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Abstract

A joint workshop of NIFS cooperative programs (NIFSO6KLDD006, NIFSO6KDADO0O6,
NIFS06KLHHO004 and NIFSO6KLHH303) for MHD theory and related topics was held
from 14 September to 15 September in 2006 at National Institute of Fusion Science. The

papers discussed in the workshop are collected here.
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This is the first numerical simulation demonstrating that macro-magnetohydrodynamic (macro-
MHD) mode is exited as a result of multi-scale interaction in a quasi-steady equilibrium formed
by a balance between zonal flow and micro-turbulence via reduced-two-fluid simulation. Only after
obtaining the equilibrium which includes zonal flow and the turbulence caused by kinetic ballooning
mode is this simulation of macro-MHD mode, double tearing mode, accomplished. In the quasi-
steady equilibrium a macro-fluctuation which has the same helicity as that of double tearing mode is
a part of the turbulence until it grows as a macro-MHD mode finally. When the macro-MHD grows
it effectively utilize free energy of equilibrium current density gradient because of positive feedback
loop between suppression of zonal flow and growth of the macro-fluctuation causing magnetic re-
connection. Thus once the macro-MHD grows from the quasi-equilibrium, it does not go back. This
simulation is more comparable with experimental observation of growing macro-fluctuation than
traditional MHD simulation of linear instabilities in a static equilibrium.

PACS numbers: 52.35.Py, 52.35.Qz, 52.35.Ra, 52.55.Fa

I. INTRODUCTION

Macro-magnetohydrodynamic (macro-MHD) activi-
ties substantially degrade magnetic confinements of torus
plasmas by producing global fluctuations, and the evolu-
tion of these activities are observed in experiments[1].
Such macro-MHD instabilities have been analyzed by
nonlinear MHD simulations of linear instabilities[2—4].
However, observations in the experiment apparently in-
clude micro-turbulence and zonal flow[5, 6], and the
macro-MHD can originate from turbulent fluctuations
nonlinearly. In fact, MHD activities are observed before
the disruption in reversed shear plasmas with a transport
barrier related to zonal flows and micro-turbulence[1],
and micro-turbulence is observed in Large Helical Device
plasmas that usually exhibit MHD activities[7]. In these
experiments the turbulence can affect macro-MHD in
several ways through multi-scale nonlinear interactions.
In order to understand the growth of fluctuation observed
in the experiments we have to carry out numerical sim-
ulation including not only the MHD instability but also
the fluctuation of micro-turbulence and zonal flow that
balances with the turbulence.

Multi-scale interactions described in Fig. 1 play key
roles to understand effects of micro-turbulence on macro-
MHD mode. A typical multi-scale interaction in the
magnetic confinement is the interaction between micro-
turbulence and zonal flow[5]. Effects of micro-turbulence
on macro-MHD mode through nonlinear mode coupling
are studied theoretically and numerically, and they are
described by a negative eddy viscosity or by an anoma-
lous resistivity [8-12]. On the other hand, the zonal
flow caused by the turbulence can also affect the macro-

*Electronic address: ishizawa@nifs.ac.jp

MHD instability through the shearing of its radial struc-
ture. These effects of turbulence on macro-MHD should
be taken into account in numerical simulations at the
same time. Our goal is to understand the mechanism of
macro-scale MHD instability in the reversed shear plas-
mas based on the analysis of multi-scale-nonlinear inter-
actions among macro-scale MHD, micro-turbulence, and
zonal flows.

In this paper, we obtain a quasi-steady equilibrium
established by a balance between micro-turbulence and
zonal flow and demonstrate that a macro-scale MHD
mode appears in the quasi-steady equilibrium by solving
reduced two-fluid equations numerically. We also present
the mechanism of macro-MHD development from fluc-
tuations of turbulence. The new mechanism of macro-
MHD instability can explain the evolution of fluctua-
tion observed in reversed shear tokamak experiments[1].
This MHD activity spreads the micro-turbulence over the
plasma because it breaks magnetic surfaces globally.

II. BASIC EQUATIONS AND LINEAR
ANALYSIS

We carry out three-dimensional numerical simulations
of a reduced set of two-fluid equations that extends the
standard reduced two-fluid equations[13], by including
temperature gradient effects[14-16]. The equations are

dn
i —1eg V| V|| + K[neq® — pe] + unV2n,
P _ g V2
Meg gy =~ 1P+ B V3,

d
neqd—? =-VJ-K[p|+aV.-[Vi® p]+peViQ,
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ﬁa—zf ==V ® + V) pe + 1L + 1,
dT;
7 =—(T- 1)(Tqu||U|| + k. Ty)

~Toq K[(T = 1)(® + T; + Toq/negn) + TTi] + urV3 T,

where df /dt = 0f |0t+a[®, f], V| f = edf |0 - Ba[y, f],
K[f] = 2ercosh,f], J = Viy, Q@ = Vi9,
Y =g +9/a, & = 8/a, n = neg+i/a, T; = Tog+Ti/a,
T, = 1Te, Di = negTeq + Togit)a + ne T;/a,
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these equations n, v, ®, ¢, T;, pi, € = a/R, R, and a are
the electron density, the parallel ion velocity, the electric
potential, the flux function, the ion temperature, Larmor
radius, the inverse of aspect ratio, the major radius, and
the minor radius, respectively. The normalizations are
(tvii/a,r/pis piV 1,aV |, e® /Ty, 4 /BBopi,n/no, T/ Ty,

o /ve)) = (&, V1, V,®,¢,n,T,v). In the nu-
merical calculations we employ 128 toroidal modes
and 256 poloidal modes that distribute within
1 < m/n < g(r/a = 0.93), and 256 uniform grid
points in the radial direction, where m and n
are poloidal and toroidal mode numbers. We set
e = 0.25, p;/a = 1/80, the normalized dissipations
BQ = fin = py = pr = m*1077, and the normalized re-
sistivity n = 4x 10~* which corresponds to S = 1.6 x 106.
As boundary conditions the plasma is assumed to be
surrounded by a perfectly conducting wall.

We consider a reversed shear tokamak plasma with 5 =
1%. The equilibrium g-profile, density profile, and tem-
perature profile are ¢ = 1.05+2(r/a)*+1/(3r/a+0.01)%,
Neq = 0.8 +0.2exp(—2(r/a)?), and T,y = 0.55+0.45(1 —
(r/a)?)?, respectively as drawn in Fig. 2. This equilib-
rium is unstable against the (m,n) = (2,1) double tear-
ing mode because the g¢-profile has two ¢ = 2 resonant
surfaces[2]. The double tearing mode spreads between
two resonant surfaces of ¢ = 2 at r/a = 0.38 and 0.69 as
represented by the electric potential profile in Fig. 3. The
equilibrium is also unstable against the 6 < n < 22 ki-
netic ballooning instabilities[17], i.e. micro-instabilities.
A ballooning structure of the micro-instability appears
in the bad curvature and positive shear region as shown
in Fig. 3. We start the nonlinear simulation at ¢ = 0
by taking the linear eigen functions of micro-instabilities
with small amplitudes as the initial condition. We fix
the background profiles of density and temperature dur-
ing the simulation, while we do not fix the g-profile.

III. NONLINEAR EVOLUTION

Nonlinear evolution consists of three subsequent
stages. The first one is growth of micro-instabilities

|Micro-turbulence (n>>1) m Zonal Flow (n=0) |

Macro-scale MHD (n is small)

n: toroidal

mode number

FIG. 1: Schematic of multi-scale-nonlinear interactions.
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FIG. 2: Equilibrium profiles and growth rate of linear insta-
bilities.

within 0 < ¢ < 50. The second one is a quasi-steady
equilibrium formed by a balance between the turbulence
and zonal flow within 60 < ¢t < 140. The third one is
growth of macro-MHD mode in 150 < ¢. Figure 4 shows
time evolution of the magnetic energy for each toroidal
mode number n. Figure 5 shows the electric potential
on a poloidal section at ¢ = 48, 64, 80, 144, 168, and
184. Figure 6 shows the equi-contour of helical flux of
m/n = 2 on a poloidal section.

In the first stage, 0 < t < 50, the micro-instabilities
grow exponentially and nonlinear mode coupling among
them drives the energy of high wave number rapidly as
shown in Fig. 4. This is the energy transfer of micro-
turbulence. The micro-turbulence also produces coherent
structures including zonal flow with a (m,n) = (0,0)
structure and n = 1 macro-scale-fluctuation through the
energy transfer as indicated by the traces with n = 0 and
n =1 in Fig. 4.

In the second stage, 60 < ¢t < 140, the system reaches
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FIG. 3: The electric potential profile of eigen function on a
poloidal section for instabilities: n = 1 double tearing mode,
n = 15 and 18 micro-instabilities.
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FIG. 4: Time evolution of the magnetic energy for each
toroidal mode m, where the time is normalized by the ion
thermal transit time. In the second stage a quasi-steady equi-
librium is formed by a balance of turbulence with zonal flow.
In the third stage macro-MHD instability appears.

to a quasi-steady equilibrium when the zonal flow bal-
ances with the micro-turbulence. The spatial profile of
zonal flow is shown in Fig. 7(a). The zonal flow not
only has (m,n) = (0,0) structure but also has (m,n) =
(1, 0) structure because of the geodesic acoustic mode[18].
This zonal flow twists the radial structure of the micro-
instability at ¢ = 64 in Fig. 5 and suppresses the growth
of the instability, and then the system reaches to a quasi-
steady equilibrium in ¢ > 60 as shown in Fig. 4. The
potential profile at t = 80 is a typical profile of the quasi-
steady equilibrium that includes the turbulence and the
zonal flow. Here we consider the (m,n) = (2,1) double
tearing mode in this stage. There are no m = 2 mag-
netic islands at the resonant surfaces in Fig. 6 within
60 < t < 140 and the energy of n = 1 mode fluctuate
around the same amplitude with that of the turbulence
indicated by high n mode in Fig. 4. This is because the
(m,n) = (2,1) mode is a part of the turbulence, i.e. it is
caused by the energy transfer from micro-turbulence that
balances with the zonal flow. In addition, spatial distri-
butions of the electric potential of n = 1 mode at t = 64
and 80 in Fig. 8 are strongly twisted by zonal flow and
do not like the eigen function of double tearing mode in
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FIG. 5: Time evolution of the electric potential on a poloidal
section.

FIG. 6: Time evolution of the equi-contour of helical flux of
m/n = 2 on a poloidal section.

Fig. 3. The zonal flow has a stabilizing effect not only on
the micro-turbulence but on the tearing mode by twist-
ing their radial structure. Hence, we have successfully
obtained the quasi-steady equilibrium including fluctua-
tion of turbulence, zonal flow, and resonant surfaces of
macro-MHD instability.

In the third stage, 150 < t, the (m,n) = (2,1) double
tearing mode, i.e. the macro-MHD, appears. The energy
of the n = 1 mode grows from ¢ ~ 150 and dominates at
t =~ 170 in Fig. 4. The m = 2 structure dominates the
electric potential profile at ¢ = 168 and 184 in Fig. 5. In
addition, two m = 2 magnetic islands-chains appear at
the resonant surfaces at ¢ = 168 and 184 in Fig. 6.

Let us investigate the mechanism of macro-MHD insta-
bility in the third stage. The zonal flow has a stabilizing
effect on the double tearing mode as explained above.
This suggests that the reduction of this stabilizing effect
of zonal flow can cause the macro-MHD instability. In
fact, when the (m,n) = (2,1) double tearing mode ap-
pears and dominates at ¢t &~ 170 in Figs. 4 and 5, the
twisting by zonal flow vanishes and the spatial distribu-
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FIG. 7: (a) Spatial profile of zonal flow on a poloidal section.
(b) Time evolution of zonal flow profile on a plane with § = 0.
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FIG. 8: Time evolution of the electric potential of n = 1 mode
on a poloidal section.

tions at ¢ = 168 and 184 in Fig. 8 are similar to the
eigen function of the double tearing mode in Fig. 3. At
this time the plasma can effectively release the free en-
ergy of the equilibrium current density gradient. The
suppression of zonal flow is also observed at ¢ > 150 in
Fig. 7 (b). This reduction of zonal flow can be caused by
the torque of Maxwell stress acting on the poloidal flow.
The stress is induced by the interaction between two mag-
netic islands-chains[19], and it can weaken the shearing,
thereby leading to lock the phases of two islands-chains.
This phase locking is observed in the equi-contour of he-
lical flux at ¢ = 168 and 184 in Fig. 6. The phase of
X-point of inner islands corresponds to the phase of the
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FIG. 9: Time evolution of the magnetic energy for each
toroidal mode n for the equilibrium without ¢ = 2 resonant
surfaces.

O-point of outer islands at ¢ = 168 and 184 in Fig. 6, and
thus the phases of islands-chains coincide when the dou-
ble tearing mode grows. On the other hand, at ¢ = 144
the phase of X-point of the inner islands does not cor-
responds to the phase of fluctuation at the outer reso-
nant surface, and thus there is no correspondence be-
tween phases of islands-chains at two resonant surfaces
of ¢ = 2 before the double tearing mode appears. Once
the magnetic islands grows they can produce more strong
Maxwell stress and reduce the zonal flow further. Hence,
the mechanism of macro-MHD appearance is the positive
feedback loop between zonal flow reduction and growth
of magnetic islands-chains. This positive feedback loop
enable macro-MHD mode to utilize the free energy of
equilibrium current density gradient.

Here we consider effects of macro-MHD on the micro-
turbulence. The macro-MHD, the tearing mode, can in-
fluence the micro-turbulence because the tearing mode
breaks magnetic surfaces through global magnetic recon-
nection as shown in the frame ¢ = 168 and 184 in Fig. 6.
The radial distribution of the turbulence at t = 184 is
broader than the distribution at ¢ = 80 as shown in the
electric potential profiles in Fig. 5. This expansion is also
observed in the evolution of zonal flow profile at ¢ > 160
in Fig. 7(b). Thus, the reconnection spreads the micro-
turbulence over the plasma.

