the magnetic field at the resonant surface, z = 0,

MJHJ

AB,(t) = [ el A1 (0,8) + Altp(t). (4.5)

The total current increases with the increase of the amplitude of the boundary deformation, v(t), while it
decreases with the increase of the reconnected flux, ¢(0,t), because Af < 0 for the stable equilibrium and
45 > 0. Substituting Eqs. (4.1} and (4.4} into Eq. {4.5) gives the initial evolution of the total current in

the inner layer as
(¢;'(0) 9")(0)) 18

+
2.2 ry
T272 7] To B!

" 0 t3 "o t4
O 0 RO
R1N riti 4!

ve(0) | w(0) | 5u(0) | ¢
+(T3Tg M = e R (46)

AB,(t) = -4 {

It grows with a negative sign and with the time scale 7a/>r2/® at the initial evolution. In order to compare
Eq. (4.6) with the result found in previous works [2,4,5], we consider the time evolution of the stability
parameter A'(t) = ABy/41(0,t). For the stability of usnal tearing modes the stability parameter A'(¢)
often has the fixed value such as Ajj, while A’(t) varies with time in the forced reconnection process. The
stability parameter A’(t) is negative in the initial evolution and A’(t) = 0 at ¢ = 0, while it was claimed
that A’(t) — co with the positive sign at £ = 0 in the previous works. The sign of A’(t) determines whether
the surface current stabilizes or destabilizes the magnetic islands. The negative sign of A'(t) or AB,(t)
implies that the surface current is induced to hinder the growih of the magnetic islands. However the push
caused by the imposed boundary deformation overcomes this hindrance to form the magnetic islands. We
remark that the negative sign of A'(t) stems from the fact that the original static equilibrium is stable in
the absence of the boundary perturbation, Aj < 0, because 7, = —AjTa/(xk) > 0 leads to AB,(t) < 0
and A'(t) < 0. :

As stated in the previous section there are two reconnected fluxes. The reconnected flux derived above is
defined at the origin of the outer variable = 0. However the limit £ — 0 of the outer variable corresponds
to the limit # — co of the inner variable as shown in the asymptotic matching. The magnetic and dynamic
structures in the inner layer make the reconnected flux at # = 0 deviate from the one at & = 0. Therefore
the exact reconnected flux in the inner layer should be defined at z = 0. Although these reconnected fluxes
have the same value in the constant-y approximation, s — 0, the effect of the inertia forces these values to
differ in the forced reconnection process, as shown in Eq. (3.7). The inner-layer reconnected flux is defined
by the inverse of the Laplace transform of t/.':gn(l), 3). The inverse Laplace transformation of the expansion of
Eq. (3.7) for |s] — co with Eqgs. (4.2), (C2) yields the Taylor-series expansion of the inner-layer reconnected
flux:

ben(0,0) = 2o [HROF  WHO 0 7 (9e(0) | v (0)
AT Ag 'rf'rf’ 5! Tarfrf 6!  Tlr3ed T2 1-3
202(0) 2080y ayl(0) 8
+(Tg:373+ e 3 A (4.7)
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Since the initial evolution is dominated by the first term, the time scale of the initial evolution is 1’3" 573/ 5

It is close to the typical time scale of the inner layer, 7. x fi‘fsf}lz‘ls, compared with that of the reconnected
flux, 7,. Therefore the time scale of the inner-layer reconnected flux is also significantly different from the
Sweet-Parker time scale and can be shorter than it.

We have shown that the correct asymptotic matching produces the new time scale at the initial evolution
of the forced reconnection, that is affected by the time scale of the boundary perturbation and is different to
the Sweet-Parker time scale: 7, for the reconnected flux and 73/51"_.3/5 for the inner-layer reconnected flux.
It also produces a negative increase in the surface current in the initial evolution. Moreover, it is clearly
represented by Aj that the stability of the initial static equilibrium, which is supposed to be stable, affects
the characteristic feature of the reconnection process such as the ideal time scale, 7,, and the negative sign

of the surface current.

V. SUMMARY AND DISCUSSION

We have corrected the asymptotic matching in the boundary layer analysis of forced reconnection due to
the externally imposed boundary perturbation, because it is revealed that the asymptotic matching in the
previous works [2-5] is not appropriate and is valid only in the constant-1) approximation. The appropriate
asymptotic matching yields the exact reconnection process which reflects the effect of the inertia of the
plasma in the inner layer correctly, and leads to the two reconnected fluxes: the reconnected flux and the
inner-layer reconnected flux. The former determines the time evolution of the quasi-static equilibrium of
the outer region. The latter is newly introduced and represents the reconnection in the inner layer. The
corrected analysis adopts the time dependent boundary perturbation to be suitable for clarifying the process
of the reconnection. The time scale of this perturbation affects the initial growth of these reconnected fluxes.

1t is shown that the characteristic time scale -of the reconnection in the initial evolution is substantially
different from the one in the previous works for island formation due to the ertor fields [2,4,5] and for
seed island formation [3]. The reconnected flux initially increases on the same time scale as the boundary
perturbation, 7.. The time scale of the inner-layer reconnected fiux is derived from not only the time scale
of the boundary perturbation but also the typical time scale of the inner layer, 7, « Tﬁlsrys. Therefore the
initial evolution of the forced reconnection is sirongly affected by the time scale of the boundary perturbation
and can be faster than the evolution on the Sweet-Parker time scale. Moreover the role of tearing stability
in the amplitude and in the time scale of the reconnected flux is elucidated in terms of the parameter A}
which deviates the ideal time scale 7, from the Alfvén time scale, 74.

The correct matching also yields a new feature of the surface current induced on the resonant surface
and the role of tearing stability in it. In the initial evolution, the surface current increases with A’{t) < 0
to hinder the progress of the reconnection. In contrast, it was believed to be a typical feature of forced
reconnection that A’(t) > 0 and A’(tf) = oo at t = 0, in the previous works [2,4,5]. The negative sign of
the surface current, A’(t) < 0, originates from the negative sign of the tearing stability parameter, Ay < 0,
therefore, the hindrance of the reconnection stems from the fact that the original static equilibrium is stable
in the absence of the boundary perturbation.

These results imply that the previous estimation for the transition from the linear to a nonlinear stage .
of a forced reconnection {4] should be modified, because this estimation was carried out using an initial
evolution of the reconnected flux which grows on the Sweet-Parker time scale. Such a modification of the
transition is expected to have a significant effect on the time scale of the reconnection and on the decay of
the surface current in the nonlinear stage of the island formation due to the error fields {4] and the seed
island formation [3].

This modification is described by the subsequent evolution to the initial evolution. It will be obtained by
calculating the inverse of Laplace transform of reconnected flux numerically in a following paper.
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APPENDIX A: EXPANSION OF RECONNECTED FLUX

In this appendix, we expand the reconnected flux, Eq. (3.6}, for |s| = co. It follows from
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Eq. (3.3) and 5 = s74/(cka) = ‘rc;s that the expansion

Al(s) 1 5 1 _
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Substituting this into Eq. (3.6) yields
-4, Pe(s)

$1(0,8) x — (A3)
o1- {1+t
Using the Laplace transform of Eq. (4.1),
$2(0) | PL(0) | $L(0)
Je(s) ~ T2e% a5 + 837 S (A4)
and utilizing the relation
E bkzk 1& 1 n
k:,o—. =—Y ik, cn + —Z Cn—k@k — by =0, . (A5)
E a;,z" ng_o Q0,2

Eq. (A3) is reduced to the expansion of the reconnected flux, Eq. (4.2), as |s| — oo.

APPENDIX B: SUDDENLY IMPOSED BOUNDARY PERTURBATION

Here we consider the initial evolution of the reconnected flux for the suddenly imposed boundary per-
turba.tlon, Ye(t/7.) = 8BoB(t). Substituting ¢.(s) = §Bp/s into Eq. (A3) and using Eq. (A5), we have the

expansion of the Laplace-transformed reconnected flux:

+ —AIByd (1 1
¢1(0)~A—5{§+s’m +---}, |s| — oco. (B1)
The inversion of the Laplace transform gives
— 4! Boé t
¢1(U,t}:‘—,°{9(t)+—+---}. (B2)
: Af Ta

This reconnected flux increases suddenly at ¢t = 0 to —A} Bod/Aj which corresponds to etiui.librium (Im.
It means a sudden increase in the width of the magnetic islands from equilibrium (I} to equilibrium (II).
Therefore the reconnection process is not clarified by the suddenly imposed boundary perturbation.

APPENDIX C: CONSTANT-y MATCHING

Although the constant-4) matching is valid only for |s| —» 0, here we adopt it and consider the initial
evolution by calculating the expansion of the reconnected flux for [s| — 0. Then we have the same results

as the initial evolution in Ref. [2]. For |s -0 Eq. (2.15) reduces to Yo = —%ia(0, §) to validate the
replacement of 1, with 1;,(0) in Eq. (3.3). This replacement gives

¥ _ 1 d";bvl'n =
Ain(‘s) - Eal,-b'.-,,(O, 3) [ di ]_w

_ 1 ‘ w33/ (3824 — 1/4) 1)
P F(1,-1/2,8/2/4 + 3/4,1/2) — 1 8ea T($3/%/445/4)

Substituting this Al into Eq. (3.5) yields the constant-i matching and the reconnected flux is given by
Eq. (3.6). Using Eq. (A1),
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F(1,—1/2,3%2/4 4 3/4,1/2) = T(3%/%/4 + 3/4) i : P(-1/2+n) 1

T(-1/2) T(35/%/4 + 3/4 + n) 2"
1 .2 "

and Eq. (A5) yields the expansion of the Laplace-transformed reconnected flux as

2 AL,
&1(0’3) ~ 2ka A.“:‘r[)E(s) { 1 o -} R |3I — 0O, (03)

TATRS?

