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Quaternion, four-dimensional hyper-complex number,
is good at dealing with description of three-dimensional
rotation as seen in three-dimensional game graphics pro-
gramming theory?). Utilizing the characteristics, we ana-
lyze the phase rotation of three-phase AC of matrix con-
verter, without transforming to two-dimensional rotation
in aff coordinates.

Now, instead of transforming three-phase AC to two
dimension, to represent three-phase AC in three dimension,
let’s introduce quaternion (four-dimensional hypercomplex

number), which is extended from a complex number?).
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Quaternion is divided into real part (scalar part) a and
imaginary part (vector part) v, similarly with complex
number. Namely, vector part has a property of vector,
where imaginary numbers ¢, j, k behave as if they are unit
base vectors, but they have also a property of hypercom-
plex number. To assign three-phase AC to the vector part,
let’s consider exponential representation of the quaternion.

q = a—+n|lv]] = |q||(cos 6 + A sin b) (3)

lall* = a® + [[v]|* = a® + (v2)* + (vy)? + (v2)? 0
= (+ivg + juy + kv.)/||v||
Quaternion can manipulate four dimension, as it is inter-
preted four-dimension number. But let the scalar part to
be zero. When exponential number is multiplied to the
vector part from the left-hand side, the vector part rotates
by 6 in counter clockwise with an axis of the unit vector
n. Here, the rotating axis must be perpendicular to the
vector. Generally speaking, we must multiply exp(476/2)
from the left-hand side, and multiply exp(—n#/2) from the
right-hand side.
Let’s assign three-phase AC phase (line-to-neutral)
voltages to vector part of quaternion.

v = V2V {+icoswt + j cos(wt — 21/3)
+k cos(wt — 41/3) = "2V, (5)

= (+i+j+k)/V3 (©)
Vo = {+icos0 + jcos(—27/3) + k cos(—4w/3)}

Namely, it represents that the initial three-phase (positive

phase) AC voltage vector Vj rotates in counter clockwise
with an axis of unit vector n.
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Next, let’s consider Ohm’s law of three-phase AC
circuit, where the load is balanced. Since the neutral
impedance (grounding impedance) does not affect for sym-
metrical (positive phase) AC, the quaternion representa-
tion is as follows.

v = "2V Vs = {R+p(L — M)}e"™V2I1, (7)
Vg = {+icos ¢ + jcos(¢ — 2n/3) + kcos(¢p — 4n/3)} (8)

In order to manipulate the three-phase AC similarly
as complex vector (phasor) of single-phase AC and sym-
metrical coordinate method of three-phase AC, let’s intro-
duce biquaternion (eight-dimension number), hyper com-
plex number including quaternion.

h? = —1,ih = hi, jh = hj, kh = hk (9)

Namely, we add a complex number h to the quaternion,
which is exchangible with quaternion and independent
from quaternion. And we assign complex vector represen-
tation and the exponential representation of each phase to
the complex number h.

v = VRV i (@) | jeh(wito=2m/3) | pch(wito—in/3))
:eﬁWt\/iVqu — {R‘FP(L—M)}Eﬁ“t\/iIIO (10)
Vg = {+ieh? 4+ je(@=2m/3) 4 ph(e—an/3)y (11)

Namely, let’s combine the effective value and initial bi-
quaternion into biquaternion, and we can obtain the same
representation as the complex vector reprezentation of
single-phase AC. And we have only to use unit pure quater-
nion 7 instead of imaginary number j.

With quaternion, complex power is expressed as fol-
lows (Asterisk symbol in superfix means complex conjugate
of quaternion).

01" = (g + Jup + kve) (Giq + iy + Kic)™
= (Vaia + Vpip + Veie) — 1(Vpie — Veip)
—J(Velq — Vale) — k(Valy — Ubia) (12)

Namely, concerning quaternion power, the scalar part
means the active power of three-phase (positive phase) and
the vector part means the reactive power.

By introduction of biquaternion concept, we can deal
with phasor of each phase of three-phase AC similarly as
in symmetrical coordinate method. Therefore, not only
symmetrical three-phase AC (positive phase) but also neg-
ative phase and zero phase can be dealt with. Concerning
quaternion power of three-phase AC, we can obtain the
similar result as the one in pq theory®).

Quaternion can not only rotate three-dimensional vec-
tor but also divide three-dimensional vector. The charac-
teristics should be utilized to anlyze matrix converter based
on space vector method in more detail.
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