We remark that the positive feedback loop produc-
ing macro-MHD occurs only when the equilibrium has
resonant surfaces of the MHD, otherwise the balanced
state continues. That is confirmed by another simula-
tion against initial equilibrium of ¢, > 2. In this case,
we have no growth of macro-MHD), double tearing mode,
and have a steady state formed by a balance between the
micro-turbulence and zonal flow as shown in Fig. 9.



IV. SUMMARY AND DISCUSSION

In summary, we have found that the macro-MHD
mode, (m,n) = (2,1) double tearing mode, grows from
the fluctuation of micro-turbulence in a quasi-steady
equilibrium formed by a balance between the turbu-
lence and zonal flow. Only after obtaining the quasi-
equilibrium which includes fluctuation of the micro-
turbulence, zonal flow and two resonant surfaces of ¢ = 2
are we able to accomplish this simulation of macro-MHD
mode. The present multi-scale simulation is more compa-
rable to the experimental observation of growing fluctua-
tion such as the one presented in Ref. [1] than traditional
MHD simulations that describe nonlinear evolution of lin-
ear instabilities in a static equilibrium. This is because
plasmas in experiments inherently include turbulent fluc-
tuations and zonal flows and they apparently affect the
growth of macro-MHD mode through multi-scale nonlin-
ear interactions.

Here we discuss how macro-MHD mode appears in a
quasi-steady equilibrium formed by a balance between
micro-turbulence and zonal flow. The mechanism of
macro-MHD growth is the positive feedback loop between
suppression of the zonal flow and growth of magnetic fluc-
tuation. The suppression is caused by poloidal compo-
nent of torque due to Maxwell stress through nonlinear
interactions between magnetic fluctuations at two reso-
nant surfaces, and then this torque causes phase lock-
ing between the fluctuations. The fluctuations grows as
macro-MHD mode further when the zonal flow is sup-
pressed, and then the fluctuations produce more strong
torque that reduces the zonal flow. This is the posi-
tive feedback loop that effectively releases the free en-
ergy of equilibrium current density gradient and produces
macro-MHD instability.

Finally, we show that our numerical results can explain
two features of the growing fluctuation observed in the
reversed shear tokamak experiments. One is the phase

locking explained above and the other is the growth-time
of fluctuations. An n = 1 growing fluctuation is observed
before the disruption in the experiments[l]. When the
fluctuation is growing, the phases of fluctuations at two
resonant surfaces of ¢ = 3 coincide each other, while
phases are different before the growth. Thus, the obser-
vation of n = 1 macro-MHD fluctuations in the experi-
ment is similar to the phase locking observed during the
growth of the double tearing modes in our simulation.
In addition, the fluctuation appears with growth-time
0.5 ms in this experiment. This is consistent with the
growth-time of macro-MHD mode in our simulation be-
cause its growth-time is 7 & 30a/vy; = 300a/v4, that is
evaluated from the line n = 1 in Fig. 4. The growth-time
is 0.3 ms when shear Alfvén transit time a/v4 is 1 us. We
remark that our simulation describes the (m,n) = (2,1)
double tearing mode at ¢ = 2 resonant surfaces, while
the experimental observation shows the (m,n) = (3,1)
double tearing mode at ¢ = 3 resonant surfaces. We be-
lieve the physical mechanism of growing (m,n) = (3,1)
fluctuation in the experiment is similar to that of growing
(m,n) = (2,1) fluctuation in our simulation.

The formation of quasi-steady equilibrium without
macro-MHD instability can give a key to resolving the
difficulty in tokamak plasma operations that have g, <
2. Controlling the positive feedback loop we can obtain
a way to establish tokamak plasmas which have gpn < 2
in the experiments.
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Motion of the plasmoid in torus plasmas
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Abstract. It iswell known that an ablation cloud drifts to the lower field side in tokamak plasmas, which leads to
a good performance on fueling in tokamak. Such a good performance, however, has not been obtained yet in the
planar axis heliotron; Large Helical Device (LHD) experiments, even if a pellet has been injected from the high
field side. The purpose of the study is to clarify the difference on the cloud motion between tokamak and LHD
plasmas by using the MHD simulation including ablation processes. It is found in tokamaks that the drift motion
isinduced by atiretubeforceand 1/ R forcein the mgjor radius direction, and that the pressure and density of the
plasmoid have oscillation due to fast compressiona Alfvén wave. Thefirst trial simulations on the motion of the
plasmoid in a straight helical and LHD plasmas also show that the plasmoid driftsto the lower field side similarly
to tokamaks. However, an plasmoid drifts inward or outward of the flux surfaces depending on the location along
the magnetic field lines, since the plasmoid expands along the magnetic field with time, the magnetic field strength
and the direction of the magnetic curvature change along the magnetic field lines due to both toroidicity and helic-
ity of the helical coils, and the rotational transform is greater than that in tokamaks in the plasma periphery. Thus,
it is suggested that the difference of the pellet injections between the high field and the low field sides is reduced
in helical plasmas.

1. Introduction

Injecting small pellets of frozen hydrogen into torus plasmasis a proven method of fueling [1].
The physical processes are divided into the following micro and macro stages. The micro stage
is the ablation of mass at the pellet surface due to the high temperature bulk plasma which
the pellet encounters. The neutral gas produced by the ablation is rapidly heated by electrons
and ionized to form a high density and low temperature plasma, namely a plasmoid. The macro
stageisthe redistribution of the plasmoid by free streaming along the magnetic field linesand by
MHD processes which cause mass flow across flux surfaces. The micro stageiswell-understood
by an analytic method [2] and numerical ssmulation [3]. The drift motion of the plasmoid is
investigated in the macro stage [4]. Since the plasmoid drifts to the lower field side, the pellet
fueling to make the plasmoid approach the core plasma has succeeded by injecting the pellet
from the high field side in tokamak. On the other hand, such a pllet fueling has not succeeded
in LHD plasmas for various injection locations, say, even if the pellet isinjected from the high
field side[5].

The purpose of the study isto clarify the difference on the motion of the plasmoid between
tokamak and helical plasmas. In order to investigate the motion of the plasmoid, the three
dimensional MHD code including the ablation processes has been developed by extending the
pellet ablation code (CAP) [3]. It isfound through the comparison between simulation results
and an analytical consideration that the drift motion to the lower field sidein tokamak isinduced
by atire tube force due to the extremely large pressure of the plasmoid and a 1/ R force due to
the magnetic pressure gradient and curvature in the major radius direction. It is aso found that



the plasmoid dose not drift when the perturbation of the plasmoid is small. The motion of the
plasmoid isinvestigated in a straight helical and toroidal LHD plasmasin an initial short time,
from which it isfound out that the plasmod driftsto the lower field side as well as in tokamaks.
Consequently, the common mechanism is considered to work between tokamaks and helical
configurations. However, the directions of the magnetic curvature and gradient of the magnetic
field strength in the helical configurations are completely different from those of tokamaks due
to the helicity of the helical coils, which leads to the difference of the experimental results
between tokamaks ans helical configurations.

2. Basic Equations

Since the plasmoid is such a large perturbation that the linear theory can not be applied, a
nonlinear ssimulation is required to clarify the behavior of the plasmoid. The drift motion is
considered to be a MHD behavior because the drift speed obtained from experimental data[1]
is about 0.01 ~ 1.0v4, where v, is an Alfvéen velocity. Thus, the three dimensiona MHD
code including the ablation processes has been developed by extending the pellet ablation code
(CAP) [3]. The equations used in code are:

dp

& = —pV - u, (1a)
pcfi—ltl = —§Vp+ (V x B) x B, (1b)
% = —pV-u+H, (1c)
%—]? = V x (uxB) (1d)

All variables except time and length are normalized by ones at the magnetic axis, pg, po, Bo
and vy, where vy = By//1opo. Length and time are normalized by the major radius at the
center of the poloidal surface, R,, and Alfvén transit time, 74 = Ry /v, respectively. v and
B = 2uopo/ B are theratio of the specific heats and plasma beta, respectively. Heat source H
isgiven by:

dqy dq_

H = i + il (2
where ¢, is the heat flux model dependent on electron density and temperature in the bulk
plasma and the plasmoid density. [ is the distance along the field line. The subscript + (—)
refers to the right (left)-going electrons. Then, the heat source can be calculated on each field
line. Assuming Maxwellian electronsincident to the plasmoid, akinetic treatment using a colli-
sional stopping power formulaleadsto the heat flux model, ¢+ [3] which isused in construction
of one of the ablation models [2]. In the tokamak simulations, the cylindrical coordinate sys-
tem is used, and the rotational helical coordinate system is used in the helical calculations as
shown in Ref. [6]. The boundary is assumed to be a perfect conductor. The Cubic Interpolated

Psudoparticle (CIP) method is used in the code as a numerical scheme[7].



3. Plasmoid simulationsin Tokamak

MHD simulation has been carried out to clarify an essence of drift motion of the plasmoid
in tokamak plasma with 5 = 0.01 and R/a = 2 as shown in Fig. 1, where /3 is the plasma
beta, and R and a are major and minor radii, respectively. In an initial condition, a plasmoid
is located at the center of the poloidal cross section as shown in Fig. 1, and peak values of
density and temperature of the plasmoid are 1000 times density and 1/1000 times temperature
of the bulk plasma at the magnetic axis, respectively. The plasmoid, whose half widthis0.03R,
encounters the electrons with fixed temperature 2 keV and density 102° m=3. Figures 2(a)
and (b) show density contours in the equatorial plane at ¢ = 1.0 and 6.07 4, respectively. The
plasmoid isfound to expand in the toroidal direction and simultaneously driftsto the lower field
side. Figure 3 shows temporal evolution of peak values of the plasmoid pressure and density.
The pressure reaches more than 150 times the bulk plasma pressure due to heating. On the
other hand, the density decreases because the plasmoid expands al ong the magnetic field. Since
decrease in the density reduces the energy deposit to the plasmoid, the pressure decreases after
it reaches a peak value. In addition, the pressure and density have oscillation with a period of
about 1.074 induced by the fast compressional Alfvéen wave.

In order to evaluate aforce inducing drift motion of aplasmoid in torus plasmas, we assume
thefollowing three conditions. (1) The bulk plasmaisan uniform plasmawith avacuum toroidal
magnetic field. (2) A plasmoid is given by pressure perturbation Ap, density perturbation Ap
and magnetic field perturbation A B? without heat source H in Eq.(1c). Although Ap and Ap
have positive values, AB? has a negative value because the magnetic field is reduced by a
diamagnetic current. (3) Physical quantities are uniform in toroidal direction. Integrating the
Eq. (1b) over the plasmoid volume, one can obtain an analytical formula on the acceleration in
the major radius direction:

dur _ A(Bp/2) ~ A(BY/2)

3
o R : 3)

(8% —=
where u is velocity of the plasmoid in the direction of the major radius. The first term in the
right hand side expresses atire tube force induced by the plasmoid pressure. The second termin
it expressesa 1/ R force in the major radius direction induced by the magnetic pressure gradient
and curvature. Both forces make « increase because A(3p/2) and A(B?/2) are positive and
negative, respectively. Assuming those absolute values are comparable, one obtains. o ~
BAp/pR. The fact that the acceleration is proportional to 1/ R means that the curvature of the
magnetic field is one essence of the drift motion. The simulations have been carried out in the
abovethree conditions. Note that the directions of the magnetic curvature and the gradient of the
main magnetic field strength are in the major radius direction. Figure 4 shows the displacement
in the major radius of the plasmoid with time. The displacement is normalized by an initial
acceleration; . A thin solid line shows AR/(aq/2) = t* which means the motion with a
constant acceleration; «q. It is found that the normalized simulation results agree with the
analytical formulaint > 10. However, since Ap decreases and R increases due to the drift
motion of the plasmoid, the acceleration shown by Eqg. (3) is reduced. Thus, the simulation
results are found to be dlightly saturated with time. Subsequently, the plasmoid stops because it
reaches the boundary, namely the perfect conductor. Simulation results have the shape of stairs
because the coordinates with the grid points are used as the displacement of the plasmoid. In



result, it is found that the drift motion of the plasmoid is induced by the tire tube force and
1/R force in the major radius direction. Although the result is obtained under the restricted
conditions as shown above, the essence of the drift motion is considered to be same in the case
that the pressure is induced by the heat source and the plasmoid expands along the magnetic
field. Thereis another essentia physicsin Fig. 4. Only ssimulation indicated by 3400 dose not
agree with the analytical line. Since the perturbations are small in this case, the linear theory
is applicable to it unlike the other data. The linear theory predicts that the perturbation has
just oscillation in stable equilibrium plasmas. Thus, small perturbations do not have the drift
motion. In other words, a large perturbation violating linear theory is another essence of the
drift motion.

4. Plasmoid simulationsin straight helical and toroidal LHD

The motion of a plasmoid is investigated in a straight helical system consisting of uniform
bulk pressure and a vacuum magnetic field. The plasmoid is assumed to be an initial pressure
and density perturbations with helical symmetry, which has 10 times pressure and 1000 times
density of the bulk plasma without heating source H in Eq.(1C). Figures 5(a) and (b) show
contours of magnetic surface and magnetic pressure in the bulk plasma. Locations of initial
perturbations are shown by circleswhich are at (a) lower field side and (b) higher field side than
that at the magnetic axis. Figures 5(c) and (d) show temporal evolutions of the density profiles
for (a) and (b), respectively. When the plasmoid drifts, density gradient ahead of it becomes
steep in general. Then, it is found that the plasmoid drifts outward in (c) and inward in (d) as
shown by arrows. In other words, the plasmoid driftsto the lower field side in both cases. That
fact is consistent with the result in tokamaks. Figure 6 shows temporal evolution of the peak
values of the pressure and density in Fig. 5(a). It isfound that both the pressure and density
monotonously decrease. A similar result is obtained for casein Fig. 5(b).