The inversion of the Laplace transform of this equation gives

2
2Byd(ka)? t
¥1(0,2) = 0-( ) (1/2 1/2) Tt (C4)
Ta "R

wsinh ka

for Taylor’s model [2] and the suddenly imposed boundary perturbation, A} = 2k/sinh ke and Pels) =
Bod/s. This is the same as the initial evolution given in-the previous studies [2,4,5] and indicates the
growth with the Sweet-Parker time scale. Therefore if we adopt the constant-i matching, we have the
initial evolution with the Sweet-Parker time scale. However this result is wrong, because replacing 1, with
i (0) is forbidden for |s| — co. This replacement is valid only for the limit |¢| - 0 as mentioned in Sec. IIL
For {s| = 0, the constant-i approximation is valid and Eq. (C1) is reduced to

Al (s) = . i L(-1/4)

8za T(5/4)

Notice that replacing Bgd in Eq. (C4) to ¥,{t/7g)" gives the initial evolution which corresponds to the one
by Hegna et al. [3].
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Frequency Dependence of Magnetic Shielding
Performance of HTS Plates in Mixed States

Atsushi Kamitani and Takafumi Yokono

Abstract—The magnetic shielding performance of the
high-Te superconducting (HTS} plate is investigated
numerically. The behavior of the shielding current density
in the HTS plate is expressed as the integral-differential
equation with a normal component of the current vector
potential as a dependent variable. The numerical code for
solving the equation has been developed by using the
combination of the Newton-Raphson method and the
successive substitution method and, by use of the code,
damping coefficients and shielding factors are evaluated for
the various values of the frequency . The results of
computations show that the HTS plate has a possibility of
shielding the high-frequency magnetic field with @ > 1 kHz.

Index Terms—{flux creep, flux flow, magnetic shielding,
superconductor

I. INTRODUCTION

Recently, the high-Tc superconductor (HTS) has
attracted great attention as a magnetic shielding material
over the high-conductivity and the high-permeability
materials. This is mainly because the superconducting state
can be easily maintained by use of the mini-refrigerator or
the liquid nitrogen. In addition, the HTS has a possibility
of shielding the strong magnetic field below its upper
critical one. For this reason, intensive studies on the
magnetic shielding performance of the HTS have been
performed experimentally [1]-[4] and numerically [5]-[7].

When the HTS is exposed to the ac magnetic field with
an amplitude above the lower critical field, it becomes the
mixed state in which the fluxoids penetrate into the HTS
and induce the phenomena peculiar 1o the Type-II
superconductor. In this case, the force balance between
the pinning force and the Lorentz one is violated so that
fluxoids move inside the HTS. In addition, fluxoids can
move due to the thermal fluctuation even if the static
magnetic field is applied. For this reason, both the flux
flow and the flux creep should be taken into account for
the evaluation of the shielding performance of the HTS
against the ac magnetic field.

The purpose of the present study is 1o develop the
numerical code for analyzing the time evolution of the
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shielding current density by means of the flux flow creep
model [7]-[10] and to investigate the magnetic shielding
performance of the disk-shaped HTS plate by use of the
code. In particular, we investigate the frequency
dependence of the magnetic shielding performance.

II. MATHEMATICAL FORMULATION

The time evolution of the shielding current density is
indispensable for the estimation of the magnetic shielding
performance of HTS plates. Therefore, we explain the
governing equation of the shielding current density in this
sectjon. First, let us assume that a disk-shaped HTS plate
of radivs R and of thickness D is placed in the ac
homogeneous magnetic field (see Fig. 1). By taking the
symmetry axis of the plate as z-axis and by choosing its
center of gravity as the origin, we use the cylindrical
coordinate system (r, 0, z) throughout the present paper.
In terms of the coordinate system, the applied magnetic
flux density By is written as By = By* sin wf ¢,, where By*
and w are constants, and e, represents a unit vector in the
z direction. As is well known, the critical current density
jc of the HTS has a strong anisotropy due to the
crystallographic structure [11]. [ts component along the
c-axis is sufficiently small as compared with that parallel
to the a-b plane so that the shielding current density can
hardly flow along the c-axis. By taking this fact into
account, we further assume that the HTS plate is composed
of M pieces of thin layers perpendicular 10 the ¢-axis and
that the spatial distribution of the shielding current density
does not change through the thickness direction in each
layer.

Under the above assumptions, the governing equation
of the shielding current density can be written as follows

(7}

r By = By* sin at e,
<4

0

Dj2.

|
!
|
ol -
|
!

~-Dp2 \
HTS Plate

Fig. 1. Schematic view of the magnelic shiclding measurcments.
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Here p is 3 magnetic permeability of vacuoum and 2¢
denotes the thickness of the layer. The scalar function S (r,
1) is z-component of the current vector potential and is
refated 1o B-component j of the shielding current density
in the pth layer through the relation: j = —(1/¢) a5 for.
The first term in the left-hand side of (1) represents the
electromagnetic coupling between the pth layer and the
other ones, and the coupling function @ is wrillen as
foilows:

Q% (r.7)=~14n eXr rl)lf:'.]-l

xt_;} i_;(- D™ R TKKGLD )

Here, K(x) denotes a complete elliptic integral of the first
kind and its parameter is given by k'p 7w drr’ [(r + 1" Y +
{[z, + (“1y" e} - [z, + (-1)" g]}?]"". Here z_ denotes z-
coordinate of the central plane of the pth layer. In addition,
E  TEpresents §-component of the electric field in the pth
layer and is associated with j__ through the J-E constitutive
relation: E_ = sgn(j,;) E(jj o» B). Here, B denotes a
magnitude of the magnetic flux density and the function
E(j, B) represents the macroscopic characteristics of the
superconductor,

Since the HTS plate in a mixed state is treated in the
present study, both the flux creep and the flux flow should
be included in the J-E constitutive relation. For this reason,
we adopt the flux flow creep model [7]-[10] as the function
E(j, B). This mode] is written in the form,

E(j.B)=

2 pJc(B) sinh(Q j/ j.(B)) exp(— @) 3 J € JekB)

Pl B) 1 — exp(=20)] + o, = jolB) 1 j>jelB)

where p_and p, are the creep and the flow resistivity,
respectively. The parameter o represents a strength of the
flux pinning to the thermal fluctuation and is defined by «
= U /(k,T). Here, U, k, and T denote the pinning potential,
the Boltizmann constant and the temperature, respectively.
In addition, the B-dependence of the critical current density
is included by assuming . as a function of the magnetic
flux density. Although many kinds of models have been
so far proposed as the function, we can use only the models
that have enough accuracy for small B. This is because
only a small amount of the magnetic flux density penetrates
inside the HTS plate. For this reason, we adopt the
following two models:

Je(B) = Joo )
JolB) = jl Bi(B,+ BY ] 5)

where j, and B, are constants. Equation (5) is known as
the Kim model and it becomes the same as {4) in the limit

of B, — w. In order to distinguish (4) from (5), we call (4)
as the constant-j  model .

As the initial and the boundary conditions to (1), we
impose Sp(r, 0= SP(R, t} = 0 as vsuval. By solving (1)
together with the conditions, we can determine the time
evolution of the shielding current density.

II1. NUMERICAL METHOD

In this section, let us explain the numerical method for
solving the initial-boundary-value problem of (1). By using
the finite element method, (1) is discretized together with
the boundary condition as follows:

el ’
W™ -8 =-b~ f, FS. J(Syar, ©

where the nodal vectors, §, b, f and J, correspond to the
function 5, the applicd magnetic flux density B, the
electric field E_and the critical current density j (B),
respectively, and the matrix W is calculated from the shape
function and the coupling function 0% . The superscript
n indicates the value at the rnth time step " (m nAf). Note
that the nodal vector J . depends on S. The reason for this
is explained as follows. As is apparent from the B-
dependence of j, the critical current density depends on
both the applied and the induced magnetic flux densities.
In addition, the latter is calculated from the shielding
current density j o {(p=1, 2, --, M) by using Biot-Savart's
law. Therefore, the critical current density is a functional
of §, 5,, =", 5, This is why the nodal vector J. becomes
a function of S. Incidentally, J,. has no dependence on S
for the case where the constant-j . model is employed. By
applying the §-method [12] to the numerical integration
of the second term in the right-hand side of (6), the nodal
vector §7*! becomes a solution of the nonlinear equation:
G(S, J(SH=WS +0Ar (S, J(S)N~u=60, €))
where u is written as u » W5" — b — (1-0) A fIS”, J {5")
and @ is a constant such that0 <8 < 1.

