
In the extended gyrokinetic field theory [1,2], all

governing equations for the gyrocenter motion and

the electromagnetic fields in the collisionless gyroki-

netic system are derived from the variational princi-

ple, δI = 0, where I ≡
∫ t2
t1

Ldt is the action integral

and L is the Lagrangian which includes not only the

gyrocenter coordinates and turbulent electromagnetic

fields but also the constraint on the background mag-

netic fields. Here, the background magnetic field con-

figuration is assumed to be axisymmetric. Then, con-

servation laws of energy and toroidal angular momen-

tum for the collisionless system are naturally derived

from Noether’s theorem. In the present study [3],

we investigate how the collision and external source

terms added into the gyrokinetic equations influence

the conservation laws derived from the gyrokinetic

field theory.

In the presence of collisions, the gyrocenter distri-

bution function Fa(Z, t) for species a is governed by

the gyrokinetic Boltzmann equation,

(
∂

∂t
+

dZa

dt
· ∂

∂Z

)
Fa(Z, t)

=
∑
a

⟨Cg
ab[Fa, Fb](Z, t)⟩ξ + Sa(Z, t), (1)

where dZa/dt is the time derivative of the gyro-

center coordinates Za = (Xa, Ua, µa, ξa) along the

collisionless orbit, ⟨Cg
ab[Fa, Fb](Z, t)⟩ξ represents the

gyrophase-averaged collision term, and Sa(Z, t) de-

notes other parts including external particle, momen-

tum, and/or energy sources if any. Here, Fa(Z, t) and

Sa(Z, t) are both regarded as independent of the gy-

rophase ξ.

Associating the collisional system with a corre-

sponding collisionless system at a given time such

that the two systems have the same distribution func-

tions and electromagnetic fields instantaneously, it is

shown how the collisionless conservation laws derived

from Noether’s theorem are modified by the collision

term and the external source term. Also, a novel ap-

proximate gyrokinetic collision operator is derived in

[3], where desirable conservative (or divergence) forms

of classical particle, energy, and toroidal momentum

fluxes can be derived from the gyrokinetic velocity-

space integrals using the collision operator.

Integrating the gyrokinetic Boltzmann equation,

Eq. (1), with respect to the gyrocenter velocity-

space coordinates (U, µ, ξ), we obtain the evolu-

tion equation for the gyrocenter density n
(gc)
a =∫

dU
∫
dµ

∫
dξ DaFa which is written as

∂n
(gc)
a

∂t
+∇ ·

(
Γ(gc)
a + ΓC

a

)
=

∫
dU

∫
dµ

∫
dξ DaSa,

(2)

where Γ(gc)
a =

∫
dU

∫
dµ

∫
dξ DaFadXa/dt. Here, Γ

C
a ,

which is defined in terms of the collision operator,

represents the classical particle flux while the neo-

classical and turbulent particle fluxes are included in

Γ(gc)
a . The right-hand side of Eq. (2) gives the particle

source.

Using Noether’s theorem modified for the colli-

sional system with the external source, the equation

for the flux-surface-averaged energy density ⟨E⟩ is de-
rived as

∂

∂t

(
V ′ ⟨E⟩

)
+

∂

∂s

(
V ′ ⟨(Q− Eus) · ∇s⟩

)

= V ′ ∑
a

⟨∫
dU

∫
dµ

∫
dξ DaSaHa

⟩
, (3)

where ⟨· · ·⟩ stands for the flux-surface average, us ·∇s

represents the radial velocity of the flux surface la-

beled by s, V ′ = dV/ds is the radial derivative of

the volume V enclosed by the flux surface, and Ha

denotes the gyrocenter Hamiltonian. Note that E
contains both kinetic and field energies and that the

classical energy flux QC, which is defined in terms of

the collision operator, is included in the energy flux

Q. The toroidal angular momentum balance equation

for the collsional system with the external source can

also be derived from the modified Noether’s theorem.

The ensemble-averaged transport equations of par-

ticles, energy, and toroidal momentum given in the

present work [3] are shown to include classical, neo-

classical, and turbulent transport fluxes which agree

with those derived from conventional recursive formu-

lations with WKB representation.
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