The motion of the plasmoid is also evaluated in toroidal LHD plasma. Aninitial condition
of the plasmoid and heating condition are similar to onesin Sec. 3. Figures 7(a) and (b) show
contours of plasma and magnetic pressures in different poloidal cross sectionsin LHD. Initia
locations of the plasmoids are shown by circles indicated by A, B, C and D. The plasmoid
indicated by A and C are located at the inner side of the torus, and those denoted by B and
D are located at the outer side of it. Figure 8 shows velocities at the peak densities of the
plasmoids. The plasmoids for A and D drift in the positive direction of the mgor radius. The
plasmoid for C drifts in the negative direction of it and that for B hardly drifts. It is found
that the plasmoids for A, C and D drift to the lower field side when it refers to the contour of
the magnetic pressure shown in Fig. 7. The plasmoid forB dose not drift in the direction of
the major radius where the magnetic pressure is almost at a saddle point. Therefore, physics
mechanism that the plasmoid drifts to the lower field side is common among tokamak, straight
helical and toroidal LHD. However, in helical plasmas, since (1) the distribution of magnetic
field strength and the direcion of the magnetic curvature change by both toroidicity as well as
in tokamaks and helicity due to helical coils along the magnetic field linesand (2) the rotational
transform becomes large in the plasma periphery, the plasmoid drifts inward or outward of the
flux surfaces depending on the location. Thus, the difference between Figs. 5(c) and (d) may
be reduced in the straight helical. In LHD, when the plasmoid density is integrated along the
magnetic field lines, the difference of the velocity in the direction of the major radius as shown



in Fig. 8 may be reduced. This expectation seems to be consistent with the fact that thereis no
difference between the density profiles obtained by the pellet injections from various locations
in LHD experiments.

5. Summary and Discussion

It isverified by simulations using the CAP code that the plasmoid with a high pressure induced
by heat flux driftsto the lower field side in both tokamak and helical configurations. It isfound
out through comparison between simulations and analytical treatment that the such the drift is
dueto atiretube force coming from aextremely large pressure of the plasmoid and 1/ R force of
magnetic curvature. It is shown that the plasmoid dose not drift but oscillates when its pressure
perturbation is small, and that such a high pressure excites the fast compressional Alfvén wave.
The differences of experimental results of the plasmoid motions between tokamaks and helical
configurations are considered to come from the differences of the magnetic configurations of
the bulk plasma. In the helical configurations, the magnetic field strength and the magnetic
curvature are affected by both toroidicity and helicity of helical coils, which leadsto theinward
and outward drift of the plasmoid along the magnetic field lines. In order to confirm such an
interpretation and to seek the ways obtaining good performance, long time simulations in the
helical plasmaswill be performed.

Acknowledgments

One of the authors R. I. is supported by the Japanese Ministry of Education, Culture, Sports,
Science, and Technology, Grant No. 15560719.

References

[1] H. W. Miller et al, Nucl. Fusion 42, 301 (2002).

[2] Parks, P. B. & Rosenbluth, M. N. Phys. Plasmas 5, 1380 (1998).

[3] R.Ishizaki et al, Phys. Plasmas 11, 4064 (2004).

[4] P.B. Parks, Phys. Rev. Lett. 94, 125002 (2005).

[5] R. Sakamoto, in proceedingsof 29th EPS conference on Plasma Phys. and Control. Fusion.

[6] K.Harafuji et al, J. Comp. Phys. 81, 169 (1989).
[7] H. Takewaki et al J. Comput. Phys. 61, 261 (1985).



6 REFERENCES

FIG. 1: Initial location of the plasmoid on the poloidal surface in tokamak where contours of
plasma and magnetic pressures are shown by lines and color, respectively.

(b)

FIG. 2: Density contoursin the equatorial planeintokamak at (a) ¢ = 1.074 and (b) t = 6.074.
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FIG. 3: Peak values of pressure (solid line) and density (dashed line) of the plasmoid vs. time.
for Fig. 2
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FIG. 4. Normalized displacement in the major radius of the plasmoid vs. time in uniform
plasmas with the toroidal magnetic fields. Ap and Ap are density and pressure perturbations.
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line shows AR/ (v /2) = t2.
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Abstract The relation of ballooning modes between in the covering space (quasi-modes) and in
the configuration space (physical modes) is clarified in planar axis heliotron configurations with a
large Shafranov shift. Based on the clarified properties of the ballooning modes, the high-3 MHD
equilibria in the inward-shifted LHD configurations are examined, where it is shown that the core
plasma stays in the 2nd stability and the peripheral plasma stays near the marginally stable state
against ballooning modes.

1 Introduction

The stability of ballooning modes is so significantly influenced by the local structure of the
magnetic configuration, namely, the local magnetic shear and the local magnetic curvature,
that it is fairly difficult to get the general properties of ballooning modes in the three di-
mensional configurations with strong flexibility due to the external coil system. Also, there
is a theoretical problem in the three-dimensional configurations that no exact way exists to
construct the physical modes in the configuration space from the quasi-modes in the cover-
ing space based on the high-mode-number ballooning equation [1]. Taking account of the
above difficulty, in this paper, properties of the ballooning modes have been intensively inves-
tigated in the planar axis heliotron configurations allowing a large Shafranov shift, like LHD

[2]. Especially, recently established high-/ plasmas with [ < 3%, where 3 is the ratio of the
averaged kinetic pressure to the averaged magnetic pressure, are examined taking account of
the experimental observations [3].

The organization of the paper is as follows. The results of the local mode analyses in
the covering space are shown in Sec.2, where the destabilization mechanism of the high-
mode-number ballooning modes in the stellarator-like magnetic shear region, and the relation
of the ballooning modes in the covering space (quasi-modes) to those in the configuration
space (physical modes) are discussed. Since there is no exact way in the three-dimensional
configurations to construct the physical modes in the configuration space from quasi-modes in
the covering space, a conjecture on the physical modes is derived from the results of the quasi-
modes. Such a conjecture is proved in the Sec.3 by using the global mode analyses for Mercier-
unstable and Mercier-stable equilibria, separately, and also, the relation of the ballooning
modes to interchange modes and effects of the boundary condition of the perturbations on
the mode structure are examined. Section 4 is devoted to analyzing the MHD stability of the
high-5 MHD equilibria in the inward-shifted LHD configurations on the basis of the properties
of the ballooning modes, where it is shown by using the equilibrium variation method that
the core plasma stays in the 2nd stability and the peripheral plasma stays near the marginally
stable state against ballooning modes under the equilibria states similar to the experimentally
observed results. Summary and discussion are given in Sec.5.



2 Local mode analyses in the covering space

The local mode analyses of the high-mode-number ballooning modes in the covering space have
been done. The destabilization mechanism of the high-mode-number ballooning modes in the
stellarator-like magnetic shear, and the relation of the ballooning modes in the covering space
(quasi-modes) to those in the configuration space (physical modes) are discussed. Although,
in the three-dimensional configurations, the physical modes in the configuration space are
not exactly constructed by using the quasi-modes in the covering space, a conjecture on the
physical ballooning modes is derived from the local mode analyses in the covering space.

2.1 Destabilization mechanism

In the case of the planar axis heliotorn configurations, like LHD consisting of two twisted
helical coils with the same winding law and with the toroidal field period M (= 10 for LHD)
and three set of poloidal coils with up-down symmetry, the Shafranov shift is essentially
axisymmetric and also fairly large due to the low vacuum rotational transform ¢(~ 0.4) near
the magnetic axis. Since the local magnetic shear § = —3, deviates from the global magnetic
shear s = —s, by the Shafranov shift, the difference between the local magnetic shear and
the global magnetic shear; § —s = —(§, — s,) is essential axisymmetric and large, where § (s)
and $, (s,) are the local magnetic shear (global magnetic shear) in terms of + and the safety
factor ¢ = 1/¢, respectively. From those two essential characteristics of the Shafranov shift, a
model equation of the local magnetic shear § = —3, is derived by using a stellarator expansion
based on the high- ordering. In such a case, the pressure in the whole plasma region must
be treated in the high-/3 ordering of tokamaks, namely 5 ~ O(g;), where ¢, = a/R with the
minor radius a and the major radius R, so that the radial derivative of the Shafranov shift
A becomes the order of unity; dA/dr = A’ ~ O(1). On the other hand, a model equation
of the local magnetic shear in standard tokamaks is usually derived by using low-( ordering
(8 ~ O(e?) and so A’ ~ O(g;)) in the whole plasma region except for a local region with a steep
pressure gradient, where 5 ~ O(g;) and A’ ~ O(1). The model expression of §, in tokamaks is
derived in such the region with a local steep pressure gradient. From differences whether the
whole plasma region is treated in the high-3 ordering or not, the model expression of the local
magnetic shear 5, is completely different between planar axis heliotron configurations with a
large Shafranov shift and standard tokamaks [4]:

~

§,=8,—aFcosn, F=1< 143s,+rp"/3 LHD (1)

4

{ 1 : tokamaks

where s, = (r/q)(dg/dr) and a« = —Rf3'/¢*(> 0), and ' = d/dr, respectively. In the case of
standard tokamaks with s, > 0, the local magnetic shear 3, disappears for a ~ s, in the
outboard of the torus (n = 0), where the magnetic curvature due to toroidicity is locally
unfavorable, which leads to the destabilization of the high-n ballooning modes. In contrast
with it, in the planar axis heliotron configurations with a large Shafranov shift, the local
magnetic shear §, disappears in the outboard of the torus for o ~ 4s,/(1+3s,) near the radial
position with the largest pressure gradient (5” = 0), even in the stellarator-like magnetic

shear region when the magnetic shear is fairly high (s, N —1) [4]. This is the destabilizing
mechanism of the high-mode-number ballooning modes in the stellarator-like magnetic shear
region (s, < 0), in the planar axis heliotorn configurations with a large Shafranov shift like
LHD. Note that a large Shafranov shift is needed in order to eliminate stabilizing effects by
the local magnetic shear in the stellarator-like magnetic shear region. The three-dimensional
properties of the ballooning modes in the planar axis heliotron configurations are mainly



brought by the local magnetic curvature. Since the shape of the poloidal cross section of LHD
is a rotating elliptic, the local magnetic curvature consists of the two parts. One is due to
toroidicity, and the other is due to helicity. Even in the outboard of the torus, the magnetic
curvature becomes locally favorable in the vertically elongated poloidal cross section, which
manifests the three-dimensional properties of the local magnetic curvature. In one toroidal
turn, locally unfavorable and locally favorable magnetic curvatures alternatively appear in
the outboard of the torus, in the horizontally and vertically elongated poloidal cross sections,
respectively. This strong magnetic field line dependence of the local magnetic curvature leads
to the existence of three-dimensional ballooning modes discussed in the following sections.

2.2 Relation between quasi-modes and physical modes

High-mode-number ballooning modes are analyzed in the covering space (¢, n, ), where ¥, a,
and 7 are the label of the flux surface or the toroidal flux, the label of the magnetic field line
on a specified flux surface ¢, and the coordinate along the magnetic field line specified by v
and «, respectively. The covering space (1,7, «) is related to the straight field line magnetic
coordinates (1,0,() as n = 0 and a = ¢ — 0/+ (0 and ( are poloidal and toroidal angles,
respectively), and so two labels 1) and « are related to the magnetic field as B =+Va x V.
By using flute-ordering with |l_5 1| > |ky|, the incompressible quasi-modes in the covering space
E X ]; L
B2
perpendicular wave number k | is expressed in terms of the eikonal as k 1 = VS, and so
S = S(¢, ). The slow change along a magnetic field line related to the parallel wave number
k) is expressed by the function X (k = V), X/X), which is governed by the incompressible
ballooning equation. Consequently, the functions X and w are the solution or eigenfunction
and the frequency or growth rate of the high-mode-number incompressible ballooning equation.
Since the high-mode-number ballooning equation is self-adjoint, the eigenvalue corresponding
to the eigenfunction X is w?. The eigenfunction X and the eigenvalue w? have the following
parameter dependence in the three-dimensional magnetic configurations:

X = X(ql, 6, ), w* = (8,6, ) 2)

where 6, is the radial wave number defined as 6, = 9,5/09,5, which comes from the perpen-

dicular wave number k, = VS = 9,SVa + 0,5V q = 0,S[Va + 6;,Vq| (hereafter the safety
factor ¢ is used instead of 7). Note that the eigenfunction X and the eigenvalue w? are inde-
pendent of « in the axisymmetric tokamaks, because every magnetic field line in a specified
flux surface is equivalent to each other in the covering space. The quasi-modes in the covering
space are not physical modes in the configuration space, because they do not generally satisfy
the double-periodic condition in both poloidal and toroidal directions. Thus, the relation of
the quasi-modes in the covering space to the physical modes in the configuration space must
be established. The physical modes in the configuration space satisfying the double-periodic
condition in both poloidal and toroidal directions are considered to be constructed by su-
perposing the quasi-modes with the same eigenvalue w?. This construction becomes possible
when the eikonal satisfies the double periodic condition and single-valuedness with respect to
q on a level surface of the eigenvalue w?(q, 0y, ) [1].

In axisymmetric tokamaks, the level surfaces of w? in the three-dimensional space (g, 0y, @)
become straight cylinder with the axis in the « direction, because « is an ignorable coordinate;
w?(q,0), so that those conditions are satisfied on a set of level surfaces of w?(q,6;) or 65 =
0r(q,w?) for a set of eigenvalues w?. As a result, the semi-classical quantization condition is
derived:

are assumed to have an eikonal form: E 1= Xe7t where S is the eikonal and the

2N, + 1

1
o j{dq Qk(%wQ = constant) = T

(3)



where n and N, are the toroidal mode number and the radial node number, respectively
(note that planar level surfaces of w? infinitely continuous in the 6, direction, which appear in
fairly low magnetic shear region, are omitted here). The semi-classical quantization condition
Eq.(3) means that the physical modes in the configuration space can be constructed from
the quasi-modes in the covering space when the eigenvalues w? of the quasi-modes satisfy the
semi-classical quantization condition Eq.(3) for an adequately selected toroidal mode number
n and radial node number N,. In other words, the eigenvalue of physical modes w?, . are
distinguished by n and Ny; w2, - = w2, (n, N,). This semi-classical quantization condition is
also obtained by solving the ray equations on the level surfaces of eigenvalue w?(q, ;) in the
three-dimensional space (¢, 0, &) and by requiring the eikonal to be the double periodic and
the single-valued in ¢ [1].