In general, either the successive substitution method or
the Newton-Raphson method has been often employed to
the numerical solutions of the nonlinear equation. Although
the successive substitution method has been applied to the
solution of (7), the scheme does not converge in most cases.
It is only when both the time step and the vnderrelaxation
factor are sufficiently small that we can obtain the
converged solution. This fact implies that the successive
substitution method is impracticable for the solution of
(7). On the other hand, in order to apply the Newton-
Raphson method to the solution of (7), the Jacobian matrix
has to be calculated analytically. As mentioned above, j
is a functional of S;, §,, ***, Sy, through Biot-Savart's law
in which the induced magnetic flux density is determined
as a definite integral of the shielding current density. This
leads 1o the complicated dependence of J- on S and, hence,
it is very difficult to calculate the Jacobian matrix
analytically. For these reasons, we apply the combination
of the successive substitution method and the Newton-
Raphson method to the solution of (7). In this method, the
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solution of (7) is determined iteratively. [n the kth cycle,
the nonlinear equation,

F(8")=GS*, I8 =0, (8)

is first solved by use of the Newton-Raphson method to
obtain §*. Since the nodal vector J . is a function of position
only in (8), the Jacobian matrix of F with respecl 10 §*
can be easily evaluated. Next, the approximate solution is
corrected by

§P=5% M4y (s*-5*" | ©

where the superscript (k) denotes an iteration number label
and y is an vnderrelaxation factor. The above ileration cycle
is repeated until the series {S®} converges 10 a tolerable
accuracy. The nodal vector $™* is obtained as a converged
vector of {S®}. For the case that the constamyj model is
adopted as j (B), the nodal vector.J . is no longer a function
of §. Therefore, the Newtion-Raphson method can be
directly applied to the solution of (7) in this case.

By using the above method at each time step, we can
solve the initial-boundary-value problem of (1) to
determine the time evolution of the shielding current
density. When the spatial distribution of the shielding
current density is calculated, the induced magnetic flux
density can be evaluated by use of Biot-Savart's law, As
the measure of the shielding performance of HTS plates,
we adopt two types of quantities: the shielding factor o
and the damping coefficient a. Both quantities are defined
as follows: o = B,/B, and o m 10 log, (((B%)/(B,%)). Here
B and B, are the total and the applied magnetic flux
densities, respectively, and the subscript z denofes z-
component of the vector. Also, the square bracket means
the time average. The shielding factor ¢ indicates the time-
dependent shielding performance, whereas the damping
coefficient o represents the time-averaged one. In this
sense, the desirable shielding performance should be
characterized by both a weak time dependence of g and a
large absolute value of .

IV. MAGNETIC SHIELDING ANALYSIS

The numerical code for calculating the time evolution
of the shielding current density has been developed by
using the method explained in the previous section. In this
section, let us investigate the magnetic shielding
parformance of the disk-shaped HTS plate by use of the
code. Throughout the present analysis, we fix the
geomeitrical and the physical parameters as follows: R =
20mm, D =2mm, T=77K, jo = 1.5x105 A/m2, Uy =92
meV, p; = 7.620x10-1 Qm and p_ = 6.666x10-11 Qm.

Let us first investigate the influence of the B-dependence
of j on the shielding performance of the HTS plate. In
Fig. 2, we show the damping coefficienis as functions of
the parameter B, in the Kim model. This figure indicates
that the shiclding performance of the HTS plate is not
affected by the B-dependence of j. This is because the
peneirating magnetic flux density is too small to change
Jc drastically. From this result, we can conclude that the
magnetic shielding analysis of the HTS plate can be
performed by assuming the constant-j~ model. Hence, not
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Fig. 2. Damping coefficients « as functions of the parameter By in
the Kim model. Here, the values of o are calculated at (z/R, r/R) = (-
0.06, 0.0) and the amplitude B* of the applied magnetic flux density is
fixed as By* = 1 T. The symbols, O, A and ¥, denote the values for w
= 10 Hz, 100 Hz and 1 kHz, respectively.
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Fig. 3. The time dependence of the shielding factor o at (z/R, r/R) =
{-0.06, 0.0) in case of (a) By* = 1.0x10-2 T and (b) By*=1T.The
symbols, @, A and ¥, denote the values for w = 1 Hz, 100 Hz and 1
kHz, respectively.

the Kim model but the constant-j- model is used in the

following.

Next, we investigate the time dependence of the
magnetic shielding performance. The shielding factors o
are evalvated on the symmetry axis and are depicted as a
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Fig. 4. Frequency dependence of damping coefficients a at (z/R, r/R)
= (-0.06, 0.0). & : B,* = 1.0x10-2Tand V : By*=1T.

function of time in Figs. 3(a) and 3(b). We see from these
figures that the shielding factor o increases monotonously
from wt = (7-1)x to w! = nx (n: integer number). For the
case with By*= 1.0x10-? T, the time dependence of o
becomes weak with an increasing frequency (see Fig. 3(a)).
On the other hand, the slightly different tendency is
observed for the case with By*= 1.0 T. The shielding factor
is almost always equal to unity in case of w = 1 Hz, and
this means that the shielding performance is very poor in
this case. As the frequency is increased above 1 Hz, the
time dependence becomes remarkable. A further increase
in the frequency will weaken the time dependence of the
shielding factor until it is almost equal to zero (see Fig.
3(b)). From the above results, it might be said that the
shielding factor has no time dependence in the high-
frequency range with o » 1 kHz and that its value is nearly
equal to zero. '

Finally, we investigate the frequency dependence of the
magnetic shielding performance of the HTS plate.
Damping coefficients ¢ are calculated at (z/R, r/R) = (-
0.06, 0.0) for By* = 1.0x10-2 T and 1 T, and are depicted
as functions of @ in Fig. 4. The damping coefficient
decreases slowly with an increasing frequency of the
applied magnetic field in the low-frequency range below
10 Hz, whereas it diminishes remarkably with  in the
frequency range with 10 Hz < @ < 1 kHz. A further increase
in w will cause o to approach a constant value. In other
words, the damping factor will almost approach to a
saturated value in the frequency range with w = 1kHz.
From the above results, it might be said that the time-
averaged shielding performance of the HTS plate is
enhanced remarkably with an increase in the frequency.

V. CONCLUSIONS

We have developed the numerical code for analyzing
the time evolution of the shielding current density on the
basis of the flux flow creep model. In the code, either the
Kim model or the constant-j. model is used to the
description of the B-dependence of the critical current
density. By means the code, we have investigated the
magnetic shielding performance of the disk-shaped HTS

plate. Conclusions obtained in the present study are

summarized as follows.

1) The magnetic shielding performance of the HTS plate
is not affected by the values of the parameter B, in the
Kim model. This result implies that the magnetic
shielding analysis of the HTS plate can be performed
by using the constant-j,, model.

2) The shielding factor has no time dependence in the high-
frequency range with o = 1 kHz and its value is nearly
equal 10 zero. On the other hand, the damping coefficient
decreases monotonously with the frequency of the
applied magnetic field. In panticular, it approaches to a
constant value in the frequency range with w 2 1 kHz.
From these results, we can conclude that the HTS plate
has a desirable shielding ability in the frequency range
with w2 1 kHz even when it remains in a mixed state.
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On the Structure of Numerical Solutions of Flow Simulation
by Implicit Scheme
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Abstract

In the present paper, the structure of the asymptotic numerical solutions given from
the implicit schemes. Analytical duscussion and numerical tests on the fully implicit
scheme of the Burgers’ equation and its linearized form were performed. Furthermore,
we tried to investigate the characteristics of ghost numerical solutions of incompressible
fluid equations from the viewpoints of the effect of popular fourth order artificial viscosity
terms. The calculation model adopted in the present paper was the flow around the circular
cylinder and the Reynolds number was 2000. The non-dimensional governing the incom-
pressible Navier-Stokes equations and the continuity equation were solved numerically by
using the MAC(Maker-And-Cell) method and implicit temporal scheme. Unsteady dynam-
ical structure was investigated in detail by applying the nonlinear dynamics approaches
on the calculated time series data of drag coefhicients. Ghost numerical solutions appear
not only in the cases of explicit scheme cases but also appear in those of implicit cases.
It was shown that the amplitude of fourth order artificial viscosity term and has a great

influence on the structure of the asymptotic numerical solutions.

Keywords
Asymptotic Numerical Solution, Implicit scheme, Burgers’ equation, Flow Simulation, Im-

compressible flow, Ghost solution
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1 Intriduction

The development of high performance computing has made the numerical fluid dy-
namics calculations routine. Today, we can get the numerical turbulence easily as the
result. However, complicated chaotic solutions, even when true solutions of the original
differential equation approach limit cycles or fixed points, are often obtained as a conse-
quence of the omission of the local discretization errors in the transfer from the continuous
differential equations to their discretized counterparts. In particular, there is a possibility
to get several types of asymptotic numerical solutions even when the same physical param-
eters such as the Reynolds number and the same conditions such as the boundary ones are
used. Solutions which do not correspond to the true one are often called spurious solutions
or ghost ones and they have been studied in detail by a lot of researchers.!~?) We also
studied the characteristic behavior of the asymptotic numerical solutions of simple scalar
nonlinear differential equations.8~ In those papers, we discussed the dependence of initial
data and boundary conditions on the nonlinear instability and concluded that we may get
ghost solutions which are never seen in the case of linear cases even if we adopt the more
accurate scheme, e.g. high-order Runge-Kutta scheme due to many kinds of errors and
the characteristics of schemes. Furthermore, I am sorry to say that this phenomenon also
appears in the case of the system of fluid equations.’®~1%) In most cases, the approximate
conditions of calculations are set to be physically reasonable. However even if we use the
popular fourth order artificial viscosity terms and upwind schemes, the complicated flow
structure appears in the cases of the low Reynolds numbers where the flows are expected
to be laminar. The artificial viscosity terms which are added explicitly and implicitly in
order to stabilize the system change the characteristics of numerical solutions. Needless
to say, we can not perform calculations stably without these stabilizing terms in the cases
of the high Reynolds number because the nonlinear instability grows and the calculations
diverge. However the added terms bring other nonlinear instabilities and the qualitative
structure of the asymptotic numerical solution changes. In other words, there is a pos-
sibility for us to get multiple stable and unstable asymptotic numerical solutions under
the same physical conditions and parameters. To select correct solutions among these
multiple ones depends on experimental and physical intuitions of researchers. Only one
thing which has been clarified in a lot of kinds of approaches is that most of numerical and
discretization errors induce the spurious nonlinear instability and the make complicated
the system.

