
  
     Understanding transport processes of particle, 
momentum, and energy in magnetically confined plasmas is 
a central issue in fusion plasma research, and transport 
levels driven by turbulent electromagnetic fields are, in 
general, much higher than the neoclassical (or collisional) 
ones in the core region, where the so-called gyrokinetic 
model is a powerful tool for both analytic and numerical 
studies of such core turbulent transport. Especially, 
turbulent transport of fuel ions (Deuterium: D and Tritium: 
T) and several light/heavy impurities, e.g., thermalized 
Helium(He) ions produced by fusion reaction, is of 
particular importance on the feasibility of self-ignited steady 
state and on the optimization of the burning efficiency in 
future fusion device. Development of the multi-species 
gyrokinetic turbulence simulations including the like-
particle and unlike-particle collisions is thus indispensable.  
     Recently, Sugama et al., derived a precise linearized 
collision operator which preserves both the conservation 
properties and the self-adjointness (or the Boltzmann’s H-
theorem) for arbitrary multi-species ions and electrons[1]. 
The new collision operator has been implemented to a 
gyrokinetic Eulerian code GKV, and the conservation and 
self-adjointness properties are successfully verified for the 
multi-ion species system[2], where the collisional 
interaction with kinetic electrons was ignored there. 
     In this study, an improved collision operator has been 
newly developed based on the original form of the 
Sugama’s operator, and its numerical accuracy is verified 
for kinetic simulations composed of both multi-species ions 
and electrons[3]. It is confirmed that all the conservation 
properties on the implemented collision operator are 
accurately satisfied within the round-off error level. We also 
found that the collisional relaxation of thermal fluctuations 
is successfully solved for the system composed of D, T, and 
He with electrons [Fig. 1], and their distribution functions 
are relaxed towards an equilibrium distribution [Fig. 2], i.e., 
the perturbed Maxwellian. The conservation accuracy of 
round-off error levels is then sustained for sufficiently long 
time. It is also revealed that the improved collision operator 
preserves the Boltzmann's H-theorem for the multi-species 
ions and electrons system [Fig. 3], i.e., the collisional 
entropy production rate is positive definite in the thermal 
relaxation process.    
     The self-adjoint multi-species collision operator and 
its numerical improvement ensuring conservation properties 
shown in this study can be applied not only for fusion 
plasmas, but also for general laboratory- and space-plasmas 
composed of multi-species ions and electrons. More 

practical analyses such as kinetic turbulence or neoclassical 
simulations will be addressed in our future works.  
 
 
 
 
   
  
  
  
  
  
  
  
  
  
Fig. 1: Collisional relaxation of thermal fluctuations with 
the improved multi-species collision operator.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2: Velocity-space structure of the perturbed distribution 
function of each species at t=500[Rax/vtD].      
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3: Time evolution of the collisional entropy production 
rate (should be positive definite) in the thermal relaxation 
processes for 3- and 4-species systems.  
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The magnetically confined plasma should consist of
different ion species such as deuterium, carbon, and so
on. Therefore, the collisions between different ion species
should be taken into account in the turbulent transport
simulations satisfying physically properties such as sev-
eral conservation laws, analytically and numerically. In
this work, the linearized model collision operators for
multiple ion species1) are implemented into a local flux-
tube gyrokinetic code, GKV/GKV-X2, 3).

The developed operator 4) is designed for satisfying
the conservation laws of particle, momentum, and en-
ergy, and the Boltzmann’s H-theorem and the adjoint-
ness relations, we should estimate the numerical errors
of the newly implemented collision operator for the con-
servation laws and the physical constraints. To estimate
the numerical errors, we define an acceptable level of
the errors in the local gyrokinetic simulations. Typical
GKV/GKV-X simulations require a calculation duration
time of tsim ∼ 102 (R0/vti) to reach the turbulent sat-
uration. If we request an acceptable error ∆lim of less
than 1% over the whole duration, the cumulative error in
the calculation with the collision term tsim|∆lim| should
not exceed 10−2. Thus, we specify |∆lim| < 10−4 as the
upper-limit error. From the test calculations in multi-
species plasmas with deuterium, helium and carbon, we
confirmed that all the errors are within the acceptable
level of the local gyrokinetic simulations. and we also
confirmed that the H-theorem is satisfied1).

As an application of the implemented collision oper-
ator to the gyrokinetic calculations, the collisional linear
response of the zonal flow potential are evaluated. The
zonal flows are given by an electrostatic potential per-
turbation that varies in the radial direction but remains
constant on the flux-surface. Hence, the zonal flow com-
ponent is evaluated at ky = 0, where ky is the perpendic-
ular wavenumber along the poloidal direction. The time
evolutions of the zonal flow potential are calculated in
the linear response to the Maxwellian initial perturbation
solving the linear gyrokinetic equation with the imple-
mented collision operator for single–ion species and the
multi-species plasma consists of deuterium, helium and
carbon. Here, we assume the electron density perturba-
tion to be given by δne = (n0e/Te)(δφk⊥ − 〈δφk⊥〉ZF),
and we employ the Cyclone base case configuration with
the parameters of r/R0 = 0.18 and q = 1.42. Figure
1 plots the linear responses of the zonal flow potential
with the radial wavenumber of kxρtp = 0.1. In the plots,
one finds the geodesic acoustic mode (GAM) frequency
is lowered by increase of the effective Z number in the
multi-species ion case. For the longer-time response of

zonal flows, a certain difference between both cases ap-
pears although the difference is small since we adopted
a small perpendicular wavenumber, i.e., k⊥ρtp = 0.1, in
the calculation. The results suggest that components of
the multi-species plasmas may influence the turbulent
transport phenomena by changing the collisionality and
the zonal flow response function.

In this work, we implemented of a collision oper-
ator for multiple ion species plasma to the gyrokinetic
flux-tube code. The developed operator satisfies the
conservation laws, as well as the adjointness relations
even for collisions among different particle specie within
the acceptable error levels in local gyrokinetic turbulence
simulations. The newly implemented collision operator
is sufficient for practical use in the turbulent transport
analysis of fusion plasmas. Therefore, we can treat the
collisional effects including multiple ion species for the
development of the reduced transport model5).
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Fig. 1: Collisional linear responses of the zonal flow
potentials of the multi-species plasma consists of deu-
terium, helium and carbon (gray curve). The black curve
shows the result in the case of the single ion species. The
plots are obtained in kxρtp = 0.1.
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