On the other hand, in three-dimensional configurations, the eigenvalues of the quasi-modes
have a dependence, so that the solution of the ray equations does not exactly satisfy the
conditions that the eikonal to be the double periodic and the single-valued in ¢, leading to
the fact that physical modes in the configuration space are not constructed exactly from the
quasi-modes in the covering space, thus only conjecture is allowed. This fact reflects that
the high-mode-number ballooning modes in the three-dimensional configurations have such a
strong toroidal mode coupling that the toroidal mode number n is not a good quantum number.
To make such a conjecture on the physical modes, the level surfaces of w? in the (g, 0y, @) are
calculated [5]. The schematic pictures of the resultant level surfaces of the unstable eigenvalues
w? (< 0) in the planar axis heliotron configurations with a large Shfaranov shift are shown in
Fig.1 together with the axisymmetric case.

FIG. 1: The level surfaces of w? for tokamaks (the first column), Mercier-unstable
(the second column), and Mercier-stable (the third column) planar axis heliotron
configurations with a large Shafranov shift.

In Mercier-unstable equilibria, two types of topological level surfaces coexist in the Mercier-
unstable region (D; > 0) with stellarator-like global magnetic shear with s = dIn+/dInr(> 0).
One is cylindrical level surface like tokamak cases, and the other is spherical one. The latter
exists inside of the former. In Mercier-stable equilibria, only spherical level surfaces exist. The
spherical level surfaces are separated along the a axis with the distance of 27 /M, where M is
the equilibrium toroidal field period, which comes from the fact that the ballooning-unstable
magnetic field lines are localized in each one toroidal field period (note that « = ( —6/¢). In
the LHD case, as is mentioned in subsection 2.1, such a unstable region corresponds to the
horizontally elongated poloidal cross section. Note that, independent of the topology of the
level surfaces, the magnitude of w? increases (the quasi-modes become more unstable) from
outer level surfaces to inner level surfaces. From those results, the following conjecture on the
physical finite-n ballooning modes is obtained [5]:

e Spherical level surfaces correspond to three-dimensional (3D) ballooning modes with
strong toroidal mode coupling. Those modes will be destabilized for relatively high
toroidal mode numbers n, namely, n > M or n > M.

e Cylindrical level surfaces correspond to two-dimensional like (2D-like) ballooning modes
with weak toroidal mode coupling like those in tokamaks or interchange modes. Those

modes will be destabilized for relatively low n, namely, n ~ M.



e In Mercier-stable equilibria, only 3D ballooning modes with n > M or n > M might be
destabilized.

e In Mercier-unstable equilibria, both 3D ballooning modes with n > M or n > M and

2D-like ballooning modes or interchange modes with n S M might be destabilized. The
former should have larger growth rates than the latter.

e In the cases of 2D-like ballooning modes and interchange modes, the toroidal mode
number n might be a good quantum number, so that the semi-classical quantization
condition given by Eq.(3) might be applicable to them.

3 Global mode analyses in the configuration space

Global mode analyses have been performed for incompressible perturbations by using cas3d
code [6], in order to confirm the conjecture on finite-n ballooning modes in the configuration
space. The properties of both ballooning modes and interchange modes and the relation of the
ballooning modes to the interchange modes are clarified. Moreover, the effects of the boundary
condition of the perturbations on the mode structure are discussed.

3.1 In Mercier-unstable equilibria

For Mercier-unstable equilibria [7], according to the recent experiments [3], currentless MHD
equilibria with the pressure profile P(s) = P(0)(1 — s)(1 — s°) are newly investigated in
the inward-shifted LHD configuration with the vacuum magnetic axis R,, = 3.6m and in
the standard LHD configuration with the vacuum magnetic axis R,, = 3.9m, where s is
the normalized toroidal flux. As is expected from the conjecture by the high-mode-number
ballooning modes analyses, the toroidal mode coupling is indeed so weak for modes with
n < M and with n ~ M that the toroidal mode number n is used as a good quantum number.
Figure 2 and figure 3 show most unstable modes with n = —4 and with n = —11, respectively,
for currentless MHD equilibria with 5y = 4% (upper raw) and with Gy = 8% (lower raw) in
the inward-shifted LHD configuration, where 3, indicates the § value at the magnetic axis.
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FIG. 2: Most unstable modes for n = —4 in the currentless MHD equilibria with
Bo = 4% (upper raw) and with By = 8% (lower raw) in the inward-shifted LHD
configuration. The first columns indicate the radial profile of dominant Fourier
modes of the radial displacement £° = 5 Vs as the function of the normalized minor
radius p = /s, and the second (third) columns denote contours of the perturbed
pressure profile in the vertically (horizontally) elongated poloidal cross sections of
the Boozer coordinates, where incompressible perturbations are assumed under the
free boundary condition. The 2D-like ballooning mode with n = —4 (lower column)
has weak toroidal mode coupling with n = —14.

As is conjectured from the local mode analyses in the covering space, interchange modes or
2D-like ballooning modes are destabilized as the most unstable modes depending on (3 value,
for low toroidal mode numbers with n < M and moderate toroidal mode numbers with n ~ M.
As 3 increases, most unstable modes change from interchange modes into 2D-like ballooning
modes for low toroidal mode numbers with n < M and moderate toroidal mode numbers with
n ~ M. It should be noted that which modes are destabilized as the most unstable modes
between interchange modes and 2D-like ballooning modes depends strongly on the ( values
(in low-£3, ballooning modes are not destabilized) and weakly on the magnetic configurations
[7]. Properties of ballooning modes and interchange modes, and the relation between them
are discussed in the next subsection.
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FIG. 3: Most unstable modes for n = —11 in the currentless MHD equilibria with
Bo = 4% (upper raw) and with By = 8% (lower raw) in the inward-shifted LHD con-
figuration. The first columns indicate the radial profile of dominant Fourier modes of
the radial displacement £° as the function of p = /s, and the second (third) columns
denote contours of the perturbed pressure profile in the vertically (horizontally) elon-
gated poloidal cross sections of the Boozer coordinates, where incompressible pertur-
bations are assumed under the free boundary condition.

For n > M or n > M, 3D ballooning modes with strong toroidal mode coupling are destabi-
lized as the most unstable modes as is shown in Fig.4 in the currentless MHD equilibria with
By = 6% in the standard LHD configuration with the vacuum magnetic axis Ry, = 3.9m. Asis
understood from the radial profiles of the dominant Fourier modes, 3D ballooning modes con-
sist of the superposition of the 2D-like ballooning modes with a single toroidal mode number
n and multiple poloidal mode numbers. It is quite clear from the contours of the perturbed
pressure in the poloidal cross sections that as the dominant toroidal mode number increases,



the toroidal mode coupling becomes so significant that the 3D ballooning modes have a ten-
dency to be localized in the flux tubes.
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FIG. 4: Most unstable modes for n > M (upper raw) and n > M (lower raw) in
the standard LHD configuration with the vacuum magnetic axis Ry, = 3.9m. The
first columns indicate the radial profile of dominant Fourier modes of the radial
displacement & as the function of p = /s, and the second (third) columns denote
contours of the perturbed pressure profile in the vertically (horizontally) elongated
poloidal cross sections of the Boozer coordinates, where incompressible perturbations
are assumed under the fized boundary condition. The numbers in the first columns
denote the dominant toroidal mode numbers n.

3.2 In Mercier-stable equilibria

The same types of global mode analyses have been performed for Mercier-stable equilibria in
the standard LHD configuration with the vacuum magnetic axis R,, = 3.9m. In Mercier-stable
currentless MHD equilibria, low-3 plasmas are completely stable, and only 3D ballooning
modes with strong toroidal mode coupling are destabilized as the most unstable modes at
high-( as is shown in Fig.5. As well as in the Mercier-unstable equilibria, the 3D ballooning
modes consist of the superposition of the 2D-like ballooning modes with a single toroidal mode
number n and multiple poloidal mode numbers, and the 3D ballooning modes have a tendency
to be localized in the flux tubes as the toroidal mode numbers n increase.
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FIG. 5: Most unstable modes for n > M (upper raw) and n > M (lower raw) in
the currentless Mercier-stable MHD equilibria with By = 8% in the standard LHD
configuration, where the pressure profile is P(s) = P(0)(1 — s)?. The first columns
indicate the radial profile of dominant Fourier modes of the radial displacement
&% as the function of p = /s, and the second (third) columns denote contours of
the perturbed pressure profile in the vertically (horizontally) elongated poloidal cross
sections of the Boozer coordinates, where incompressible perturbations are assumed
under the fized boundary condition. The numbers in the first columns denote the
dominant toroidal mode numbers n.

From above global mode analyses, it might be concluded that the conjecture from the local
mode analyses is confirmed for both Mercier-unstable and Mercier-stable MHD equilibria.
Note that many 3D ballooning modes with different growth rates and radial structures are
excited for perturbations with n > M and n > M in both high-# Mercier-unstable and
Mercier-stable MHD equilibria. Whether such 3D ballooning modes will be distinguished by
their mode structures will be discussed in the final section.

3.3 Relation of ballooning modes to interchange modes

In the case of 2D-like ballooning modes, as is shown in the subsection 3.1, the toroidal mode
coupling is so weak that the toroidal mode number n is a good quantum number, which
leads to the expectation that the semi-classical quantization condition might be applicable
to them approximately. In other words, the eigenvalues w? will be distinguished by both the
toroidal mode number n and the radial node number N,; w? = w?(n, N,). This expectation
is qualitatively confirmed as is shown in Fig.6 for the Mercier-unstable currentless MHD
equilibrium with Gy = 8% used in Figs.2-3.
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FIG. 6: The square of the growth rates v = —w? in terms of the toroidal mode
number n (first column), where the eigenvalues are distinguished by the radial node
number N, for each toroidal mode number n. The circles, rectangles, triangles, and
diamonds correspond to N, = 0, 1, 2, and 3, respectively. The unstable modes with
n>6 (n<4) correspond to 2D-like ballooning (interchange) modes. As the exam-
ples, the radial profiles of the dominant Fourier modes of the radial displacement &°
with n = 9 are shown as the function of the normalized toroidal flux for the most
unstable ballooning mode with N, = 0 (second column) and for the second most un-
stable ballooning mode with N, = 1 (third column). The square of the growth rate >
corresponding to the ballooning modes with N, = 0 (N, = 1) is indicated by the circle
(rectangle) for n = 9 in the first column. Here Mercier-unstable MHD equilibrium
with By = 8% in Figs.2-3 is used. In those analyses, incompressible perturbations
are used under the fized boundary condition.

The eigenvalues of the 2D-like ballooning modes with the same dominant toroidal mode num-
ber n are distinguished by the radial node number N,. For the same radial node number N,.,
the growth rates of 2D-like ballooning modes increases with the toroidal mode number n. As
the radial node number N, increases, the growth rates of the 2D-like ballooning modes with
the same toroidal mode number n becomes smaller. Both dependences are consistent to the
semi-classical quantum condition given by Eq.(3).

Those properties of 2D-like ballooning modes given by the semi-classical quantization con-
dition are considered to be also seen for interchange modes. Indeed, such properties are proved
by comparing the eigenvlues obtained by global mode analyses to those by local mode analyses
[8]. Here, a more qualitative but more instructive and intuitive method will be used. The

radial structures of the Fourier modes of the radial displacement £° = E - Vs of the interchange
modes are absolutely different from those of the 2D-like ballooning modes, as is understood
from the first columns of Figs.2 and 3. However, by shifting the origin of the poloidal angle
from the outboard side to inboard side of the torus, the properties of the radial localization
of the interchange modes become clear [7]. Namely, in the cases of 2D-like ballooning modes
(interchange modes), the Fourier modes of the radial displacement £° are in phase in the out-
board (inboard) of the torus. By using those properties, the interchange modes with the same
toroidal mode number n are also distinguished by the radial node number N,. The examples
are shown in Fig.7, where Mercier-unstable currentless MHD equilibrium with Gy = 4% is
used as well as in Figs.2 and 3. In Fig.7, all the modes are interchange modes and properties
expected from the semi-classical quantization condition given by Eq.(3) are clearly seen for
the modes with n > 6. For the modes with n < 4, the monotony of the growth rate with
respect to n is lost, because the Fourier components of such low-n modes have such a wide
radial structure that their properties are not completely determined by the local structure
around their rational surfaces.
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FIG. 7: The radial profiles of the dominant Fourier modes of £&° with n = 9 for
the most unstable interchange mode with N, = 0 are shown as the functions of the
normalized toroidal flux for the original form (first raw and first column) and for
the form with the shift of the poloidal angle from outboard to inboard of the torus
(first raw and second column). The same quantities for the second most unstable
interchange mode with N, = 1 are shown for the original form (second raw and first
column) and for the form with the shift of the poloidal angle from outboard to inboard
of the torus (second raw and second column). The square of the growth rates > =
—w? in terms of the toroidal mode number n is denoted in the third column, where the
eigenvalues are distinguished by the radial node number N, for each toroidal mode
number n. The circles, rectangles, triangles, and diamonds correspond to N, = 0,
1, 2, and 3, respectively. The square of the growth rate v corresponding to the
interchange modes with N, = 0 (N, = 1) is indicated by the circle (rectangle) for
n = 9 in the third column. Here Mercier-unstable MHD equilibrium with By = 4%
i Figs.2-3 and incompressible perturbations under the fixed boundary condition are
used.

It is quite clear that both 2D-like ballooning modes and interchange modes are distinguished
by both the toroidal mode number n and the radial node number /,, which means that the
semi-classical quantization condition is applicable to both modes.