By the way, we studied the cases of explicit calculations of compressible flows in which
the simultaneous equations does not need to be solved in our previous papers.1®~11) When
researchers in the field of computational fluid dynamics(CFD) solve the Navier-Stokes
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equation numerically, they usually use implicit schemes owing to its high performance and
efficiency in computations. Usefulness of implicit schemes may be originated from the
unconditional stablity in the linear case. However, is the high stability available also in
the nonlinear case? Do not ghost solutions appear in the calculation in using very large
values of At? On the other hand, most of implicit schemes used in the field of CFD need
the linearization. How about the effect of this linearization on the nonlinear structure of
the steady state numerical solutions? In the case in which the nonlinear source terms are
included in the PDE such as the reaction-diffusion equation, reaction-convection equation,
reaction - convection - diffusion equation and so on, we can find quite important mean-
ings in this linearization. However, literatures which refer to these problems in detail are
few. Therefore, to analyze these problems makes a great contribution to CFD studies. In
the present paper, we considered the initial boundary value problem of one-dimensional
Burgers’ equation and their backward Euler temporal finite difference approximations as
a simple example and discussed the structure of the numerical solutions of fully implicit
systems and their linearized ones. Next, we discuss the structure of numerical solutions of
practical incompressible flows. One of the most popular method in the incompressible cal-
culations is MAC(Maker-And-Cell) method'? in which the Poisson equation for pressure
has to be solved and it is 'necessary to solve the simultaneous equations. One of purposes in
the present paper is to investigate the characteristics of ghost solutions from the viewpoints
of the effect of popular fourth order artificial viscosity terms. Concretely, we compare the
dependence on the amplitude of artificial viscosity term. In a lot of contributions in the
field of computational fluid dynamics, computed results are discussed by using the flow
visualization technique and calculating some statistical quantities and so on. Though these
methods are usuful to discuss the simultaneous and global structure of the computed flow
fields, most of those methods are not so effective that we can not elucidate their clear un-
steady characteristics in detail. In our previous papers, we applied the nonlinear dynamics
approaches which were effective in analysés of the unsteady structure of numerical results
of direct simulations of the practical fluid motions. Generally speaking, these analyses of
the nonlinear structure are equivalent to studies of instability of dynamical system. In the
present study, we adopted the flow around the circular cylinder as the simple model and
discussed the difference of the unsteady structure by comparing the data reconstructed
from the long period of time series of Cp{drag coefficient).

Analytical approaches on the one-dimensional Burgers’ equation are discussed in Sec-
tion 2. For the practical calculations for fluid motions, the numerical schemes used in the
present paper are expressed briefly in Section 3. Other conditions of computations such
as the grid systems, boundary conditions and so on are also discribed in this section. In
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Section 4, the effect of artificial viscosity term are discussed in detail.

2 Analytical approach for Burgers’ equation
we considered the initial boundary value problem of one-dimensional Burgers’ equa-
tion(2.1) and its finite difference approximation as a simple example. Though there are
infinite numbers of steady state solutions of one-dimensional Burgers’ equation, only one
trivial solution, u(z)=0 , is allowed in the physical meaning.

Ug +UU =V Ugy , (0 <z < (n—1)Az)

u(z,0) = u®(z) , (2.1)

©(0,t) = u((n - 1)Az,t) =0. '
Euler backward temporal difference scheme are applied to eq.(2.1). Derived multi-dimensional
discrete dynamical system has different complex structure composed of various solutions
which are not the solution which numerically diverges to infinity and no longer corre-
spond to solution of original continuous DE. We discuss the characteristic features of two-
dimensional(4 points) and three-dimensional(5 points) discrete dynamical system gener-
ated by the spatial central difference scheme, fully implicit form, eq.(2.2), and its linearized
form, eq.(2.3).

(m+1) {m+1}) ulmy (m+1) (M+1)
[ ( +1) ( ) (m+1) ul 1 uv.-l l —2u +u
uim " + At { - 2Azx +y—== (A.’c)z } ’
) (0<i<(n—-1), m>0)
w® : (Initial data) , (2.2)
\ Ut()m) = f;n.l;)l = 0.

(m+1) __ (m+1) (mt1) gy {md) |y (D)
(m+1) — ., m) (m) Tipr Ty Uiy —2u +u
=u; + At Az +v (AJ:)2 )

O<i<(n—-1),m=>0)

) u,(;o) :  (Initial data) , - (2.3)
L™ = W= 0.

In order to solve eq.(2.3), we must solve n-dimensional algebraic equation.

(a)Two-dimensional discrete system

Two-dimensional(4 points) discrete system by fully implicit scheme, eq.(2.4), has the
two roots shown in eq.(2.5). Though one solution which has a negative sign before in
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R.H.S. of eq.(2.5) corresponds to the true solution, another one corresponds to the ghost
solution. The former converges on the equilibrium point-{0, 0), the latter converges on

(6v/Az, -6v/Ax).

(!’"+2t (™ + (m+1)a:(";';l)—0 _ Um;m+1}—2z§:+l)+0
z . (Ax) !
x(m-{—l)_xgm) (m+1) 0— x(m-l-l) 0-—2:1::(‘,m+”+:z:(1m+1) (24)
At +Zp 28— =V (Az)? )
and
. —a+ va? —4b
xg- n+1) — a 20: : :Bgrn-i-l) =z xgm+1)’ (25)
where
g zetdd+l M4 A
B ¢ ’ - c » ¢T 3Az’
At
= v 2=+l = - 9™ + 2.

In the case of fully implicit scheme, we can not determine which alternative solution
in eq.(2.5) we should adopt. On the other hand, we can solve that problem by linearizing
eq.(2.4), eq.(2.6).

S(m+1) _ (m) (m) 2™+ g 2D _ag(m¥ ) g
At + 2 28z -V (Bz)? ,
(2.6)
plm1) _ () (m)O 2+ D T
At t+z zaz Y (B7)2

By the linear stability theory, eigenvalues of Jacobian matrix of the discrete map of
eq.(2.6) are follows.

!A:l:!2 z)?
AL = (Az)?+3vAL? Az = (ﬂs(nl)3 +rit (fOI‘ (0’ O))’

_ (Az)*+3vAt _ {Ax)?43vAL 6ur 6
A= x(m:)ﬂ y Az = é_é‘az) 1At (for A —ae)) -
These results show that the origin is the stable equilibrium point because of |A;[ < 1

and |Az} < 1, and (6r/Az, —6r/Az) is the unstable equilibrium point because of [A| > 1(,
if v >0).

(b)Three-dimensional discrete system
Three-dimensional(5 points) discrete system by fully implicit scheme eq.(2.7) has three
roots shown in eq.{2.8). We can get three real solutions in the present case. Though one of

solutions of eq.(2.8) corresponds to the true solution which converges on the equilibrium
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point-(0, 0, 0), other two solutions correspond to ghost solutions. One of the ghost. solutions
numerically diverges to (2v/Ax, oo, —2v/Az). Another ghost solution may be devided
into several types such as 4- or 8-periodic points and so on due to the parameters(v, Ax)
and initial condition. We can show the existence of these attractors((0, 0, 0), (2v/Az,
o0, —2v/Az) and 4-periodic points) practically, e.g., for the case of ¥v=1/22, Az=1/11.
. Therefore, we must determine the reasonable scheme among the complicated branches
described above in order to get the true solution in the physical meaning in the case of
fully implicit scheme.

( z(]m"'l)—x(]m) (m+1) E.(zm+”—0 . x;m+1)—2zgm+l)+0
At + 8x Y (Bz)? ’
L{m1} _ o (m) i (m+1) z(m-{-l) gD ngm+1)_2$ém+l)+z(lm+l) (27)
At 2A:5 - (Azx)? L
:B(m+l)-'-I(m) + (m+1) 0— z(m+1) . O_ngm+l)+w;m+l) '
S T3 SAr— =V (Bz)? 1
m+1
2" = A+ B- ¢, wA+w!B-2, WA+wB- ¢,
:c(’““) B gl pimt) g e (2.8)
1 1+22+'yz(m+1) ! 3 1422— y:r(m'H) ’ )
where

a = —(:E(m) + m(m) + :L.(m)),
-1+ (:B(m) .1:3 ))(y — yz) — 6z — 102% — 423

b= " ,
(1+2z) {z(:c(lm) + 2:):%"") + :L'(3m)) + mgm)}
Cc = y
y2
Lo Tltw3 At A
YETT 0 YT sAy CT VA
J ¢  p af g @
A=y-24 L+ 2 B=g/-1 L +Z
\/2+ T \/2 s o
a? 2a¢° ab
p="b = -2

3 1797 T3
On the other hand, we can solve that problem by linearizing eq.(2.7), eq.(2.9).

roplmt ) im) + (m) zém-}-l)_o _ mém+])_2igm+1)+0
ar -t Az Y (Az)? ,
(m+1) zt +1) _ (m+1} (m+1) (ma1)  {m+1)
4 L.__“’z_+ (m) 23 Ty N S N (2.9)
At 2Az (Ax)? L
m(m+1)_$(m) + (m) 0— m(m+1) . 0_2$;m+1)+$ém+1)
\ At T3 5Az =V (Az)? ’
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By the linear stability theory, eigenvalues of Jacobian matrix of the discrete map of
eq.(2.8) for the equilibrium point(0, 0, 0) are follows:

Ay = A:i:)2
1= Az 2eAr

_ 2{Ax)'+(4+VE) (Az)’vAt

Az = 2(Az) +8(Az) v At+ALI(AL)?
2(Ax) + 54 V8) (Az)*vAt
A3 2(Az)4+8(Az)2um+4u2(m)?

