
The dynamics of dissipationless, incompressible hy-
drodynamic (HD), magnetohydrodynamic (MHD), and
Hall magnetohydrodynamic (HMHD) media, which are
formulated as dynamical systems on some appropriate
Lie groups equipped with Riemannian metrics, are con-
sidered from the Lagrangian mechanical viewpoint.

The key of the Lagrangian formalism on Lie groups
is the appropriate choice of the inner product and the
Lie bracket, which are respectively denoted by

⟨
∗
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]
hereafter. Once these two mathematical struc-

tures are defined, the variational formulation is formally
derived as follows.

First, the Lagrangian is defined using the inner
product by L = 1
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where V (t) is the tangent vector of integral path, γ(t).

Fig. 1: Derivation of Lin constraints, i.e., the
relation among the velocity, the displacement,
and the perturbation part of the velocity asso-
ciated with the variation of a path.

Next, the variation of the path, γ(t; ϵ), induces the

perturbation on the velocity, say �V : i.e, approximating
the small segments by exponential map, the point D is
evaluated as

γ(t+ τ ; ϵ) ≈ exp[τ(V (t) + ϵ �V (t))] ◦ γ(t; ϵ)
≈ eϵξ(t+τ) ◦ eτV (t) ◦ e−ϵξ(t) ◦ γ(t; ϵ)

(see Fig. 1). Applying Hausdorff’s formula and com-
paring the O(ϵτ) terms, we obtain the following relation

among V , ξ, and �V :

�V = ξ̇ +
[
ξ,V

]
, (1)

which is known as Lin constraints.
Thus, the first variation of the action becomes
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where ad† is the dual operator of the Lie bracket with
respect to the inner product:

⟨
ad†ca

��b⟩ :=
⟨
a
��[b, c]⟩.

Using Hamilton’s principle (∂Sϵ/∂ϵ)ϵ=0 = 0, and ξ = 0
at t = 0, 1, we obtain the Euler-Poincare equation,

V̇ = ad†V V , (2)

as the Euler-Lagrange equation.
Note that, once we find such a variable ξ that sat-

isfies ξ̇+
[
ξ,V

]
= 0 (i.e. �V = 0) along the solution path

to the Euler-Lagrange equation (2), we obtain the con-
servation law
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t=1
as Noether’s first

theorem
For the HMHD case, the generalized velocity is

the pair of the ion velocity and current fields, V⃗ =
(V ,−αJ). The Riemannian metric and the Lie bracket
for the HMHD system are given by
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)
, (3)
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whereB is the magnetic field induced by the current field
J (J = ∇×B, ∇ ·B = 0). According to the procedure
described above, we obtain the Euler-Lagrange equations
for these structures as follows:

∂tV +Ω× V +B × J = −∇P, (5)

∂tA+B × V − αB × J = −∇ϕ, (6)

whereΩ, P , ϕ are the vorticity (Ω = ∇×V ), generalized
pressure, and the scalar potential of electro-magnetic
field, respectively. Taking the curl of (5) and (6) and

doing some manipulations, we find that the V⃗ -variable

Ω⃗ = CC

(
αΩ+B
−αΩ

)
− CM

(
0
B

)
(7)

(where CC , and CM are arbitrary constants) satisfies

∂tΩ⃗ +
[
Ω⃗, V⃗

]
= 0⃗, i.e., the variation in the direction of

Ω⃗ yields the conservation law of Noether’s first theorem.
The associated constants of motion is

H = CC

∫ [
αV ·Ω+ 2V ·B

]
d3x⃗+

CM

α

∫
A ·Bd3x⃗,

which is the linear combination of the hybrid helicity,
HH , and the magnetic heliccity, HM : H = α−1(CCHH+
(CM − CC)HM ).

Similar mathematical structures are found for the
HD and MHD cases.1)
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In space and astrophysical plasmas, MHD shocks and 
turbulence universally exist, and those interactions play
important roles for various space and astrophysical 
phenomena. In fact, a recent high-resolution computer
simulation for magnetic reconnection at very high Lundquist 
number reveals that small-scale Petschek-type shocks are 
dynamically generated in a turbulent current sheet1).

As shock capturing methods for MHD which are able 
to suppress unphysical oscillations or wiggles around the 
MHD shocks and discontinuities, various approximate 
Riemann solvers have been developed so far. In particular, 
the Harten-Lax-van Leer-Discontinuities (HLLD) solver2) is
thought to be one of the promising solvers for MHD
because of its high-resolution, efficiency, and robustness. 
On the other hand, higher-order methods are necessary to 
compute MHD turbulence so as not to damp small-scale 
vortices. Most of the higher-order methods adopted for 
MHD solvers are finite-volume approaches with higher-
order nonlinear interpolations such as the so-called MUSCL,
FV-WENO, and MP5. In general, it is not easy to extend the 
finite-volume method to higher-order (more than third) in 
multidimensions, while the higher-order finite-difference 
method may straightforwardly become multidimensional.
Therefore, in this study, we construct a multidimensional 
higher-order shock capturing scheme for MHD by applying 
a particular finite-difference approach, named Weighted 
Compact Nonlinear Scheme (WCNS)3).

The WCNS is constructed by combining a higher-
order variable interpolation and a higher-order central finite-
difference method. In the present report, the combinations 
of the weighted fifth-order Lagrange interpolation for the 
characteristic variables with the sixth-order finite-difference 
using the numerical fluxes at the midpoints (WCNS5-MD6), 
with the sixth-order finite-difference using the numerical 
and physical fluxes at the midpoints and nodes (WCNS5-
MND6), and with the fourth-order finite-difference using 
the numerical and physical fluxes at the midpoints and
nodes (WCNS5-MND4) are newly developed. In order to 
remove the numerical divergence of the magnetic field, the 
hyperbolic divergence cleaning method is applied. In 
addition, the third-order strong-stability-preserving (SPP) 
Runge-Kutta method is adopted as a time integration 
method.

Fig. 1 shows the results of the Orszag-Tang vortex 
problem. For comparison, the results computed by the 
second-order finite-volume MUSCL is also shown. The 

results clearly indicate that the WCNSs can sharply capture 
discontinuities in comparison with the MUSCL. Moreover, 
it is found from long-time simulations that small-scale 
vortices can be well resolved by all the present WCNSs, and 
the results does not clearly depend on the finite-difference 
methods at least in the present combinations. Note that the 
hyperbolic divergence cleaning method produces excessive 
numerical diffusivities in general. Therefore, a novel 
divergence-free WCNS with a genuinely multidimensional 
finite-difference method is under development.
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Fig.1: Results for the Orszag-Tang vortex problem at t
=

g.
(left panels) and t = 3

TTan
(right panels). From 

top to bottom: MUSCL, WCNS5-MD6, WCNS5-
MND6, and WCNS5-MND4, respectively. The color 
shows the density distribution.
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