3.4 Effects of the boundary condition of the perturbation

Effects of the boundary condition of the perturbations on the mode structure are considered
in the Mercier-unstable MHD equilibria in the inward-shifted LHD configuration. Under the
fixed boundary condition with £°(a) = 0, each Fourier mode does not expand so much in
the radial direction that the radial overlapping of the Fourier modes is restricted. However,
under the free boundary condition with £°(a) # 0, the radial overlapping is allowed in some
extent, leading to the change in the mode structure from an interchange mode to a 2D-like
ballooning mode, when the MHD equilibrium is slightly unstable or near the marginally stable
stale against ballooning modes. The ballooning modes induced by the free boundary condition
are named free-boundary-induced ballooning modes. Such an example is shown in Fig.8. The
effects of the free boundary condition are significant for low-n modes, since the radial extension
of each Fourier mode becomes wider for lower toroidal mode number n, which is reflected in
the significant differences of the growth rates of the low-n perturbations between fixed and
free boundary conditions.
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FIG. 8: The square of the growth rates v* of the most unstable modes in terms
of the toroidal mode number n (first column) for fixred boundary &£°(a) = 0 (cir-
cles) and for the free boundary condition £°(a) # 0 (rectangles). The radial profiles
of the dominant Fourier modes of £ with n = 2 for the most unstable mode are
shown as functions of the normalized toroidal flux, under the fized boundary condi-
tion (second column) and under the free boundary condition (third column). Here
Mercier-unstable MHD equilibrium with 5y = 8% in Figs.2-3 is used.

Thus, it is important to use the free boundary condition for perturbations in the global mode
analyses, partially because the growth rate under the free boundary condition is larger than
that under the fixed boundary condition, and partially because effects of the radially global
perturbations under the free boundary condition on MHD equilibrium become more significant
than those by the radially localized perturbations under the fixed boundary condition.

4 MHD stability analyses of high-3 equilibria in the
inward-shifted LHD configurations

Based on the properties of the ballooning modes and interchange modes clarified by the local
and global mode analyses, MHD stability analyses of high- equilibria in the inward-shifted
LHD configurations are performed [9]. The changes of the equilibria quantities with 5 are
shown in Fig.9 where the currentless free boundary MHD equilibria with the pressure profile
P(s) = P(0)(1—s)(1—s") are used. The conditions for MHD equilibria, namely, free boundary
condition, currentless condition, and the pressure profile reflect the experimental observations.

Free B. Eq. Free B. Eq. Free B. Eq.
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P P
FIG. 9: The change of the radial profile of the rotational transform ¢ (first column),
of the magnetic well (second column), and of the Mercier criterion (third column)
with 3. The blue, green, yellow, and red curves correspond to 3 = 1,2,3 and 4%,
respectively.

The key points are that Mercier criterion is significantly improved by the magnetic well for-
mation and that the dangerous + = 1/2 rational surface disappears, as 3 increases. Those
improvements are brought by the Shafranov shift of the whole plasma. The corresponding
normalized growth rates 740 of the most unstable modes, where 74 is the poloidal Alfvén
transit time at the magnetic axis, are shown in Fig.10 as functions of # under the various per-
turbation conditions. In any case, strong stabilization (self-stabilization) is seen as 3 increases.
The growth rates of the most realistic perturbations, namely compressible perturbations under
the free boundary condition £*(a) # 0, are in the range of the ion diamagnetic frequency, so
that those modes are considered to be harmless.
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FIG. 10: The normalized growth rates yTag of the most unstable modes versus (3 for
various perturbation conditions for 4 mode families. The blue (green) symbols corre-
spond to incompressible perturbations under the fized (free) boundary condition. The
circles (rectangles) indicate interchange (free-boundary-induced ballooning) modes.
The red rectangles at 3 = 4% correspond to compressible perturbations under the
free boundary condition and indicate free-boundary-induced ballooning modes.

An important point is that the free-boundary-induced ballooning modes are destabilized at
high-3. In order to examine this situation in detail, the method of the equilibrium profile
variations [10,11] has been applied to used MHD equilibria. This method of equilibrium
profile variation is very powerful to investigate the stability margin of the MHD equilibrium
against high-mode-number ballooning modes, and gives de¢/dy) — dP/diy stability diagram
corresponding to the s — o diagram in tokamaks. Figure 11 shows the typical examples.
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FIG. 11: de/dyp — dP/dy stability diagram in the plasma core (first column), in
the plasma periphery (second column), and in the plasma edge (third column). The
horizontal and wvertical azes correspond to —s, and o in the s, — a diagram of
tokamak plasmas. The solid (dashed) curves indicate the stability boundary of high-
mode-number ballooning modes for = 3% (B = 4%). Two squares attached to the
arrow in each graph indicate the positions of (¢',«) corresponding MHD equilibria
at 6 = 3% and B = 4%. The arrows denote the direction of the shift of (¢',«)
corresponding the MHD equilibrium as 3 increase from 3 = 3% to 8 = 4%. Used
MHD equilibria are same as those in Figs.9-10.

Judging from the direction of shift of MHD equilibrium according to (3 value and the relative
position of MHD equilibria to the stability boundary, it might be concluded that the core
region stays in the second stability state, the peripheral region stays near the marginally
stable state, and the edge region stays in the first stability state.
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5 Summary and discussions

The researches on the ballooning modes in the planar axis heliotron configurations allowing
a large Shafranov shift like LHD are summarized systematically, especially putting the stress
on the high-G MHD equilibria in the inward-shifted LHD configurations. The relation of
the quasi-modes in the covering space to physical modes in the configuration space and the
relation between ballooning modes and interchange modes, and also effects of the boundary
condition of the perturbations are clarified. Based on understanding of the properties of the
ballooning modes and by using the equilibrium profile variation method, it is shown that
recently achieved high-3 MHD equilibria in the inward-shifted LHD configurations stay in the
second stable state in the plasma core and stay near the marginally stable state in the plasma
periphery.

Since the high-3 plasmas in the inward-shifted LHD configurations stay near the marginally
stable stale in the plasma peripheral region, the point should be clarified is whether the
experimentally suggested pressure profiles result from the ballooning instabilities or not.

Another interesting point is whether 3D ballooning modes are systematically distinguished or
not. Figure 12 shows the example of the 3D ballooning modes, where the same Mercier-stable
MHD equilibrium as that in Fig.5 is used. The typical structure of this 3D ballooning mode
is that it has one radial node (N, = 1) at the averaged minor radius p = /s ~ 0.92.
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FIG. 12: 3D ballooning modes in the same MHD equilibrium as that in Fig.5. The
first column indicates the radial profile of dominant Fourier modes as the function
of p = /s with the dominant toroidal mode numbers, and the second column denotes
contours of the perturbed pressure profile in the horizontally elongated poloidal cross
section, where incompressible perturbations are assumed under the fized boundary
condition.

4.0 45

As is mentioned in the relation to Figs.4 and 5, 3D ballooning modes consist of the super-
position of the 2D-like ballooning modes. Thus, if there is a rule in the superposition, then
3D ballooning modes might be systematically distinguished by the radial node numbers N,
and the behavior of the poloidal localization, for example, the number of the poloidal nodes
created by the localization in the flux tubes. This point is fairly interesting associated with
the integrability condition of the two-freedom Hamiltonian system related to the ray equations
of the eikonal.

Those two points will be investigated near future.
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z(t), p(t) 1ITAABZER (2, p) N TR ZRGFET 2 Z LITHHIG L TV D SR TE 5.
IR IR O HfE

dx dy

=Y =TIy (22)
wBEz LD, FRK(16) 1285 - T, Z2o0E q,p #EAL T, 1K

L = q(dzx — ydt) + pldy + (ny + z)dt] = qdz + pdy — Hdt (23)
H=qy—npy — pz (24)
215, ZIUIEHERNXTH DO T, Hamilton OiEE) FFEE LT
dx  Oh dy 0h
a—a—q—y, E—a—p——ﬁy—f (25)
BEU d oh d oh
q e p—— —p = - = —
T gy = T (26)
2185, FFlZ, n=00%5
dr  Oh dy  Oh
- = _— — _— = — = — 2
dt  0Oq Yot op o (27)
dq oh dp oh
—_ = —— = —_— = —_—— = — 2
dt or D oy 1 (28)
6, x L pldFE CHFREN O HER
d*x d’p
- = _ = — 2
az = oae P (29)

il T2 En s, FEA(27),(28) # T, Zh b0 REAOMICR LT

p=-1, ¢=y (30)
oD E

p=x, ¢g=—y (31)
EWVIORIFIREERE D Z E¥bnd. 2 LT, e xE, #EM (30) 2 1-72 (23)
WZHWS & .

L = 2(ydx — hdt), h= 5(:ﬁ + %) (32)
g5, 22T
ydr — xdy = 2ydx — d(zy)



RV (32) T (z,y) 2 EERE LA L T 20fEE -0 1- B ThH D, —F, il
HFISME (31) ZRR LS E ik, 1R

1
L = —2(ydx — hdt), h= 5(;1:2 + %) (33)

2155, £lo. (¢,p) DEE)Z WA & ORFH]

T=—t (34)
TEHT 5 &, EE R L LT
dq _ @ B
= = (35)

#18%. Zhinb, q(r)idy(t) &, p(r) 1T z(t) LRI CEEIZ T2 2 L3bhb.

nA£0DHZEFXIOEHIRAFTETET, T2, LB L OFOLEKEZHSTZ £12T
. ZhiE, (22) REM TR, ChEaE< 1BABFELRVW I E2E®RT 5. &6
X, ZOX I RFRE ) CEROREZROE 201, RS (F7b bR
) WO RIS AICRD KO Th D, OB R FE M HERAROGEIT, Ak
DFHE CEBOBEWOE L0089 id, EH TSR0,

3.2 HE&ZEHE ALz Hamilton-Lie {£&)iF
(CCawig i
de. dy
a
Th o INDIERIE R BEIRE A 2B & - T, HBREE%A2HH L7~ Hamilton-Lie £
Bimaidmm T S, IWREIE (¢, p) ZE AT UL, FREK(36) Ixhit T 5 -

—z — ey? (36)

v = qdz + pdy — (ho + €hy)dt (37)
EWVH B TE I, FEESE) Hamiltonian by 35 KX OMES) Hamiltonian hy (X, EILZF1L
ho = qy — px (38)

hi = —py’ (39)
Thd.

FEFFEXZERERTHEICL
(x,y) 75 (a,0) ~DEH%
r=acosf, y= —asinf (40)

TEHTS.
dr = dacosf — asin0df, dy = —dasinf — acosOdb
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qdx + pdy = [qcos — psin f]da — algsin O + p cos ]df

—F. (38) T&REZ 5 Hamiltonian H (= hy) 1%
H = —qasinf — pacosf
Ehb. 27T, (a,0,q,p) 15 (a,0,Q, P) ~DZHi%
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P = P(q,p,a,0) = —a(gsinf + pcos )

LT, HEEE 1T
v = Qda + Pdf — Hdt

L0 AHZER (0, Q, 0, P) 1231 % Hamiltonian |X

H=P

(44)
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THhHDH. b
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7o, ZHR (41, 42) DML
P
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a

p= —Qsinﬂ—gcosﬂ
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1
A= —ad?
2
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(46)

(47)
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OEE) FRRUIKRO L 212k D.
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ZZTL fel0), f5(0) 1
fe(0) = 2cos20 — % cos 40 (56)
fs(0) = —% sin 20 + i sin 46 (57)
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%.:é%:_;ﬁ+a%w) (58)
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% _ _g_g = —cA[Pf(0) + QASL(0)] (61)

ZZETIE Mo b LT LT, HEX (58)—(61) ITEE THS. -, R ATk
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EENERDE A
fii & T d (113) U HEHEE) Hamiltonian (44) 24 5 &
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ThDH. KIS, FEULEOREHIFE . E8) Hamiltonian % (55) XD kL H1cF Lz L &,
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9,5 + 9,8 = by (63)

a7, 9. SO ZRRNETE LR L 9 I0BARS 2 L3503 5. Z UEdEH) Hamiltonian
MK L WRER CTH D, TR (63) IR S ISR

S = QA?F,(0) + PAF.(0) (64)
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155, Z2Hi% O Hamiltonian 1%

H=P-2QF
LARHDT, EHSNIZEEER (A,0,Q, P) I 51T % EE) H AT
dA oM 3
E = @ ——EA
@b _ on_
dt 0P
BLO
iQ  oH
R
P
dt 20
ThHEZbn%.
Wy R (68)-(T1) IXESITEIT 5. <12, e< 0 DA, EIF A
A1) = 4, !

1 — (3/2)Aole|t
1272 % (Ag 1ZFHIME) . —J7. QT ADMBERT HIZIC Y vicre Hfif
3 3 3 _ 3/2
Q(t) = Qo (1= SAolel)
2725 TS (Qo IXHIHIE) .
WIT, ZOEEETOMERE (A,0,Q, P) TR L 9. Lie ZEH#
(A797Q7P) —> (14—'7g7Q_7P)

DOERRA1X
oS
1 _ 1 k1l 2
oS
1 k2 _
gy = RSW I =— B AF.(0)

THBH. TNEV. Oe) DT

Thd. ZivbZ x(t) =/2A(t) cosO(t) I~ T

(1) = all — %a2|e|t]1/2 +O0(e, [e)

(68)

(69)

(70)

(71)

A IR D iR
(72)

(73)

(78)

ERED. ZIZT a=+24, LEWZ., FER (18) NTHEXLNDMHE, 72 & 21E. Multi-

scale exapnsion i [3] TIHEOLNDH D & —ET 5.
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4 MHD BEHERMENDIEHA

o IR
d dy B
5 (10%) +s020000) ~0 (79
HEZDH., TIT, MVEBODOKRIL—co <l <o &L, MINTA—FThHDH. F
o ZORMIZBWT
£6) > 0 0)

LY 5. bivbiud, PIHERE TIE < SERERTE D 5\ X E A R BIRS B5  .
ek 2, BER Gt

y(+00) =0 (81)
BT LD ARG A= HNERD D L ICHLAD B,
L% Hamilton-Lie 0255y IS L OEER 0SBk L 5. FEe (79) o 198K
FTITIED 2 EBTE, FHUTEEHNX

v = pdy — h(y,p; 0)df (82)
N P’ 9(0; )
LFEEINS. EFE. Hamilton OEE) FFER0 5
dy B oh _ b
= 70) e
dp__oh _

0= oy~ W (85)

5D, Ino0bp BEETIVUR HRA(79) 2155, NFEEEE oFHENS 2o
MREIE, B2 f B LONNREE g BWHICRER 0 ICBHIIKIT T 256 ORE F-RIEIZ /2 - T
WHERRTZENTES.