These results show that (0, 0, 0) is the stable equilibrium point because of
A1l < 1, |A2] < 1 and |Az] < 1 (, if » >0). By practical computation of eq.(2.8) in the
case of v=1/22, Azx=1/11, we get only the true solution, (0, 0, 0), for all At values with
very fast convergence speed. This linearized scheme of eq.(2.2) is quite excellent scheme
to get only the true solution and calculate steady state solutions efficiently. Furhermore,
we tried another linearization forms, eq.(2.10). In the present numerical experiments, we
could not find any ghost numerical solutions in several dimensional discrete systems in the

case of this linearization schemes, too.

( ) () ™ Z2u (™) )
0l aef I e
(m) _, (m+1) (m) _ gy (m) 4y ()
A B e R )
<
{l<i<(n—-1), m=>0)
u§°) : (Initial data) , (2.10)
m _ ) _
\ Yo = Up1= Y

Generally speaking, dynamical structure of the low-dimensional(n=2,3) discrete sys-
tem is more complicated than that of the higher-dimensional ones. Therefore, the effects of
linearization in implicit schemes is so effective that we may be able to get the true solution
without the trouble of occurrence of ghost solutions in higher-dimensional cases. However,
we have not got the almighty criterion in analyzing the nonlinear dynamical system, yet.
The several methods which we suggested and used in the present paper are expected to be
indispensable for studies in the field of CFD.

3 Practical Calculation of Flow Motion
3.1 The incompressible Navier-Stokes equation
The non-dimensional governing the incompressible Navier-Stokes equations and the

continuity equation are given as follows:

divvV =0 (3.1)
\'% .
%t + (V- grad)V = —gradp + R—AV , (3.2)
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where V = (u,v), p and Re denote velocity vector, pressure and the Reynolds number,
respectively.

3.2 Numerical algorithm

The Poisson equation for pressure can be derived on the basis of MAC method.1?

Ap = —div(V-grad)V + R (3.3)
where aD ,
R=—W+§AD ; D =divV .

In the present study, we employed the generalized transformation of coordinates, (z,y) —
(£,7), then we get the transformed Poisson equation as follows:

Ap=— (Yne — Yetin)? + 2(Teun — Tyue) (YnVe — Yety) + (Tetn — Tove)?
- X :

_ Ynlig — YelUn + TeUn — Tyl
JAt ’
where J is the Jacobian of transformation. The Poisson equation is solved using SOR
scheme. All spatial derivatives except for those of the nonlinear convection term is dis-
cretized by using the central finite difference. For those of the convection terms, we con-
sidered parameter ¢ in order to discuss the effects of fourth order artificial viscosity term,

(3.4)

du _ f.;(—u,:+2 + 8u;y — Buipy + 'u.,;__g) +EI f,l (u,;+2 — du;_1 + 6u; — duipy + 'U.,'._g)

o 12A¢ 4A¢t

(3.5)
Eq. (3.5) is based on the third-order upwind schemnes!®). In the present paper in which the
two-dimensional generalized coordinates are used, ¢ shows the parameter for {-direction
and e, for n-direction, respectively. For the time marching of the Navier-Stokes equations,
the first order Euler implicit scheme is employed. In the case of the implicit scheme, the
nonlinear convection term is linearized for V*+! as follows:

(vrtt. ) vetl (VR vy vntt (3.6)

3.3 Grid systems

The O-type grid systems are used in all cases. The body surface corresponds to K = 1,
the circle of which radius is equal to 1. Outer flow region corrsponds to K = KMAX, the
circle of which radius is set to from 60 to 70. The mesh points are strongly concentrated in
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the boundary layer and the minimum spacing normal to the surface of the body is set to
be less than %. Therefore this grid system is fine enough to resolve the flow structure

in the boundary layer.

3.4 Boundary conditions _

The boundary conditions on the body surface are as follows: The no-slip condition is
used for the velocity components. The pressure p along the body surface is obtained by
solving a normal momentum equation. At the far boundaries, the free-stream values are

specified.

4 Results and Discussions of Practical Computation

In this section, we discuss about the computed results which are given by using the
implicit temporal scheme in detail. The calculation model which is adopted in the present
paper is the flow around the circular cylinder and the Reynolds number is 2000. Flows
around a circular cylinder have been reported by a lot of experiments of which the results
were summarized in the paper by James et al. ¥ and were discribed in the textbook by
Schlichting.'® In a lot of historical studies, the larger the Reynolds number becomes, the
more complicated the flow field becomes. In the range of the low Reynolds numbers, the
fixed points of the time series of Cp which correspond to the laminar flow(the two recircu-
lating standing eddies) first bifurcate(Hopf bifurcation) to the limit cycles which physically
correspond to Karmén vortex street. At this bifurcation point, where the Reynolds number
is about 50, this first true loss of symmetry occurs. The subcritical flow regime is located
at Reynolds numbers below 1-2x10°% and it has long been agreed that in this Reynolds
number range the flow around a circular cylinder is laminar.'¥) Furthermore, the larger
Re becomes, the larger the amplitude of the time series of Cp becomes and the second
bifurcation occurs which shows the onset of turbulence and a chaotic motion can be seen.
Therefore, the fiow field is expected to be still periodic at Re=2000. In the implicit Euler
scheme which is used in the present paper, the nonlinear convection term is linearized like
eq. (3.6). Therefore, we must solve two linear systems which are the Poisson equation for
pressure and time marching step by iterative methods. The number of limit of iteration in
solving the Poisson equation for pressure is 1000 times and that in time marching step is
200 times. The criterion of norm of error is below 10~° in solving the Poisson equation for
pressure and is below 10~7 in time marching step. Of course, the criterion of norm of error
is never satisfied in early stage of calculations. Here we must select one physical variable

which represent the qualitative unsteady feature of the whole computed system in order
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to compare the structure of the numerical solutions. Time series of physical variables in
a grid point is not suitable because it is difficult to select the best point without any self-
will. The integrated variables such as the drag coefficient(Cp) and the lift coefficient(CL)
show the typical profile. We adopted the drag coefficient(Cp)} as the variable. In order to
get the remove the effect of initial condition, we adopted the sampling period of the time
series of Cp from T (non-dimensional time)=400 to 500. In this period, the flow fields are
expected to be almost quasi-steady. We compared several characteristics of structure of
quasi-steady flow field on the basis of nonliniear dynamics approaches such as the three-
dimensional profiles of attractor which are reconstructed from the time series of Cp data.
We got some asymptotic solutions such as limit cycles and so on for different parameter
¢. Figure 1 is the comparison of the typical characteristics of structure of attractors given
from the time series of Cp. Grobally speaking, if we find only one clear maximum point in
time history profile or the trajectory reconstructed three-dimensionally is the simple closed
curve, we call this attractor "Limit cycle”. In the cases of two different clear maximum
points in time history data, we call them " Periodic two(P2)”. We can classify these asymp-
totic solutions by estimating three data shown in figure 1 totally. In the present section,
parameter € value for £&-direction is same as that for 57-direction in all cases. Figure 2 shows
the regimes in which several attractors in some e values exist. Calculations in the cases
of € >1.2 diverged and we could not get the stable solutions in the case of At=0.02. We
got an interesting bifurcation sequence with the decrease of parameter € as shown in this
figure. It is clearly seen that the larger £ value becomes, the simpler structure of attractor
becomes. In the region if ¢ >0.8 , calculated attractor is P2 which maybe corresponds '
to the true solution in all At value cases. Because the artificial viscosity term stabilizes
the system, this phenomenon is expected to be reasonable. When P2 attractors become
unstable, a cusp appears and the trajectories look like tori. In the region of ¢ = .75 in the
case of At=0.02, the P4 attractor which has five local maximum points in the time series
of Cp appears. Though these P4 attractors have four clear local maximam points and one
more quite fine fluctuation, we neglect this and do not call them P5 but P4. These P4
attractors become unstable and the stable P8 attractor appear. Furthermore, the stable
P16 attractor appears in the cases of smaller €. This (P2-P4-P8-P16) bifurcation sequences
which is similar to the period-doubling one is quite interesting. However, what we must
pay attention is that the unstable complicated attractors(T) also appear even if these hard
criterions were satisfied. This phenomenon may be a transient one. However, though we
performed longer and longer period calculations in several cases, numerical solutions never
converged to the stable attractors. Furthermore, multiple stable attractors coexist around
the complicated unstable attractor. In order to get the physically reasonable numerical
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solutions, it becomes clear that we should add the relatively large amplitude of fourth
order artificial viscosity terms. Though to add the higher order aritificial viscosity terms
may be a necessary condition to remove the ghost solutions, it is not still unknown what
is the sufficient condition to obtain the physically reasonable numerical solitions. On the
other hand, when the At values become small, first bifurcation points moves to the small
¢ region where ghost solutions appear becomes narrow. This result is the most impor-
tant because it is quite luckyfor the researchers who analyse the flow motion by using the

implicit scheme.

4 Conclusions

The supercomputer and the development of visualization technique have made it pos-
sible to simulate the complicated phenomenon such as flow motions as if they were open
before our eyes actually. However, on the other hand, the strong nonlinearlity of the com-
putational discrete dynamical system still makes it difficult to make the computed results
reliable as shown in the appearance of the ghost numerical solutions. In the present study,
we showed the ghost numerical solutions appear not only in the cases of explicit scheme
cases but also appear in those of implicit cases in solving the nonlinear equations ana-
lytically and numerically. In the study of fully implicit scheme of Burgers’ equation, we
showed that there is a possibility that the multiple steady solutions exist simultaneously.
However, the ghost solutions disappearby using the effective linearization technique. Fur-
there, we discussed the asymptotic numerical solutions of imcompressible Navier-Stokes
equations. In order to discuss the reliability of their numerical solutions, since only the
usual methods used in the common analyses in the field of computational fluid dynam-
ics is not adequate, we need more effective methods to analyze the complicated unsteady
structure of the numerical solutions in detail. We proposed some nonlinear dynamics ap-
proaches which are used in the fields of mathematics, theoretical and experimental physics
and so on. To study the characteristics of attractors which were constructed by the com-
puted time series of Cp at the quasi-steady state can not only make the differences of
the unsteady structure clear but also give us the important information. In particular,
to evaluate the influences of degree of convergence in the iteration steps on the structure
of asymptotic numerical solutions becomes clear by using nonlinear dynamics approaches.
Furthermore, it is shown that some strange phenomenon ocuur when we use the small ¢
parameters even if the stable implicit temporal schemes are utilized. Further, as if the
adequate convergence condition of the Poisson equation of the pressure was not attained

in each time step, we can get the non-diverging numerical solutions which never appear
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actually. As described above, we must pay much attention to the selection of suitable

schemes and the descretized parameters in order to the physically reasonable results.
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implicit scheme.(Re=2000)

— 164 —



On FEM-FSM Combined Method
Applied to 2D Exterior Laplace and Helmholtz Problems
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ABSTRACT

Consider the Poisson equation —Au = f in a planar exterior domain of a bounded domain . Assume that
f = 0 in the outside of a disc with sufficiently large diameter. The solution u is assumed to be bounded at
infinity. Discretizing the problem, we employ the finite element method (FEM, in short) inside the disc, and the
charge simulation method (CSM, in short) outside the disc. Results of mathematical analysis for this FEM-CSM
combined method are reported in this paper.

In the mathematical analysis for the method, especially in the proof of an a priori error estimate for the
approximate solutions obtained by the method, a relation between continuous and discrete Fourier coefficients
of equi-distant piecewise linear continuous 2z-periodic function plays a key role.

CSM is a typical example of the fundamental solution method (FSM, in short), through which the solution of
homogeneous partial differential equation is approximated as a linear combination of fundamental solutions of
differential operator. Hence the combined method for 2D exterior Laplace problem is extendable to the planar
exterior reduced wave equations. Our discretization procedure for the reduced wave equation is also described

in the paper.

Keywords: two dimensional exterior Laplace problem, finite element method, charge simulation method, FEM-
C3M combined method, reduced wave equation, two dimensional exterior Helmholtz problem, fundamental
solution method, FEM-FSM combined method.

1. Relation between continuous and discrete
Fourier coefficients for equi-distant piecewise

linear continuous 2r-periodic functions

Let f(ﬁ)rbe a complex valued continuous 27-
periodic function of §. For n € Z, a continuous
Fourier coefficient f, of the function f(#) is defined
through

2T
1 —in
n=EIMF9ﬁ
i

Fix a positive integer N. Set

27

=N

For any j € Z, denote j#, by §;. Forn € Z, a
discrete Fourier coefficient £\ of the function f (A

t

is defined through

N—-1

N —_— 1 —inGJ-
M) = = 3 f(5)em.

j=0
It is to be noted that we have for any continuous

2n-periodic function f(8),

1) £ =™, nez, recz-{o}.

T

Let @(#) be the reference roof function defined

through

9] <1,

o ] 116
w(g)_{ 0 9] > 1.

For any j € Z, define a piecewise linear basis func-
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tion wg.N)(B) through the following formula:

ﬂ), -0 < f < 0.

N .

wi™ (8) = 1
A complex valued function f(#) is said to be an
equi-distant piecewise linear continuous 2m-
periodic function (with N nodal points) in this
paper if f{#) is represented as

N
O =3 fo:u(8), 0<8<2m,
F=0

with
f(2m) = f(0).
Introduce a function a(6) through the formula:

2(1 — cos(8))
alf) = —
Theorem 1 We have the following relation for
any equi-distant piecewise linear continuous 2w-

periodic function (with N nedal points) f(8),
(2) fn = a(an)fiN)a neZ.

Proof A straightforward calculus leads the rela-
tion. O

Corollary We have the following identily for any
equi-distant piecewise linear continuous 2m-periodic
function (with N nodal points) f(8),

(3)

fn+Nr = (

n
n+ Nr

2
) fn, neZ, reZ-{0}.
Proof Since we have

n
n+ Nr

a(0near) =

Theorem 1 together with Equality (1) implies Equal-
ity (3). O

2. Boundary bilinear forms of Steklov type
for exterior Laplace problems and its

CSM-approximation forms

With the full use of identities (1), {2) and (3),
the author has obtained several estimates concern-
ing differences between the boundary bilinear form of
Steklov type for the exterior Laplace problems and it-
s CSM-approximation forms. Here the abbreviation

for §#0, with a{0)=1.

2
) a6,), neZ, rez-{0},

of CSM has been employed for the charge simulation
method (See (1]).

Let D, be the interior of the disc with radius a
having the origin as its center, and let T'; be the
boundary of D,. Let Q, = (D, UT,)¢, which is
said to be the exterior domain. We use the notation
r = r{#) for the point in the plane corresponding
to the complex number re'? with r = |r| where |r|
is the Euclidean norm of r € R®. Similarly we use
a = a(f), and 7 = j(#), corresponding to ae'® with
a = |a, and pe®® with p = |p], respectively.

For functions u(a(#)) and v(a(8)) of H'/?(T,), let
us introduce the boundary bilinear form of Steklov
type for exterior Laplace problem through the fol-
lowing formula:

oo

(4) b(u,0) =21 Y |n|falm,

where f,, and g,,, are continuous Fourier coefficients
of u(a(#)), and v(a(d)), respectively.

It is to be noted that the following fact:

If u(a(f)) is the boundery value on 'y of the
function u(r) satisfying the following boundary value
problem (E):

—Au = 0 in .,

(E) U = on I'g,
sup |u| < oo,
2.
with
¢ = u(a(f)),
then
u
(5) b(u,v) = - -/Pa -g;'vdl".

{In (5), dT" is the curve element of I',. Namely
dl’ = adf

in the polar coordinate expression.)

Fix a positive number p so as to satisfy 0 < p <
a. For a fixed positive integer N, set the points
i 85,0 < j < N -1, as follws:

— -

a; = a(d;), p; = p#;) with 0<p<a.

The points g;, and a;, are said to be the source, and
the collocation, points, respectively. The arrange-
ment of the set of points of source points and collo-
cation points introduced as above is called the equi-
distant equally phased arrangement of source
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points and collocation points, hereafter in this
paper.

The CSM approximate form for d(u,v) of the first
type, which is denoted by " (u,v), is represented
through the following formula (6):

(V)
_ f o Mar,
Fa 81"

where «(M(r), and v¥)(r), are CSM-approximate

(6) 8™ (u,v) =

solutions for u(r), and v(r), satisfing (E) with ¢ =
u(a(@)), and ¢ = wv(a(#)), respectively.
u{M)(r) is determined through the following problem
(EM):

Namely

r

N—-1
oM(r) = Z%QjGj(l‘)+qN,
J:

(EM) ¢ uM(a;) = ufa;), 0<j<N-1,

N-1

E q = O:
\ i=0
where the set of points {5;,a; : 0 <j < N—1} isthe
equi-distant equally phased arrangement of source
points and collocation points, and

Gj(r) = E(r — pj) — E(r),

Problem (E™) is to find N + 1 unkmowns ¢;, 0 <
J < N, and it is uniquely solvable for any fixed p €
{0.a).

The CSM approximate form for b(u, v) of the sec-
ond type, which is denoted by ™
sented through the following formula (7):

1
E(r)= ~or logr.

(u,v), is repre-

N-1
{N) _2ma au'(a;
= ;) J')'U(”V)(‘v'.«'),

(u,0) = N or

i=0

(1 b

which is the quadrature formula for 5(¥)(u,v) with
the use of trapezoidal rule.
We use the following notations:

b(v) = b(v,v)'/?,
b(N)(v) = b(v v)/?,
5" (0) =5 (w,0)'2,

Denote the totality of equi-distant piecewise lin-

b

ear continuous 27-periodic functions (with N nodal
points) v(a(#)) by Vu:

N

Vv = {v(a(8)) = Zv a,)w(N)

J=0

Let
log 2
—logy

N{v) = with ¥=

[~

Theorem 2 We have the following relation for
any v € Vy.

)< b(N)(v) < —b(v)

4\/1 + 2( (
provided that N > N('y), where
— 1

¢(3) :Z_s

Theorem 3 For u,v € Vy, we have
6, w) — B (w, v)| < BYENBNH )b (v)

provided that N > N (7).

3. Proof of Theorem 2

For a fixed positive integer N, introduce sets of
integers N, through
N N
= t——<n- —
N, ={n 5 S Nr < 3 }
with
r=0,+1,+2,...