FHEE (79) OUTEUEE & L C Hamilton-Lie BEFER 2 5> 2 LN TE 5 & FHEEINS.
ah & BARMIZ T % 729, BAE MHD ballooning mode (Z%f3" % model 2R [7] ZH Y E
FE . REEEEI

f(0) =1+ [s(0 — ) — psin 6] (86)
9(0) = pV(0) + Af(0) (87)
V(0) =k + cos@ + [s(0 — 0y) — psin @] sin (88)

EHEZXBILD. ZITT, NI A=Hp kK, sld, TN, EROUL LIZEN AR,
ERIERZ L TR T 2R LT0D 7). 22T, bhvbiudiinb—=17" (weak
ballooning) IR ZEZX L5 Z LIZT 5. TNIE, e << 1 RDEANTA—FEZHEALL
& &

p=0(), s=0(?), k=0(), A=0() (89)
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ZRETDH. LIehnoT, o< 0 EZB{LT 588
x = s(0—b) (90)
ZEANT D& REBIEIIRDO X O RSN S.

2

£0) = u+x%—2mmme+%41—asw)
= (L+2°) +efi(0) + € f2(0) (91)
g(0) = €q1(0) + €92(0) + 3 g3(0) + *g4(0) (92)
g1(0) = p(zsin b + cos ) (93)
2
m@%:—%ﬁfm%QQ (94)
93(9) =0 (95)
91(0) = M1 + 2%) + pr (96)
ZAUZHHS LT, Hamiltonian(83) %
h:h0+€h1+62h2+"' (97)
BT D &
__ 7
}m_2a+x% (98)
_ f0) 5 91(0) ,
hy ——mp + 5 y (99)
322 —1 0
h2 = —p2 {mp2 — ZyQ} (]_ — COS 29) (100)
155,

5 FEDHESERDEFRE

MHD #5an CHN A2 Mn FR (BAMEEES) 2208 (ERES) 26152
ENTENIT, KVERWE D AIRBICR D560 05 & & bITH—EEgE L LT
Hamilton-Lie BEFERNEH T 5. ZOfmE CTHY LiF 7 ideal ballooning mode FF2=
X Hamiltonian # 5. #1112 Hamilton-Lie BEGG N EEEHA T 20 THL. 20
BENOHEAEMEZIEZEL TS EZATHY ., X 0EMARir N tEATZBRE T, £
TelET 5.

L2278 5, MHD B TR D B 5% < Oy HRNIIMERES 2R -2, i
25 MHD BEa#F %8 C Hamilton-Lie BEER M E LI o - F - 28 B L BEbhvbs. Zo
NEEA R 5 ik L U TR RO FiE%E . IEEIRE T OREEZFIC & > T, BT
% & & HIZ, Hamilton-Lie BEGGABEH AIRETH D Z & 2R Lz, ZOLEERD L
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AR IR AR A 2T CRfE X7z TMHD BREROHERE & F O fE50 | #F9Es (2006 4
9HA14H~15H) CTRELIEZNEZ HMELZLOTHD. RIFEOREHRSZ S
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Z ZCiE. Hamilton-Lie B#iEGO HiEE £ L HTHL 2] 1K
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#hIH (88 Hamiltonian) 1% 012k L CTEBIEISCTH S, L7=H - T, #EH) Hamiltonian
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IRV AE RO D Z L CE X, Hamiltonian (X IEHEES) & 7217 ORI 72 -
T, R, EEIAETHD. ZNDREHIEEOEZX T THDH. bHbAA, ZNNRTE
TUTEFB DRI 722 LI 50T, —RIIIARARETH . Tofb v, EEE (0fF
WIE) % Oe) DA—F—TH L. B8O R 0(2) HHWEZRU LD A —F—1cF 5 &
RS RO D EITARETH D, INREIEBDEZ T THH.

Lie {EE1EH D — A% A

Lie ZHDERT gy = (g} & O(") © 1- kAT & 5 ISERAIZ P TS =
EEEZD. 9(n) X9 5 Lie 0 1EFE % C(n) THEL., D Lie £#i %

Tiny = exp(—€"Ln))

THRHT. ZEIK Lie ZHOFEIT
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T DT
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I =TT le
TRbshd. 22T

Ty = exp(" L) (103)

ZoEE, (102) X THEZ BN D ZEIK Lie 2% 0 1- BT 1%
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Ellipticity of axsymmetric equilibrium with flow and pressure anisotropy in
single-fluid and Hall MHD*

Atsushi Ito,! Jesis J. Ramos,> and Noriyoshi Nakajima!

JNational/ Institute for Fusion Science, 322-6 Oroshi-cho, Toki 509-5292, Japan
2Plasma Science and Fusion Center, Massachusetts Institute
of Technology, Cambridge, Massachusetts, 02139-4307

The ellipticity criteria for the partial differential equations of axisymmetric single-fluid and Hall
magnetohydrodynamic (MHD) equilibria with flow and pressure anisotropy are investigated. The
MHD systems are closed with cold ions and electron pressures derived from their parallel heat flux
equations, a closure that reproduces the corresponding kinetic dispersion relation. In the single-fluid
model, which differs from the double-adiabatic Chew-Goldberger-Low (CGL) model, it is verified
that the elliptic region boundaries occur at poloidal flow velocities equal to wave velocities from
the kinetic dispersion relation. For Hall MHD, a set of anisotropic-pressure equilibrium equations
is derived and an ellipticity condition corresponding to a poloidal flow velocity slightly smaller than
the ion sound velocity is obtained.

I. INTRODUCTION

In the ideal MHD description of plasmas, axisymmetric toroidal equilibria with flow are obtained by
solving the so-called generalized Grad-Shafranov (GS) equation and the Bernoulli law [1, 2]. When the
flow is strong, the characteristics of this system of equations are quite different from for static case.
The generalized GS partial differential equation can be either elliptic or hyperbolic depending on the
magnitude of the poloidal flow velocity relative to the velocities of MHD waves [1, 2] and, in particular,
transonic flow profiles become hyperbolic. Transonic poloidal flows are of interest because they may lead
to the formation of transport barriers and profile pedestals in tokamaks [3-5]. For these steep plasma
profile features, small-scale effects not included in the ideal MHD model should be significant.

Two-fluid effects resolve the Alfvén singularity [6-8] and modify the conditions for ellipticity [9, 10]. In
order to include further multisclale effects, one has to adopt proper fluid equations since the characteristics
of flowing equilibria depend also on the closure models. As a simple example that brings the closure
problem to the two-fluid theory, we will consider Hall MHD in the presence of pressure anisotropy.
In single-fluid MHD, equilibria with flow and anisotropic pressure have been examined with a kinetic
closure model known as Grad’s guiding-center-particle (GCP) model [11] or kinetic MHD [12], and with
the Chew-Goldberger-Low (CGL) double-adiabatic model [13]. In the GCP model, the first hyperbolic
region is resolved by the Landau damping [14, 15]. In the CGL model, the ellipticity criteria are modified
quantitatively by the pressure anisotropy [15, 16].

We choose to define Hall MHD as two-fluid MHD with cold ions and massless electrons. Hence, this
model includes the Hall current and the electron pressure in the generalized Ohm’s law. With isotropic
electron pressure, it yields a dispersion relation that agrees with kinetic theory without assuming any
particular direction for wave propagation [18]. In order to preserve this feature in the presence of pressure
anisotropy, we shall adopt here the collisionless magnetized fluid model proposed in Ref. [17], which
includes the fluid moment equations for the parallel heat fluxes and closes them by using a shifted, two-
temperature Maxwellian distribution function to evaluate the fourth-rank moments. This is different
from the CGL double-adiabatic closure which, as is well known [12], is not consistent with kinetic theory.

The paper is organized as follows. In Sec. II, we introduce our Hall MHD equations in the presence
of pressure anisotropy. In Sec. ITI, we present the linear dispersion relation for this model and show its
agreement with the kinetic one. In Sec. IV, we investigate the equilibrium equations in the single-fluid
limit of our anisotropic-pressure model and obtain their ellipticity criterion which is consistent with the
one based on kinetic wave propagation. In Sec.V, we derive the equilibrium equations for our Hall MHD
with flow and anisotropic pressure and examine their ellipticity. A summary is given in Sec. VI.

*Submitted to Physics of Plasmas



II. BASIC EQUATIONS

The Hall MHD equations in the presence of pressure anisotropy are

2—?+V (nv,)=0 (v=i,e), (1)
dv;
= B — 2
min— I =J X V- pe, (2)
1
E+Ui><B:%(J‘><B—V'Pe)7 (3)
J = ne(v; — ve), (4)
0B
= E
B_ vum )
pe=po I+ _Flpp (7)

B2
where n is the density, v; and v, are the flow velocities of ions and electrons, m; is the ion mass, e
is the charge, E and B are the electric and magnetic fields, 7 is the current density, and p. is the
electron pressure tensor. The electron mass m. is neglected in Hall MHD. The right-hand side of the
generalized Ohm'’s law (3) is the Hall term that gives rise to effects characterized by the ion skin depth
d; = \/m;/pone?. The assumption of cold ions, p;; = p;1 = 0, is consistent with the neglect of finite ion
Larmor radius effects such as the ion gyro-viscosity, given that the ion Larmor radius p; arises from the
ion pressure p; together with the ion skin depth d;:

Di
= d; . 8

Equations for electron pressures can be obtained from the zero-Larmor-radius fluid moment equations
for the parallel heat fluxes [17]:

a B3 v 3 v v
m, Ba, )| (mﬂ,y.v) 1n< 734B|>+ Pl g . V(p H) 0. )

n
my Bq, 1 <aat + v, - V) In (%) +p,B-V (pn)

_ (puH - puj_)pl/J_
n

B -V(nB) =0, (10)

where q,p| and g,p| are the parallel and perpendicular components of parallel heat fluxes ¢, =
48| + qur|- These equations have been closed by using shifted, two-temperature Maxwellian distri-
bution functions to evaluate the fourth-rank moments. The first terms on the left-hand sides of Egs. (9)
and (10) vanish for massless electrons (m. = 0) and we get the following equations for the electron parallel
and perpendicular pressures:

B- V(p;”)zo, B- v[(ii 1)3] — 0. (11)

Based on kinetic theory, it has been reported [15] that the same pressure equations (11) also hold for
ions in axisymmetric MHD equilibria with purely toroidal flow v; = v;, RV¢. This is understood from
Egs. (9) and (10) by taking 9/0t = 0 and v; - V = v;,0/0¢ = 0. For massless electrons, the pressure
equations (11) do not require either steady state or purely toroidal flow.

Equations (1) - (7) and (11) form a closed set and yield a wave dispersion relation consistent with
kinetic theory as shown in the next section.

III. DISPERSION RELATION

The linear dispersion relation for waves in a homogeneous plasma with anisotropic pressure, derived
from the closed Hall MHD system given in the previous section, is

(@* — KV3T) [ (kloz + kw) Viw® + K C2 (kT + ki/@)Vj]
= K Vi r(kjT + k1o) (W - k°C3,), (12)



where

2pe\| — Pel Pel
a=1+ —+—+—— , 13
B?/1g  pey (13)
Pe L
=1 14
y=1+ B2/ (14)
_ Pe|| = PeL
T=1-— W, (15)
_ Pe|| — PelL 2pej_
go=1 4 ell —Ped ZPel 16
B?/1g  pey (16)
_ De|| — Pel < peL>
c=1+4+— 11+ , 17
B2/ g Pe| (a7)
kit + k2 K
% =(C? o 18
sp s|| kﬁ’r ¥ ]ﬂiU’ ( )

w is the frequency of perturbation, k| and k, are the parallel and perpendicular wavenumbers, V4 =
B/\/ignim; is the Alfvén velocity, and Cy = y/pe|/nm; is the sound velocity based on the electron
parallel pressure. When p.| = pe1, Eq. (12) reduces to the isotropic Hall MHD dispersion relation [18-
24] which represents three MHD waves, the shear Alfvén, slow and fast magnetosonic waves, modified by
the Hall term on the right-hand side. In the limit of short wave length kd; — oo, the phase velocities of
the waves are 0, Cy, and oo, C,, being a modified sound velocity in the presence of pressure anisotropy.
In the limit d; — 0, Eq. (12) is the dispersion relation for single-fluid MHD in the presence of pressure
anisotropy and gives the stability condition, i.e. the condition for the real frequency w, for the firehose
instability,

Pe|| — PelL

>0, 19
B2/, (19)

T=1-

and for the mirror instability,

De|| — Pel 2pe1
B%/uy  pe|

The conditions (19) and (20) coincide with those found in kinetic theory, in contrast with the double-
adiabatic CGL result for the mirror instability [12]:

k=1+ >0, (20)

Pel| = Pel /6 2pe
B%/uy  pe|

Furthermore, an identical full dispersion relation can be obtained from kinetic theory for cold ions
and adiabatic electrons, 0 = vp; € w/ |k||| < v7e where vp; and v, are the thermal ion and electron
velocities so that the Landau damping can be neglected, as was the case in an isotropic plasma [18]. The
wave equation for a homogeneous plasma is given by

nx (nxE)+e- E=0, (22)

kear =1+ > 0. (21)

where m = kc/w, c is the speed of light and € is the dielectric tensor. The magnetic field is in the
z-direction, B = Be,, and the wave number vector is k = k| e; + kje,. Equation (22) is rewritten in
matrix form,

2
€xx — N3 Exy €xz + NgNy Ez
2 2 —
€y €yy — NG — N5 €z E, | =0. (23)
€z T N2Ny €zy €zz — NG Ez

Assuming 0 = vp; < w/|k)| < vre and w < we;, the dielectric tensor € given from the linearized Vlasov
equation [25] can be expanded as follows:

k’ﬁVj Pe|| — PelL

rr = 2 2 . - 24
€xz (C /VA) a; + w2 < BQ/:U’O )] ’ ( )
ry = —eye = 1V (/). (25)

kyk ) c? — De
o, = ey o ; <pe|2 pL>7 (26)
w B2/ g



2 ]g2 2 — P
eyy ~ % 1 o 2 JépeL <p€|| - p L> , (27)
V w? kaeH B /MO
C k‘LpeL wu
€yy = —€uy 2 — , 28
! VTV Rpg w 2)
wz, k2 V2 p —
-~ pi 2 2 2 1 VA Pe|| — Pel
e = gt [+ -8 (1= A et )| )

where a1 = (1 — w?/w?)™!, we = eB/m; is the ion cyclotron frequency, and wy; = \/ne?/eym; is the
ion plasma frequency. Substituting (24) - (29) to Eq. (22), its determinant gives

k e|l| " Pe
VT —igZVA(kr + ki) - (w0? — kfVAT — Pw?)
iLkZVjT w? = V3 (k27' + k2 k) i%wwci (1 - k”w# - % =0, (30)
BRVATR2CR iy ky 2 e — ke? (1+ L)
‘Um s|| ™+ sl wei Pe|| s|| Wzi

which exactly coincides with the dispersion relation (12).