Define functions s,(,.N)('y) ofye (0,1), 1 <n

<n <
N -1, through

Y zn—l + -,EN—n—l

(N} == L N
W= [T

Proposition 1 For u,v € Vi, we have

M (y,v) = 27 Z Al (N)gn )

Iﬂl

neNy
and
nENn
where
(v)
AN = ————(12)—, 1<n<N-1
{stV (7)) T
and

KM _ 'Yﬁsﬂ My
sy

, 1<n<N-1
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and f,(.N), and gS.N) , are discrete Fourier coefficients
of u(a(f)), and v(a(f)), respectively. '

Using the representation of Ag.N), we obtain
Propaosition 2 If N > N(v), then

n ) N
— < AM ¢ 1<n<—.
TR AV < dn, <n< 5
An elemental calculus leads
Proposition 3 It holds
4 <aff) <1 <f<
g =~ a( ) =1, -m = s .

Proposition 4 For v € Vy, we have

{21? > lnllgnlz}

neEN,

&l

< bW (v,0) <

" lor S Inllgal
4 }

nENg
provided that N > N({~).
Praof Due to Theorem 1 and Proposition 1, we
have

1
BN (w) =20 Y AN gl
S Jod6a)

Propositions 2 and 3 imply the conclusion of Propo-
sition 4. O

Proposition 5 Forv € Vy, we have

{% > Inllynlg}

TIENO

<bly,v) £

(1+2¢(3)) {% > Inllgniz}-

nENy

Proof Due to Corollary of Theorem 1, we have

1
ﬂb('v,'u) = Z Z

reZ n€No

3
Inllgnl*

[
n+ Nr
with the following notaional convention:

m

n+ Nr =1

n=r=0

For r € Z — {0}, we have

13 1

n+Nr]~ |_r_|’ n € No.
Therefore
o s (1035-3) o i)
r=1 neNy

Hence the second inequality of the conclusion is valid,
while the 1st one is trivial by definition of b(x,v). O

Propositions 4 and 5 complete the proof of Theo-
rem 2.

4. Proof of Theorem 3

Proposition 6 For an integer n € [I,N — 1],
define B,, through the following formula:

[n4-Nq|
= In+Np| ¥
B 22{7 In+N9|}'

peZ qu
Then we have
sM(") < Ba < (14 8795V (7)

provided that N > N(v).
Proof A lengthy but straightforward calculus leads
the conclusion. O

Propaosition T For N > N(v), we have

AM < T < (1 + 8y2)AM.

Proof Let
In= SS;N) (7)

Then we have

and

- B,
AN = 2o
Tn

n

Hence Proposition 6 implies the conclusion, O

The proof of Theorem 3 is now straightforward. In
fact, we have

8™ (u, v) = 5 (u, v)



(N} N
=2 3 (AL - K MMl
neNy
Hence it holds

6V (u, v) — 5 (u, )|

1/2
—(N
S2ﬂ'{ Y. |A|(,‘:|r) *A|n|)||f,(zN)|2} _

neNg

1/2

N} _ 5(N)

o 3w -wegor]
neNy

Let NV > N({v). Proposition 7 implies

0< Al — A1 <8?AN,  ne M

Therefore we get

6™ (w,v) — B (u, )|

1/2
< 89% x {mr 3 A,‘:;}”|f,£”>|2}

nENy
. 1/2
x {211' Z Al(ﬁ)|g,(,N)|2}
nENg ‘

provided that N > N(v). Due to Propaosition 1 we
have the conclusion of Theorem 3.

5. Application to mathematical analysis of
an FEM-CSM combined method for exterior
Laplace problems

Fix a simply connected bounded domain © in the
plane. Assume that the boundary C of O is suffi-
ciently smooth. The exterior domain of C is denoted
by €.

Fix a function f € L%() whose support, supp{f),
is bounded.

Chocse @ so large that the open disc I, may con-
tain the union 7 U supp(f) in its interior.

The following Poisson equation {E) is employed as
a mod_e] problem.

-Au = f i 9,
(E) u = 0 on C,

sup |uf < oo.
r|>a

The intersection of the domain ? and the disc D,
is said to be the interior domain, denoted by ; :

i =0ND,.

Consider the Dirichret inner product a(u,v) for
u,v e HI(Q,) :

a(u,v) = f gradu gradv dQ.
Q;

Since the trace y,v on T, is an element of H'/%(T,)
for any v € H'(f);), the boundary bilinear form of
Steklov type b(u, v) is well defined for u,v € H'((,).
Therefore we can define a continuous symmetric bi-

linear form :
t(u,v) = a(u,v) + blu,v)

for u,v € H' ().
Let F(v) be a continuous linear functional on
H'(f%;) defined through the following formula:

F(v) :/ Fv dsd.
Q;
A function space V is defined as follows:
V={ve H' () :v=0 on C}.

Using these notations, the following weak formu-
lation problem (II} is defined.

am { t{u,v) = F(v), veV,

weV.

Admitting the equivalence between the equation
(E) and the problem (IT), we consider the problem
(IT} and its approximate ones hereafter.

Fix a positive number p so as to satisfy 0 < p <
a. For a fixed positive integer N, set the points
£3,a5,0 < j < N -1, as in the equi-distant equally
phased arrangement of source points and collocation
points defined in Section 2.

A family of finite dimensional subspaces of V :

{V:N=Ng,Ng+1,--}
is supposed to have the following properties:
(Vn—1) Vy C C().

(Vv —2)
For any v € Vy, v(a(8)) is an equi — distant
piecewise linear continuous2r — periodic
function with respect to 0.

i c
(Vn —3) on €Wy a(v —on} < F ol #2e,y,
veVNH ().
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In the property (Vn —3), C is a constant indepen-
dent of N and », and

a(v) = a(v, )%, veV.

An explanation concerning a costruction method
of the family of spaces {Vn : N =No,No+1,---}
is added here.
an approximate domain of the interior domain ;.

Let a polygonal domain QEN) be
A triangulation of QEN) vields a standard piece-
wise linear continuous finite element space ?N.
Adding a modification for triangles which have their
edges on the boundary of QEN) through the way of
curved element due to Zlémal[6] , we can change
Vn to a space contained in C(Q).
{V~n : N = Ng,Ng +1,-- -} which satisfies condition-
s (Vy —1),(Vn —2),{VN — 3), can be costructed
through the procedure just mentioned.

For u,v € H!(Q,)NC(§%), we define bilinear forms

™) (u,v) and "

A family

{u,v) as follows.
tM (4, 0) = afu,v) + B (u,v),

and
V)

9, 0) = afu,0) + 5

1, v).

Now two approximate problems (II{")) and (ﬁ(N))
are stated as follows.

(TIV) { t™ (un,v) = Fv),

uy € V.

v € Vi,

(N} —
a™) £ (y,v) = F(v), v €V,

With the aide of Theorems 2 and 3 and other nec-
essary discussions, we can show the following error
estimate.

Theorem 4 For a constant C, we have the fol-
lowing estimale.

Hu — un |l
< =l g2,y
”u _uN“H‘(Q.')

In the above, the constant C is independent of the
solution u of (II) and N.

6. Reduced wave problem in the outside of

an open disc

Let k be the length of the wave number vector.
Consider the following reduced wave problem (E¢) in
the exterior domain . of the circle I'; with radius
a having the origin as its center.

~Au~-kKu = 0 inQ,,
(E;) = f on Fa_,
lim /7 {3 - zku} = 0.

Tt o0

In the abave, f is a complex valued continuous func-
tion on [',.

The solution » = u(r) of the problem (E¢) is rep-
resented as

mﬂ
1

Z I g kr)

e H“’(k )
where f, is the continuous Fourier coeflicient of the
function f(a(4)),

: 1 —ind
fo=g [ 1a@)e d,
and H{( z) is the n-th Hankel function of the first
kind.

The boundary bilinear form b(u, v) of Steklov type
corresponding to the problem (E¢) is given by the

following formula:

b(u, 'U) = 271' Z ulﬂlfﬂgnﬁ
where for n =0,1,2,---
(1)
PO LE
H (ka) dz

7. FSM approximate problem for the
reduced wave problem in the outside of an

copen disc

Fix a positive number p so as to satisfy 0 < p <
a. For a fixed positive integer IV, set the points
77,a5,0 € j € N — 1, as the equi-distant equally
phased arrangement of source points and collocation
points defind in Section 2.

An FSM, (foundamental solution method), ap-
proximate problem (E‘QN) ) of the problem (Es) is de-
fined through the following :

M) = TN 4G5,
(BM)

w™M(a;) = fla;), 0<j< N 1.
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We use basis functions G;(r) in this problem repre-
sented as follows with the use of the constant multi-
ple of the foundamental solution of Helmholtz equa-
tion, H{" (kr),

G;(r) = H(klr ~ pe™™]), 0<j<N-1.

8. FSM approximate form for the boundary
bilinear form of Steklov type

Setting
9(6) = H" (klae™ — pl),
we define for I € Z,
g = g(61)-

The two-sided infinite sequence {g : [ =

.0,%1,42,--.} has the period N. Further it is sym-
metric with respect to N/2. A wave transmission
vector g € BY is defined through

g= (gI)DS[SN—i'
And a wave transmission matrix G is defined
through _
G= (gjk)USj’kSN_ls
git = Gk—j, 0<jk<N-1
It is to be noted that the matrix G is a complex

valued symmetric cyclic square matrix of order NV,

which is not hermitian symmetric. Namely we have
gik =9kj» 0<iE<SN-1L

Noticing the collocation condition:

N-1

Z Gi{a;)ge = f(ay),

k=0
and the following identities:
Gila;) = H§(klae® — pei|)
o (wlei®s = e ))
H (sl -+ = 1))
9(8;-)
Ok

= Gik:
we see that the problem (EgN)) is represented as

(E) Gq=f,

where q and f are defined as follows.

qo f(ao)
Q fla1)
q= , =
an-—1 flan_1)

Denote eigenvalues of the matrix G by A;, 0< 5 <
N — 1. Then we have the following representation:

N-—1
A=Y g, 0<i<N-1,
=0

where 5
i T
w=e% 6 = N
The eigenvector @; of G corresponding to the eigen-
value A; with the unit length is given by

1 .
wi = ﬁ (ka)USkSN—l .