IV. ANISOTROPIC SINGLE-FLUID EQUILIBRIUM

Omitting the Hall term, i.e. the right-hand side of Eq. (3), Egs. (1) - (7) and (11) reduce to our
anisotropic single-fluid MHD equations. Here we shall consider the corresponding toroidal axisymmetric
equilibria, where the magnetic field B, the flow velocity v;, the electric field E and the current density
E can be written as

B =VY(R,Z) x Vy+ RB,(R,Z)V, (31)
nv; = V¥ (R, Z) x Vo +nRv;,(R, Z)V, (32)
E = -V&(R, 2), (33)
pod = V(RBg) x Vi = A"V, (34)

where ¢ and W¥; are the poloidal magnetic flux and ion stream functions, ® is the electrostatic potential
and A* = R?V - [R72V]. Generalizing the formulation in Refs. [2, 15] to our anisotropic pressures, we
obtain the following equations for equilibrium states:

pe)| = T (¥), % -1= %A(w), (35)
= W), = (), (36)
P = Pp(Y), ! (37)
Ug - %‘é () = Pg(¥), (38)
T1IRB, — pgmi R2W) ()@ () = T (1), (39)

the Bernoulli law,

v : npe||
mi 5~ Rvi,®p | + 1) In = H()
Pel

or

NPe||
Pel

BY,,\?
5 ( JVI) 7(R¢/E)2

n

+T)In ( > H), (40)

and the generalized GS equation,

_1 T1 . BoAlp ;D ,
/lo V . (ﬁV?/)) + TLCTH — m — nT” h’l Dol + nH

B,I}
+ﬁ +m; VY, (RB¢<I>};

B2W,

) + nm; Rv;, &% = 0, (41)



where

Pe|| = PelL
B2 /g

B, = |VY|/R, V, = |V¥;|/nR are the poloidal magnetic field and flow velocity, the prime denotes
derivative with respect to ¢, By is a constant, Ma, = V,,/Va, is the poloidal Alfvén Mach number, and
Vap = By/\/ltgnim; is the poloidal Alfvén velocity. Equations (35) result from the pressure equtions (11).
One can obtain Egs. (36) - (38) from the projection of Faraday’s law along Ve, B and Vi, and Egs.
(39) - (41) from those of the momentum equation respectively. There are six arbitrary functions of 1):
Ty, A, War, @, Iy and H. In cylindrical coordinates (R, ¢, Z), the second order derivatives of Eq. (41)
are

— 2 2
TIZT_MAp:]'_ _MAP7

[r1+271(0rY) 0% p Y + 471 (0r) (029) 0200 + [11 + 271(82¢)°10% 2,
where 71 = 071 /0|V¢|?. The characteristic determinant D is given by
D =1iB*a(f' — M3,)/X1(M3,),
where
X1(M3,) = By M}, — (aB2 +yBy)M3, + (7B + kB2),

B = (k/a)B) and B = e/ (B%/ o). The generalized GS equation is elliptic if D > 0. In the absence of
poloidal flow, the equilibrium is elliptic if 7 > 0 and x > 0 which are the kinetic stability conditions for
the firehose and mirror modes. In the presence of poloidal flow, there are three elliptic regions: Mip <3,
M? < M3, <7,and 7 < M3, < M}, where M? and M7 (M7 < M7) are the roots of X1(M3,) = 0
and correspond to the phase velocities of the slow and fast magnetosonic waves modified by the pressure
anisotropy. These critical velocities can be obtained from the dispersion relation (12) in its d; — 0 limit,
i.e. its left-hand side, and are different from those found with the double-adiabatic CGL model [15, 16].

V. ANISOTROPIC HALL MHD EQUILIBRIUM

The equilibrium equations for our anisotropic Hall MHD (d; # 0) are,

V- (nv,) =0, (42)
wap L g (P pe
B-—uxB- L[V 8. (M TR (43)
E=—-v,xB+ ﬁ(vi -Vv;), (44)
e
VxE=0, (45)

and Egs. (4), (6) and (11). In addition to (31), (32) and (33), we introduce the following variables,
nve = V¥, X Vo + nRu., Vo, (46)

where W, is the electron stream function. The polodal and toroidal components of the current density
are given by

RB, = poe(¥; — W), (47)
—A"Y = enpgR(Vip — Vey)- (48)

The axisymmetric toroidal equilibria are described by the following equations,

U, + %(peu - peL) = \I/*e(lb), RB¢ = ,er[\lli - \Il*e(w)]/7—7 (49)

npe|

Pel

e = () n (221 = o, (v, (50)



1 Pe|| = PelL B d\I/*e d(I)* R dTh NPe||
Vep = —RV - <R2B2V¢> + 7‘9 In| —

en dip dw e dy Pel
RdT | R(pe| —per) dlnA
Ted T e db (51
Y+ %va = x(¥,), (52)
the Bernoulli law for ions,
e® + ? v? = W(,)
or
m; [|[V®;]2 €2 9 MPe|| \ _
and the coupled GS equations for ¥ and ¥;,
Ve dln A
pg "RV ( Viﬁ) GRB@ F R*(pe *pel)W
d®, dT| npe|| dTj e2n
nRQ{ +|ln( — |+ —[x(¥;) —¢] =0, 54
T i () - S — vl (54
eV (—vw,) — B, ()] + G )~ MR 5y)
nk? miT - m? AT dv;  m; d¥;

One can obtain Egs. (49) - (51) from the projection of Eq. (43) along Ve, B and Vi, and Eqs. (52),
(53) and (55) from that of Eq. (44) along Vi, v; and V¥, respectively. The GS equation for v, (54),
is given by substituting Eqgs. (51) and (52) to Eq. (48). There are six arbitrary functions of ¢ or ¥;:

T (), AW), @u(v), Vue(¥), x(¥;) and W (¥;). Taking the gradient of 7 = 1 — (pe — —Pes)/(B?/ug) and
Eq. (53), one obtains

Vn Pel Bi Y, dInT,|  pey dlnA
(1—7’)74- T+(1—T)<2+pe|>32 7_-1-(1—7')( 0 -l-peH o )Vw
PeL 2 V(IVy[?) efg \? 4 2| _
~= <1 i 2pe|> {_RVR+ mre + (ay) V¥~ UelV) } - 0

and

e B2 B2 . 0.|2
_(miv2_pnl\>@+(1_7)7ﬂ"&_ [miv?—(l—T)] VR M

P n fon T ton| R 2n?R?
EVIX(T) —y?  1-7 2y, (CHo)\? 2
S Rm onke {V(|w| ) + (7) VIT; — T ()] }
npe” dTe” 32 dln A d‘I)* aw
In (—) =y q-n= —— | Vy=
+[n<pﬂ)dw +(1-7)— W T @ Vip =0, (57)
which yield
V1T = AAV(VY)?) + AV(VI) + -
Vn/n = A3V(|VY|?) + AV (V%) + -,
where
_ A =7)mi [0 Del )\ o2 2Pe1
A = 2R2B2X, o2t Pe|| o (1 De| ’ (58)
_ ‘ _ .(B2r 4+ B?
A, = (A =r)my A= 1-7)r L= m; (BT + Bo) (59)

2R2n2X2 ’ QRQ/LOTLXQ’ o 2R2TLQBQXQ ’



BT +k kK
(Vy=C2), Ch=Clim—pm

B m,—(Bf)T + Bio) ‘
sl kﬁr + ko

BQ

X (60)

The second order derivatives of GS equations (54) and (55) are

TA*Y + V- V71 = T[A%) + A1V - V(IVY|?) + AV - VIV D] +-- -,
AU, — VU, -Vn/n = A*W; — A3V, - V(|Vy[?) — AV, - V(VE?) + -,

and the coupled GS equations are rewritten as
av a2 ) Opgtt b by ) ( Opgt e (BN,
< as a4 ) < O%r Y T\ by by 0%, 0, e o 02,0, +--=0, (61)

ar as\ _ [ T[1+241(0r¥)?] 27A2(9RY)(ORY;)
(a3 aq > - ( —2A3(8R’L/J)(gR\IJi) 1 —QQAZ(aR\Iiy ) ) (62)

where

< br b ) _ < 47 A1 (0rY)(027)) 2457((02¢)(0rY;) + (OrY) (02 V;)] ) (63)
by by ) — \ —2A43[(0rv)(02¥;) + (0z¢)(0rV})] —4A4(0rY;)(02 ;) ’
C1 C2 _ T[l -+ 2A1(8 1/))2] 27A2(5‘ z/;)(@ \I’Z)
(Cg Cq ) = ( 72A3(821/))(gz\112) 1-— 2AZ4(82\IZ)2 ) ’ (64)

In the absence of pressure anisotropy (pe| = peL = p.), the three tensors in (61) are all diagonal since the
coefficients Ay and Az vanish, thus the determinants for ellipticity of Egs. (54) and (55) are decoupled
as shown in Ref. [23]. In the presence of pressure anisotropy, the determinants are coupled and cannot
be examined separately. One can find the conditions for ellipticity of such systems involving higher
order derivatives by examining the existence of wave type solutions as well as second order differential
equations [26, 27]. Here we consider a wave propagating in one-dimensional space R and time Z and
having discontinuity across the wave front £(R, Z) = 0. Using curvilinear coordinates of £(R, Z) =const
and its normal surface ((R, Z) =const, Eq. (61) is transformed to

0%
A(agif%)+~-~=0, (65)
where

A = a1 — biu + cqu? as — bou + cou?
as — bsu + c3u® as — bau + cqu?

_ Fl (U) G1 (U)

= [ Ga(u) Falu) ] ’ (66)
Fy(u) = 7[1 + 24, (02¢)|u® — AT A1 (0r)) (Oz0)u + T[1 + 241 (0r¢)?], (67)
Fo(u) = [1 — 244(02,)|u® + 4A4(0rY;) (07 )u + 1 — 244(0p¥;)?, (68)
G1 (u) = 2TA2[(82’L/))U — (8R¢)][(8Z\I/l)u — (8R\1/1)], (69)
Go(u) = 243[(0z¢)u — (OrY)|[(02V:)u — (OrY;)], (70)

and u = dR/dZ means the velocity of the wave front. If we assume the wave is smooth, the discontinuity
at the wave front £ = 0 appears only in the highest order derivatives with respect to £. It implies

det A =0, (71)
which yields an algebraic equation for wu:
Fu) = G(u), (72)
where
Flu) = Fi(u)Fy(u), (73)

2
£
I

Gl (U)GQ(U),
= —47‘A2A3[(62¢)U - (8Rw)]2[(8zklll)u — (8R\I/l)]2 (74)



If w is real, there exist wave-type, i.e. hyperbolic, solutions for the partial differential equations. Ellipticity
of the coupled GS equations requires the non-existence of real solutions of u, for Eq. (72). The discriminant
for the solutions of Fi(u) =0 is

Dy = —473(1 + 2A,|VY|?) (75)
o 4B2720[V? - (k/0)C?)] 76)
(B27 + B20) (V2 - C2)’
and that of Fy(u) =0 is
Dy = —4(1 - 2A44|VY,]?) (77)
12
_ ijcs&% . (78)

The right-hand side of Eq. (72) is not zero in the presence of both poloidal flow and pressure anisotropy.
(i) If the pressure is isotropic, D is always negative and Dy < 0 yields the condition for ellipticity shown
in Ref. [9],

V;? < C? = p./nm;. (79)

(ii) If there is no poloidal flow, Dy is always negative and Dy < 0 is satisfied by the condition for ellipticity
of single-fluid MHD equilibria with purely toroidal flow, 7 > 0 and x > 0 due to the relation

0—kK= (peH _peL)Q/(peHBQ/MO) > 0. (80)

(iii) Provided the condition in (ii) holds, we examine now the dependence of the ellipticity condition on
the poloidal flow velocity in the presence of pressure anisotropy. Since

B27(0 — k)
2 _ K2 P 2
Cop = 5001 = o(B27 + B20) Ca >0, (81)

both D; < 0 and Dy < 0 are satisfied by

V) < (k/0)CE (82)
The relation (82) gives the relations
A1 > —(Q2ByR) T > —[2(029)%)] 7, (83)
and
1—244(07%;)% > 0. (84)
Thus F(u) > 0 when 7 > 0 and x > 0. Since
2 2
G(u) = —TZOZ (%;&) <0, (85)

the non-existence of real roots of F'(u) = 0 is a sufficient condition for the non-existence of real roots of

A \\/% )

Ve Y, /Y
/'\ +

» U

/ \cm)

FIG. 1: Sketch of F(u) and G(u).