The set of N vectors {¢;,0 < j < N — 1} forms an
orthogonal system of basis of CV. All the eigenval-
ues of G differ from zero if and only if the matrix G
is regular. Therefore the problem (E£N)) is uniquely
solvable if and only if the following condition holds
good:

(8) M#AD, 0<j<N-L

Hereafter the unique solvability condition (8) is as-
sumed. .

The FSM approximate form for b(u, v) of the first
type, which is denoted by b¥}(u, ), is represented
through the following formula (9}:

(N)___
du 2T,

© My =-[ 75
where u{M)(r), and v¥)(r), are FSM-approximate
solutions for u{r), and v(r), satisfing (E;) with f =
u(a(#)), and (E;) with f = v{a(§)), respectively.
Namely «!™)(r) is determined through the problem
(Ee"™) with f = u(a(8)). In the right hand side of
(9), uM is the complex cojugate of (V) (r).

The FSM approximate form for b(u,v) of the sec-
ond type, which is denoted by ™ (u,v), is repre-
sented through the following formula (10):

_ Nl Nay
10 800 =57 5 T WG,

i=0
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which is the quadrature formula for 5™ (u,v) with
the use of trapezoidal rule.

Let H; be the radial derivative towards the coor-
dinate origin of the function G;(r) of the variable r.
Namely

Hyr) = ~2G5(r), 0<jSN-L

We define for | € Z,
hy = Ho(ay).

The two-sided infinite sequence {hy : [ =
0,%1,+2, -} has the period N. Further it is sym-
metric with respect to N/2. A wave derivative
vector h € RV is defined through

h= (hl)ogth—l-

And a wave derivative matrix H is defined
through

H= (hjk)ogj,ng“v

hje =he—j, 0L ) k< N1

The matrix H is a complex valued symmetric cyclic
square matrix of order N.

Consider the value of the exterior normal deriva-
tive on the boundary T, with respect to the exterior
domain . of the solution u!™}(r) of the problem
(EgN)). The value at the point r = a; is the j-th
component of the vector Hq. Namely, using q of the
problem (E) in this Secticn, we have

AulN)
(a-)) =Hq.
( One '/ pciana

Now a matrix representation of FSM approximate
boundary bilinear form E(N)(u, v) can be given in the
following Theorem 3.

Theorem 5 Let the function h{8) be defined
through the following formula:

o — pcost

g gy 1 (klae™ — o)

hi@)=—k

For integers  =0,1,---,N — 1, setting

=2

by = hy), A = Y hw,

\]

o~
Il

let

h = (h;)ocicn-1-

Supposing the unique-solvability condition:
A #£0, 0<j<N -1,
put
c=G""h=(¢)ogien—1-

Defining the value of ¢; for any integer j so as that
the sequemce ¢; : j = 0,%1,£2, .- may have the
period N, set

27a .
bik = 5 Ch—jr 0<LESN -1

Then we have

(N}

3 (u,0) = (Bu,v), B= (bj,,)

where

0<jk<N_1"

u= (u(al@;))ogjcnv-1, v =(v(al;)ogicn-1-

In Theorem 5, (Bu,v) is the usual inner.product
in CV.

It is to be noted that the following representations
hold. ‘

1 ,
¢ = A—th)w", 0<j<N-1.
=0 !
2ma X 1
b= S5 D ;T,hfm“’(k_j)" 0<jk<N-L
i=0

The eigenvalue of the matrix B is given by the
following formula for an integer I with0 <1 < N -1,

w1 N-1 N-1 jm (N1

_ it —nl

ut =g L {ZI(Z’“‘“’ )}
3=0 m=0 n=0

with the corresponding eigenvector ;.

The following formula holds good as a spectral rep-
resentation of the FSM approximate boundary bilin-
ear form b(u,v).

(N
B w,0) =20 3 il M6V,
' neNy
where f,(.N), and gﬁ.N), are the discrete Fourier coef-
ficients of the function f(#) = u(a(f)), and f({8) =
v(a(d)), respectively.

9. FEM-FSM combined method for the
reducued wave probbiem in the exterior of a

general scattering body
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Fix a simply connected bounded domain © in the
plane. Assume that the boundary C of O is sufficient-
ly smooth. The exterior domain of C is denoted by
2. Let g be a function representing the plane wave
with the wave number vector (I, m). More precisely,

set

g(z,y) = eiltztmu} Z4+m?=k2

Consider the following reduced wave problem (E).

—Au—ku = 0 in 9,
(E) v+g = 0 on C,
lim \/'F{g—: —iku} = 0.

r—+00

As in the case of Poisson equation in Section 5, the
intersection of the domain 2 and the disc D, is said
to be the interior domain, denoted by ;.

For complex valued functions u,v € H'(f;), con-
sider the Dirichret inner product a(u,v) :

a(u,v) = f gradu gradv df},
where ¥ represents the complex conjugate of v. Fur-
ther L? inner product for »,v € L*(f};) is denoted
by m{u,v) :

mu,v) = f uT df).
2
Since the trace y,v on T, is an element of H'/2(T",)
for any v € H'(Q;), we can see the bouﬁdary bilinear
form of Steklov type b(x, v) is well defined for u,v €
H(y) (See, for example, Zebic[5] ). Therefore we

‘

can define a continudus bilinéar form :
tHu,v) = au,v) — k*m(u,v) + b(x,v)

for u,v € H'(;). Hereafter, denoting the function
space H'(;) by W, let

V={veW:v=0 on C(}.

With these notations, the folloWing weak formula-
tion problem (IT) is defined.

t(u,0) =0, veV,
(m 4 u+g=0 on C,
u e W

Admitting the equivalence between the equation (E)
and the problem (IT), we consider the problem (IT)
and its approximate ones hereafter.

Fix a positive number p so as to satisfy 0 < p <
a. For a fixed positive integer N, set the points
fi,a;,0 < j < N —1, as in the equi-distant equally
phased arrangement of source points and collocation
points defined in Section 2.

A family of finite dimensional subspaces of W,

{WN:N=NQ,NU+1,---},
is supposed to have the following properties:
(W - 1) Wx C C(().

(Wn - 2)
For any v € Wy, v(a{#)}) is an equi — distant
piecewise linear continuous2r — periodic
function with respect to 0.

~ Define an approximate space Vy of V through

Vv =WnxnV.

For w,v € H'(f) N C(Q;), set
E(N)(u,v) = a(u,v) — k*m(u,v) + E(N)(u,v).
Fix an element gy of W which coincides with g at

the nodal points on the interior boundary €.

Now we can set the following approximate problem
=)

(7).

—=(N} Z(N)(;"'-J\””) =0, veWy,

(I Uy +gn =0 on C,
uy € Wi

Thus we have formulated an FEM-FSM combined
method for the reduced wave problem in the exterior
of a general scattering body.

10. Spectral representation of the wave

transmission matrix ¢

Now the author is trying to find answers of the
following problems.

Unique solvability of the problem (ﬁ(m).

Convergence of its solution EN to the genuine so-
lution u. '

Estimate of the difference between EN and u.

The following is a preliminary consideration for
the first problem.

Applying Graf’s addition theorem ([4] pp.359-361)
for the 0-th order Hankel function of the first kind
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to the present basis functions G;, 0 < j < N -1, we
obtain an analytical representation for the eigenval-
ues of the matrix G. Namely we have the following
Theorem 6.

Theorem 6 Define A;,0 < j < N—1, as follows.

Aj=N ( Z Jixne(€) 4N (1)

+Yy NJ+Nr('€)JJ‘+Nr(’Y"))'

=00
where J,(z), and Nu(2), are the n-th order Bessel,

and Neumann, functions, respectively, and
k=ka, 7= £
a

Then X;,0 < j € N — 1, are the eigenvalues of the
wave transmission malriz G. The ‘eigenvector @;
with the unit length corresponding to the eigenvalue
A; is represented as

P; = W (ij)ogng—L'

From the above representation for the eigenvalues
of the matrix &, we have

Red; =N x 3 Jipnn(5)Js4ne(78).
The right hand side of the above equality with v = 1
yields
Nx > {Jrne()} >0.
r=—00

Hence, for the fixed N, tending v sufficiently near to
1, we have that all the eigenvalues A;,0 < j < N -1,
differ from zero, and that the wave transmission ma-
trix G is regular. The regularity of G would likely
hold good in more general setting. Under the as-
sumption of the regularity of G, we have the repre-
sentation formula for the solution of FSM approxi-
mate problem (EgN)) for the reduced wave problem
in the outside of an open disc in the following Theo-
rem 7.

Theorem 7 Assume the unigue solvability condi-
tion:
Ai#0, 0Kj<N-1

Then the solution !N (r) of the problem (E™) is
represented as follows.

uV(r) = f

where f;N},O < j < N -1, are the discrete Fourier
coefficients of the function f(8) = u(a(f)), and

Z J+Nr ‘SK‘)JJ+NT(7K') i(j+NP),

0<j<N-1

with
§=1.
a
It is to be noted that the eigenvalues A; of the

transmission matrix & is represented as

X=e™May), 0<i<N-1
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