F(u) = G(u) (see Fig. 1). The condition (82) is therefore a sufficient condition for the ellipticity. We note
that the condition for ellipticity (82) is obtained from F7y, i.e. the GS equation for ¢, Eq. (54), not from

that for ¥;, Eq. (55) like in the absence of pressure anisotropy, and the criterion \/x/0Cy| is slightly
smaller than the ion sound velocity CY,.



VI. SUMMARY

In this paper, we have obtained conditions for ellipticity of axisymmetric toroidal equilibria with
flow and pressure anisotropy. We have adopted pressure equations that reproduce the kinetic dispersion
relation in the limit of cold ions and adiabatic electrons. The ellipticity conditions in our single-fluid model
are related to the velocities of waves from the kinetic dispersion relation and are different from those of
the double-adiabatic CGL model. For anisotropic Hall MHD, we have obtained a sufficient condition for
ellipticity that corresponds to a poloidal flow velocity slightly smaller than the sound velocity.

The fluid moment equations used in this paper include the Hall term and the pressure anisotropy for
electrons. To include more small scale effects such as the gyro-viscosity and the Landau damping, a more
advanced closure model applicable to finite ion pressures should be adopted.
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Abstract. Novel features of the rapid growth and the nonlinear dynamics of the
driven magnetic island in the rotating plasma are studied by nonlinear MHD
simulations. The transition phase of the magnetic island evolution is found
between the rapid growth phase and the Rutherford-like phase in the low
resistivity regime. It is shown that the rapid growth of the magnetic island is
associated with its deformation that leads to the secondary magnetic island
formation around the original X-points. Unusual magnetic island deformation is
caused by the non-monotonic torque profile around the magnetic island. In the
rotating plasma, the nonlinear evolution of the driven magnetic island, which is
one of the important origins of the seed island for the neoclassical tearing mode, in
the low resistivity regime is different from that in the high resistivity regime.
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1 Introduction
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2 Equilibrium properties
2.1 Definition of the ’sharpness’
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2.2 Equilibrium properties
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3 Effect of the sharpness on the stability of peeling-ballooning modes
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4 Mechanism of the stabilization with the sharpness
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4.1 Comparison of the plasma potential energy
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4.2 Comparison of the eigenfunction in the poloidal direction
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4.3 Comparison of the equilibrium quantities affecting the ballooning mode stability
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5 Summary
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Construction of a kinetic simulation model of electromagnetic plasmas

TODO Yasushi
National Institute for Fusion Science, Toki, Gifu 509-5292, Japan

Abstract

A kinetic simulation model of electromagnetic plasmas has been constructed using a new simulation
method where the J f particle-in-cell simulation model is complemented with the fluid simulation model
to satisfy the conservation properties. The electric field component parallel to the magnetic field is
obtained from the time derivative of the Ampere’s law. It is demonstrated that the complex frequency of
kinetic Alfvén wave is reproduced accurately for various electron beta values. It is shown that the new
simulation method enables a simulation of the kinetic Alfvén wave with a grid size ten times larger than
the electron inertial length while the conventional § f particle-in-cell simulation method is not applicable
to the same grid size.

Keywords: kinetic simulation, electromagnetic plasma, § f method, complementary fluid method
1. Introduction

The magnetohydrodynamic (MHD) model well describes macroscopic behaviors of plasmas. The
ideal MHD model is closed with the adiabatic equation of state. The closure with the adiabatic equation
of state is not valid for collisionless plasmas such as the fusion core plasmas. One approach to the closure
problem of collisionless plasmas is to simulate the plasmas with the particle-in-cell (PIC) method or to
solve the Vlasov equation (collisionless Boltzmann equation) with Eulerian simulation methods. For
the fusion core plasmas, the gyro-kinetic theory provides a useful framework for the PIC and Vlasov
simulations. When the fusion core plasmas are simulated with the PIC method, the § f method [1, 2, 3, 4]
is often employed to reduce the numerical noise. Although the internal kink mode was investigated with
the gyro-kinetic J f PIC method [5], the difficulty was suggested in solving accurately the Ampere’s law
with a term in proportion to the inverse square of the electron inertial length (skin length) in the left-
hand-side of the equation [6]. In order to overcome this difficulty, several hybrid schemes [7, 8, 9] and
split-weight schemes [10, 11] have been devised. It was also reported that the conventional J f scheme
can be applied to the electromagnetic plasma simulation with careful normalization applied to the skin
terms [12].

The complementary fluid method [13] was presented to improve the conservation properties, i.e.,
the conservation of particle, momentum, and energy, of §f particle-in-cell (PIC) simulations. In ¢ f
simulation, the distribution function is represented by the sum of a reference distribution and a variation
distribution, often represented by f and ¢ f, respectively. The time evolution of ¢ f is described by an
advection term of § f and a linear source term associated with fy. It was shown that the linear source
term, which is a Monte Carlo estimate in the § f method, violates the conservation properties [13]. In the
0 f simulation, each Lagrangian marker particles represents a characteristic of the Vlasov equation. In
the complementary fluid method, in addition to the Lagrangian marker particles, a fluid system provides
the complementary characteristics. The errors in the Monte Carlo estimate of the linear source term are
corrected with the fluid system.

In this paper, we describe how an electromagnetic plasma model is constructed with the complemen-
tary fluid method. It is demonstrated that the complex frequency of kinetic Alfvén wave is simulated
correctly for different electron beta values. The simulation results for a grid size ten times larger than
the electron inertial length are compared to those with the conventional § f method. The new simulation
model works well with the large grid size. In section 2, an electromagnetic simulation model with the
complementary fluid method is presented. Section 3 is devoted to the demonstration of the kinetic Alfvén
wave and to the comparison with the conventional J f method for the large grid size. A summary is given
in section 4.



2. Construction of an electromagnetic plasma model with the complementary fluid method

A. Vlasov-Poisson-Ampere system

We consider phenomena with frequency lower than the ion cyclotron frequency in the uniform mag-
netic field By. We express the electromagnetic field using the scalar potential ¢ and the vector potential
parallel to the magnetic field A,

0
E - -Vo-bgAy, (1)
B = B0+V>< (AHb), (2)

where b = B/B. The perpendicular components of the vector potential are neglected because we
focus on incompressible perturbations of the magnetic field. For the low frequency phenomena, the
gyro-kinetic model provides a useful framework for simulation.

When the equilibrium number density and the electron temperature are given by ng and T¢g, the
Debye length is )\2D = eoT.0/noe®. The gyro-kinetic Poisson equation in the long wavelength approxi-
mation for the electrostatic potential is

2
Ps 2, ginit+(—e)ne
()\D> Vie= €0 ’ ©)

where n; and n. are ion and electron number density, and ¢; is ion charge. We define p; = ¢5/;, where
cs = /Teo/mi, Qi = ¢;Bo/m;, and m; is ion mass. The operator V2 is V - [V — b(b - V)]. The
Ampere’s law for the vector potential is

V3A| = —po(ji + je) » 4)

where j; and j. are ion and electron current density parallel to the magnetic field.
The equations of motion for electrons and ions are

. ExB
X = U||b+7, (5)

. 4o :
v = m—aE” (0 =1i,e), (6)

where v, is the velocity parallel to the magnetic field. The parallel electric field £ is given from Eq. (1)

9
ot

The parallel electric field £ is needed for the time integration of the equations of motion. The time

Ej=-b-Vé¢— 4. (7)

derivative of Eq. (4) gives %AH. Thus, the parallel electric field can be given by the following equation.

0, . .
ViE| =-Vi(b-V¢)+ 1oy (i + Je) - (8)

The distribution function of the guiding-center evolves following the drift kinetic equation:

x B

4k 0
- I =, =0. ©)

My 8UH

0 E

Efo'—i_ (U”b+ > -Vifs+
Finite Larmor radius effects are omitted for simplicity. Equation (9) is multiplied by v and integrated in
the velocity space. This procedure gives the time evolution of the current density on the right-hand-side
of Eq. (8)



J . o ExB _  n,¢
ol = _m_gb VP, — B Vije + - Ey, (10)
P, = /mc,vﬁfgd?’v . (1D

Finally, we obtain the equation for the parallel electric field

wza o ExB .
(Vi — Z c%) E” = —Vi(b . V¢) - Z Ho (m_ab . VPHO' + B2 : v]a) ) (12)

o=i,e o=i,e

where wp, = V/nsq2/eoms. Equations (1)-(6) and (12) constitute a closed set of the electromagnetic
plasma model.

B. 1-dimensional simulation model with the complementary fluid method

We construct a 1-dimensional simulation model. The 1-dimensional phase space (x,v)) is con-
sidered. We assume immobile ions and focus on electron dynamics. The equilibrium distribution of
electrons is assumed to be a Maxwellian distribution:

1 e—mE vﬁ /2T 0

ol ) = e

We simulate the evolution of the distribution function using the § f particle-in-cell method comple-
mented with a fluid model [13]. The position and velocity of Lagrangian markers evolve according to
the equation of motion [Egs. (5) and (6)]. The Lagrangian markers were loaded uniformly in the phase
space, 0 < = < L, —5v; < v < buy, where v; = /T.0/me and L is the wavelength to be investi-
gated. The initial velocity was scrambled with the bit-reversed technique [14]. The probability density
of Lagrangian markers is uniform p(z,v|) = 1/V, where V' is the phase space volume and V' = 10v; L.

The weight of the markers evolves according to the following equation:

(o0 =i,e). (13)

dwj V (—e) L =i 4292
Wi — Y (gt Y i 14
dt N m. (@5 )nomvt( v} Je ’ (14)

wi(t=0) = 0. (15)

In the conventional d f simulation, the electron number density, current density, and parallel pressure
are estimated using the J f Klimontovich distribution function:

n(z,t) = no+onk(z,t), (16)

ong(z,t) = %ij(x—xj), (17)

jz,t) = Zsj;(:r,t% (18)

Sik(x,t) = iwj(—e)u”jsu—xj), (19)

P(z,t) = Z’L:olTeo—i—éPK(x,t), (20)

6Pk (z,t) = iwjmevij(x—mj), 1)
i=

where S(x — ;) is a shape factor. We should notice that n, jo, and I are constant in space and time. In
the simulation complemented with the fluid model, the equations for the number density and the current
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Figure 1: Real (w,) and imaginary frequency (7y) of kinetic Alfvén wave in the simulation results are
plotted by closed circles for various electron beta values. Solid curves represent the theoretical frequency.

density are derived from Eq. (15) of Ref. [13] while the isothermal model is assumed for the equation
for pressure evolution. The following fluid equations are employed in the complemented simulation:

0 b, O _. dw]
g . _ -y 2
at&ng(:v,t) o axéjg(a:,t) ]Z::l o S(x —xj), (22)
) by O e? Y dw;
5:00s(x,t) = - m)e 50 o (,1) + —E||(=’13 t) [no + dng(a, )] Zd— —e)vS(z — ;) ,
(23)
0 mevs2by O N
aépg(:v,t) = "o o 0jg(z,t) + 2By (2,t) [jo + djg(z,1)] Z mev”g - zj),
(24)
ong(z,t=0) = 0, (25)
djg(z,t=0) = 0, (26)
dPy(z,t=0) = 0. (27)

The E x B drift in « direction vanishes in the 1-dimensional model. The spatial derivatives are calculated
with the spectrum method. In the complemented simulation, the number density, current density, and
pressure are given by

n(z,t) = no+ong(z,t)+ ong(x,t), (28)
Jjz,t) = 0jr(x,t)+ 0jy(z,t), (29)
P(x,t) = mnoTe + 0Pk (x,t) + 0P, (x,1) . (30)

3. Benchmarks on kinetic Alfvén wave

Complex frequency of the kinetic Alfvén wave for different electron beta values has been investigated
with the simulation model described in the previous subsection. The physical parameters are the same
as those used in Ref. [7], m;/m, = 1837, k. ps = 0.4, and k‘H/lﬂ = boy/boy = 10~2. The number
of grid points is 64, the time step width At = 0.5Axz/bg,v;, and the number of Lagrangian makers
N = 32768. The 4th-order Runge-Kutta method is employed for the time integration. The simulation
results are shown in Fig. 1. We see good agreement between the simulation results and the theoretical
values both for real and complex frequencies. The theoretical frequencies of the kinetic Alfvén wave
were calculated using a plasma dispersion function library DSPENV [15].
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Figure 2: Time evolution of the cosine part of B, with Az = 10c/wy, in simulations with (a) the
complementary fluid method and (b) the conventional ¢ f method are compared with the theoretical
evolution plotted in dashed curves.

For application to fusion plasmas, it is important to simulate with grid size larger than the electron
inertial length. For example, when the electron number density is 102°m~3, the electron inertial length
is ¢/wpe = 0.53mm. If 200 grid points are assigned for 1m minor radius, the grid size is Smm, which is
larger than the electron inertial length by one order of magnitude. Thus, it is important to simulate with
grid size larger than the electron inertial length. We have carried out a run with Az = 10c/wp.. The
physical parameters are m; /m. = 1837, B, = 1072,k ps = 3.0x 1072, and k:”/kl = box/boy = 1072,
The number of grid points is 64. The results are compared to those with the standard § f method in Fig.
2. We see that the results with the complementary fluid method is close to the theoretical curve, while
the Alfvén wave damps rapidly with the standard § f simulation.

4. Summary

In this paper, we described how an electromagnetic plasma model is constructed with the comple-
mentary fluid method. It is demonstrated that the complex frequency of kinetic Alfvén wave is simulated
correctly for different electron beta values. The simulation results for a grid size ten times larger than
the electron inertial length are compared to those with the conventional ¢ f method. The new simulation
model works well with the grid size larger than the electron inertial length.
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